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Preface 

(^LininrA UmvERsrrv possesses a long tradition m studies uhich feature 
the tnterpJay of mathematics and social science Particularly since the uar, 
there has been much actmt> m this area in diverse parts of the University 
mvohmg research in and teaching of mathematical methods for the soaal 
sciences, and the resolution of substantive problems in social science settings 
through nnthcmatical approaches This act»jt> has been integrated m 
formall) at Columbia Universit) by the accepted devices of department 
courses, faculij seminars and conferences, and sponsored research projects 
A more formal organized program, especially in connection with sponsored 
research projects, has existed m the Bureau of Applied Social Research at 
Columbia University since 1952 

This\olume is a product of the Bureau program and an outgrowth of the 
Behavioral Models Project, a project m the Bureau program sponsored by 
the Office of Naval Research from 1952 — 1956 It is the second of three 
volumes to appear from the vvorlc of this project The first volume entitled 
Carnes cni/ Deewons, w as published b> John \Vile> and Sons, Inc , New York 
m 1957 under ihejoinl authorship of R Duncan Luce and Howard Raifia 
The third volume, to be published simultaneously with or shortly after this 
volume by the Free Press, is edited by R Duncan Luce Professor Luce, 
now at the Univenit) of Pennsylvania, ivas previously at Columbia Uni 
vereity where he played a central role in the mathematics program of the 
Bureau of Applied Social Research Professor Raiffa, now at Harvard Uni 
versity, and previously at Columbia University, also played an important 
role in the Bureau program The editor for this volume, who served as 
Mathematics Program Director for the Bureau, is now at Stanford University 
and his two collaborators also are now gone from Columbia University, 
James Coleman is at Johns Hopkins University and Ernest Adams is at the 
University ofCaliforma in Berkeley In a way, then, Columbia has produced 
progeny for other centers 

These three volumes are composed of analytical surveys of the uses of 
mathematics m several social science duaplincs Some of these surveys were 
completed as long as three or four years but publishing difficulties dc 
layed their appearance Thus they may suffer from some sms of omission 
because of the recent impetus m research m these subjects Emphasis m the 
surveys is on the uses of mathematical techmques and concepts which de- 
monstrate ihe effectiveness of mathemaUca! thinking m the resolution of 
substanUve problems m social science No attempt has been made to inte 
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grate the subject matter of the survej-s, either between volumes or viithm 
volumes 

In planning the volumes, it was recognized that not all areas where 
mathematics has been successfully used in social science could be included 
How ev er, it was hoped that by detailed and critical surv eys in some specific 
areas the power of mathematical thinking in social sciences could be pro- 
moted to the extent that (1) mathematical and social science cumcula w ould 
jointlv undergo necessary revnsions and that (2) social science research w ould 
become more of a science than an art 

The topics discussed m the present \olume arc the choices of the authors 
and the editor The opening chapter b> James Coleman on small group 
behanor and the follouing chapter bj Ernest Adams on individual choice 
behavior represent areas of social science where the uses of mathematics 
are quite recent The final chapter, bv the editor, on factor analysis, repre- 
sents a topic which has been undergoing mathematical therap) for half a 
century This ma> gi\ e one explanation for the relativ eU small length of the 
last chapter as compared vsith the two preceding chapters Other explana- 
tions are too painful to contemplate 

It IS clear that this volume is not a text book m the ordmar> sense However, 
It should be quite useful in courses that are currentlj being developed which 
feature the applications of mathematics in social science It has been used 
successful!) m a graduate course at Columbia bnivcrsitv on mathematical 
models m the social sciences It should be useful also to the man) research 
workers m soaal science whose formal training has been of the non quanti- 
tauv e l)'pc , and to mathematicians and statisticians w ho hav e an enthusiasm 
for applications in social science and the development of techniques for 
social science problems 

I woufd ftfcc to thank mv Cbfum&ia coffcagues — ProJessor Paul P I/a- 
zarsfcld, for pro^^dlng the bubbling intellectual fervor and drive which 
madcthewholcprogrampossible,andProfcssorsT W Anderson, E Nagel, 
H RaifTa and \S Vjcker) , for their help and counsel in guiding the program 
through the completion of the three volumes Many thanks are extended to 
R Duncan Luce for the strong and wise guidance he gave to research per- 
formed for the BehaMoral Models Project and for his ov\'n stimulating re 
search, both ofwhich made the three volumes possible I would be more 
than remiss m my dutv if at this point I did not cue the Office of Naval 
Research for its understanding, general helpfulness, and generous financial 
support of the Project from 19 d 2— 19o6 

Herbert Solomon 

Stanford, California 

September 1, 1959 
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This sxtrvzy consists of an intensive examination of four kinds of uses of 
mathematics m the study of small groups These four approaches arc not 
the only uses of mathematics m this area, no attempt at exhaustiveness has 
been made On the other hand, they do represent distinctly different ap> 
preaches, and thus gi\e some idea of the different ways in which the tools 
of mathematics have been used to aid the study of small groups 

There arc three parts to the sur%cy The first and shortest of the three 
IS a brief attempt to locate mathematical models of small group behavior 
in the context of small group studies generally This is not an overview of 
research and theory m the area of small groups, but only an attempt to 
place the tvork lo be examined in the larger framework of theory and 
research which includes non mathematical work The second, which con 
stitutcs the mam body of the survey, examines each of four uses of mathe- 
matics m detail The third is a comparison and evaluation of the four ap- 
proaches, suggesting the direction in which each is leading, and speculating 
about the kinds of results which may reasonably be expected from each 


(•) 1 am grateful to Duncan Luce for discussii^cotiunwt. 
c period of preparation of th« paper, and fo Aaatt* Rapopo« 
mments on an earlier draft 


and crilieism throughout 
id Herbert Simon for their 
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INTRODUCTION 


1. MATHEMATICS AND SMALL GROUP RESEARCH 

In recent years, there has emerged a focus of research and theory in 
social science with the "small group” as its center. This work has covered 
a wide range of interests, attempting to answer such questions as: 

Is the group a better problem-solving entity than the individuals who com- 
pose it, taken separately^ 

What is the effect of the group on the opinions of individuals withm it? 
\Vliat makes a group more or less cohesive? 

How does the communication structure in a group affect its perform 
in carrying out tasks ’ 

These and other questions have occupied •>'' 

social psychologisu and ' ^consequence of their work, 

and some ansv-ers have been fort c g j. 

Systematic attention for small groups » ^ “ ofLall, faee- 

century. One of the first charl ![19251. 

to-facc groups in modern social sc ^^day. 

p.23-28), whose concept of be the socialization of 

Cooley saw one of the major P™’'’''” °fXings°or the tafant “savages” 
the young the transformation ' suggested that certain 

who Invade society by bang bnm mto . .( J r,„-to-raee. 

kinds of associations with other peop , socialization takes 

continuing associations, were t c roc bb„,. most 

ply taken as ‘ obvious ^^“*‘ 5^dy-posed questions pa^e the to 

pt^ft'h: “obtemm . ”'7jfXSvvSrrr[i9»i 

in Pneumatics,'’ p H. „ 

similanty of the atmosphere to a 
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place He saw these ‘ pnmary group” relationships as a fundamental buil- 
ding block in society, serving as the basis for more elaborate forms of 
social organization 

Despite Cooley’s important contribution toward small group theory, 
hoiNCver, the major \^ork in this direcuon has been relatively recent, withm 
the past twenty years Begmmng m the late 1939’s an awakening of interest 
m social psychology, and with it, in the study of small group processes, 
came about Today there exists a voluminous literature m the field 

Small group behavior has become an important focus of social and 
psychological research 

The Role of Mathematics But the use of mathematics m the study of 
small groups has folloived some steps behmd the resurgence of interest in 
small groujK themselves This is to be expected, for mathematics is often 
used to formalize theories or laws which ha\e been previously developed 
through experimentation and field work In any science, it ordinarily fol- 
lows after empirical mvcstigauons However, m this branch of social 
science it seems that mathematical developments have lagged even farther 
behind empincal work than one might expect This is particularly sur- 
prising m view of the numbers of mathematically inclined social scientists 
who have become interested m developing mathematical models of small 
group behavior Workers at Harvard, MIT, Columbia, Michigan, and at 
many other centers have approached the study of small groups vMth the 
intention of developing mathematical models to describe their behavior, 
but there exist only a few such modek in published form as a consequence 
of these intentions 

This state of affairs immediately raises the question \Vhy has there 
been no real proliferation of mathematical models'^ The answers to this 
question for there appear to be several partial arm\ers — he in di 
verse areas To see what these different answers are, it will be helpful to 
examine closely the charactenslic goak of investigations in small group 
bchavnor 

The GoaU of Restarch- Showjog that a ReUtionsUp Eaists Prob- 
^ 'ill!' of m'ostigation. both field and expcnroental, 

at n to demonstrale the importance of one factor in affecting one or 
more other factors The Lippitt ‘leadership climates’ study [1940], for 
eaamplc, demonstrated the importance of the land of leadership— demo- 
cratic, authontanan, or lansez fame-for group functioning (. r , for morale, 
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productiMtj, cohesion, etc ) Similarly, Muzafir Sherif’s [193a] studies of the 
establishment of a group norm shovied the importance of other persons 
judgments for the judgments of each group member m an unclear situation 
El en more conclusively. Asch [1951] showed, with his ' unequal Ime experi 

ments, the elTect of majority judgments in distorting the judgments of indi 

iidual group members Lewin [1943] comparmg the efficacy of a lecture 
and a group discussion m changing housewives' opinions aboutfood, demon 
strated the importance of group discussion m abrogating old norms and 
tLerebyinstituLg change Carter [1949], Hemphill [1950], and numcrou 
others have demonstrated the importance Xm 

otherwise-for leadership in a group Roethlisberger ^ ™ 
showed the importance of informal relationships f- 
tivity and morale m ssorh groups The list could be 

Many of these programs of research have been eminently success ul 

judged by the goals of the tnvcstigators That u. .h^^^^^ 

the satisfaction of nearly all almost invanably 

important efficct ^ngt^™ reUtilm^he precise quanti 

:lr?or“:, and :::: mom fundaLntally the preose concept.hration 
of the ■ factors involved, have often >■“" ,o he 
This IS such a common occurrence I gy idenufymg 

surprised by it Yet other scienc« of the 

the «tstenee of a relation, but W,! ^ a ffitreTrll s“ cture fVhy this 
rclauon, and by locating it care u „vestigation in small group re 

dilferencef 4Vhy have the aims f ovisu’ 

search been limited to in this area on the van 

One reason seems to be 

ables or concepts which constit f „ot well 

these studies the y ',„ ^nse measurement nor did they have 

enough defined to be amenable IP authoritanan leader 

any place m a well developed J y .dentified, or at least 

ship’ and democratic leadership be^ .hem 

contrasted when a comparison ^ concepts in 
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For example, one could establish a relation between units of output among 
a group of workers and the number of positive replies to questionnaires ask- 
ing about feelings toward fellow members And, in fact, numerous studies 
have token units of output bj the group as the measure of their dependent 
variable But such quantitative measurements have ordinarily been used 
only to establish the existence of a relation, just as if the measurements were 
only qualitative comparisons It is easy to sec w hy these measurements are 
tied completely to time and place and the particular conditions of observa- 
tion, and could hardly serve to establish a useful quantitative generalization 
about group behavior In a similar way, many other factors which these in- 
vestigations relate are merely crude indicators for the properties which are 
really of concern to the investigator Tins means, for example, that in an 
investigation of the relation between group cohesion and the amount of 
group discussion there is always the difhculty that no general measurement 
for amount of cohesion (or even for amount of discussion) exists apart from 
the specific conditions Measurements m such cases may serve the purpose 
of the specific expenment in showing that a relationship does exist, but they 
could not form the basis for a quantitative relationship of general value 
One part of this problem is the fact that specific conditions surrounding 
the experiment always seem to influence the relationship under study 
These conditions are not easily specified, and ihcir effect can be isolated 
only with difficulty Not knowing the effect of these various conditions, 
conditions which are not under study but which are nevertheless necessary 
m order to set up the experiment, there is little motivation to attempt 
quantitative generalizations Shenf, for example, m his experiments on the 
formation of group norms, knew that under different experimental condi 
tions from those he used, a v/sssw Vitve. h/ten eaVaWi'fiVrt.d aV. a 

different rale of speed and that the norm would have been of different 
strength He thus had to limit his results to the demonstration that, under 
certain specific conditions, a norm of some strength was formed withm a 
certain length of time The difficulty m carrying such results further is again 
traceable to the problem of measurement and, more fundamentally, to the 
problem of concept formation Somehow, we hav e not yet found the con 
cepts in terms of which quanutative theoncs can be developed, except in 
special cases, like the concept, ‘size of group If we had such concepts, 
then measurements under different experimental conditions could be com- 
pared They would not be so completely dependent on particular condi 
tions of the situation 

It might be said, in fact, that most social research m the area of small 
group behavior IS still m the ‘vanable searching stage The studies referred 
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to above, which ha\e concerned themselves with demonstrating that a 
relationship exists, all seem to be engaged m the search for a fruitful way of 
looking at social-psychological phenomena The\ are thus part of a pre- 
mathematical stage in research a casUng about, idcntif>ing the outlines of 
the phenomena to be studied, searching for the best concepts bv which to 
represent the phenomena ^^'hcn a science is at this almost pre theoretical 
stage. It IS foolish to ask that it clothe its casting about activ itics in mathema- 
tical form 

It appears, then, that im esUgators have been largely justified m eschew 
mg quantitatue rdatiomhips until a theory is descloped uhich emplois 
concepts easily measured m any situation and easily compared from one 
situation to another At the same time, houeter, it might be that certain 
relationships have, like the Weber-Feehner lave, a constant form met a 
wtde range of situations (•) Then the use of quantimtive 
serve to show the eonstaney of this form, and would allovi 
generahaations of somewhat broad scope For eicample, A ch ([1951], 
p 188) finds a certain relation between the amount 
Lnt and the sire of the (unanimous) group 

The amount of distortion increases up to a ^ nation, 

slightly Asch does not attempt to •‘''''“P ’ „ conditions 

presumably because the type ofju giMn ^ 

so infiuence the results However, suppo changed (say the size of 

the conditions, one parameter o t ' „f ,j,c curve which 
group at which the maaimum „ot change Then he 

relates amount of distortion osiz „|ai,ng the group size at which 

would have a legitimate f of judgment required 
maximum distortion of judgmeo ^ ^ mathematics while 

Such au approach may ,^„ahing stage Mote generally, 

small group research is sull m iB ‘partial mathematization 

there ate a number of P-'^'^X^ral frame, votk which can be pur 
before agreement is reached on a arcmplify 

m useful matheroatical fom 1" 
some of these approaches (t) 

• .hlos Apart from the concentration on 

Emphaam on Sh-s'' ''to“°h« -P"' 7 

the existence of 3 relations i , ^™tude oTducTiminiiion ® 

(., The VVebe, r"" * ' 

muliu and sa5-s rough!' th* '"'7,rh“'rzhi pmvi* ■” 

„„,m 1 . invcnel, prej" „„ „ .ad " ShUecl 

(,) A „ „cv be found m Coleuu I 

malhcmauialion of socia 
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smaU group research svhich may be a factor in inhibiting mathematical 
model-building. Besides being satisfied with demonstrating the existence of 
relations rather than their size or form, investigators have been concerned 
\vith single isolaied relationships between two variables. In all the examples 
of ork which were mentioned aboi. c, the investigators w ere concerned with 
single relations, that is, the effect ofd on B. It is no coincidence that in the 
context of this emphasis on single relations, the above discussion was cen- 
tered around single quantitatisc generalizations rather than mathematical 
models. The mathematical harvest from investigations of isolated single 
relations must he a harvest of single generalizations. Thus the deductive 
power of mathematics, which depends upon a nett\ork ot related generaliza- 
tions or propositions, is nev cr used. 

Malhemadcal models, at least those which are most evident in social 
science, have been models which can represent a dynamic system of be- 
havior rather than isolated aspects of it- Or at least they have utilized some 
of the deductive power of mathematics. This emphasis, in conjunction with 
the emphasb of empirical vs ork upon single isolated relations between tvso 
variables, has meant that there have been few meeting points between 
empirical research and mathematical models. Because of this incongruity, 
it may even yet be too early to look for a proliferation of empirically 
grounded mathematical models of small group behav-ior. For if these 
models require the conjunction of a number of related generalizations, 
then they must wait upon the development of these related generalizations. 

Yet it is important not to overlook the value of isolated quantitative 
generalizations. In our eagerness to construct models of dynamic systems, 
we sometimes forget that mathematics is useful for expressing single relation- 
ships. In every science v\hich is today quantitative, the introduction of 
mathematics did not begin with models of systems of behavior. It often 
began rather with these single relationships, transforming them first to 
precise quantitativ c form, and only then de\-eloping from them a theory or 
model of a system, \\'bclhcr these generalizations w ere then “explained*’ by 
del eloping an underlying theory, or whether they themselves vvere treated 
as postulates from which a theory v^'a5 synthesized, the theory- or model was 
not the first step in introducing mathematics. (•) Keeping this in mind, it 


diOCTeTice ketu-ctn treating a gcnmlization as a phenomenon 
lar.. r?. * I»»tulaic for building a theory u prodded b> Eo>lc’s Law (the pres- 

u. be ^ constant temperature) Taken as a phenomenon 

rd. iV iwl^lar theory of perfectly eJastic, d/mensionJm bodies in constant 
Charlet* !*w t” f v. as a postulate in a theory itself, it is linked with 

ChuK- Uw "I"'’' Bojlc-. nor 
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may behoove us to pay more attcnUon to this groundwork of mathcmab- 
cally expressed generalisations which can be based on isolated relations, 
and need not watt on a set of related propositions It is true that such 
quantification fails to use the deducuve aspecu of mathematics, which is its 
greatest virtue But esen so. such quantified generalizations can stand as 
the building blocks from svhich deductive power can later issue, after the 
necessary related work has been filled in ( ) . 1 , 

Of course, some empirically grounded "models do exist those to be 
examined below all have some such grounding And there is important and 
potentially very useful work being done with mathematical 
Lke no effort to be truly desenptive. but rather to show the 
certain principles of behavior, r J , rational behavior, in complex situation 
Neverlhele«, fte general point u probably true the research emphasu on 
“aTed relaLns, toother vv.th the need for sets » 
ttom tf mathematical models are to be constructed, has mhibtted the 
mathematics m this area 

The Study of Individual “'^“rch^nd iMlhe- 

aearch. Another tendency inhibiting the ® Many 

mattcal models tn small 8™“P „f mdtv.dual behav.or The 

studies m this area are in about which gencrahzattom 

group IS looked Upon not as a s> as a context within \shich the 

ortheones are to be developed, “"^'''“ ^“““soc.et), allowing 
tndvvvdual acts The group serves as » Jhe lalxsra 

the experimental study of mfiucncw ^ mampulable social 

tory In other words, the group iso ,ndi\idual withm 

stimulus, and the focus of concern ^cry member of the 

It Asch’s studies of distortions mju ^ ^^jpcnnienter, is a good «• 

group but one acted on the (^) Festmger s [1947] *tu > 

ample of this use of the* group (Asch such example, 

of tL expression of attitudes m a Alniost all expenment* 

There have been hundreds of stmtlar ,„d one tnd, vidua 

m which ■ the group” ts controlled b, ,„g.„<|„al behavaor to a 

ts the natve subject arc of the same These expenmen > 

group situation rather than 8™"P 3 „ individual un er ce 

develop generalizations about the ,„„.toi«»u 

At. bough tbu diseussioo ™£“ — 

cany.«pnsscd gmerahwiions j, „ built of luch for 

well The firs, model to be 2”” IlM) I* 

(t) Aevertheles. ' ,he »d.™!u»' > 

ihc effect of the group » respond* upon 
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social conditions, leaving unexamined the behavior of the social system 
which constitutes these conditions. 

Such experiments as these can of course contribute to the development 
of models of group behavior but they can serve only as one component of 
such models. The complete model must deal with a system of behavior in 
which the individual’s is only a part.(*) 

Conclusion. In summary, at least three factors have scrv'ed to inhibit the 
development of mathematical models for the behavior of small groups. 
These are (1) the tendency of research to demonstrate the existence of rela- 
tions, rather than their precise form; this tendency is reinforced by the 
dilBculties of measurement ; (2) the tendency of research to focus on single 
isolated relations, rather than on functional interdependence, coupled 
with the disregard of mathematizing these single relations; (3) the tendency 
to use the small group in research as a context for studies of individual action, 
rather than as the focus of interest hsclf. 

These three tendencies, and perhaps others, have inhibited the use of 
mathematics in this area of social science; but they have not completely 
stopped it, as the cases to be examined below indicate. These constitute 
diverse uses of mathematics in this area, each indicating one way to over- 
come some of the difBcuUies of theory- and model-building in this area. 
The first links together a set of qualitative generalizations about behavior 
in groups, and draws some deductions, again qualitative, from these 
generalizations. The second establishes a quantitative generalization about 
relative participation rates in small discussion groups, and attempts to 
develop a model to account for this generalization. The third focuses on the 
structure of relations within groups, developing ways for using mathematics 
to charatcrize such structures. The fourth is work on models of “group 
action, that is, action of some unitary sort in a group. The four examina- 
tions, together with the comparisons and evaluations which follow them, 
may give some indication of fruitful directions for the use of mathematics in 
the area of small groups. 


R timet that the generalization about an individual’s behavior could be used 

modTor^J™ of n mdividuaU) to provide n simultaneous equations from which a 
Wr it « KT/ ^ constructed While this niy often be possible m 

feasible! ° ‘»»tanccs in which this possibility has been practically 
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AN EXAMINATION 
OF FOUR KINDS OF MODELS 


2 MODELS SvmOH E^IINE T.IE JOIST .MPL.CATIOSS 
OF qUALtTATlV'E RELATIONS 

Tho fi.. caso Iot — ^ 

off from existing propositions in soci ^ increases it proauces an 

talise propositions \shich sa>, m e ect, nminc the joint impli- 

increase in B > The n“*einal.zal,on goes on to examine 

cations of several such propositions lalen g , ,j„,ure of small group 
Two examples of this kind of work ^nt m the I t ^ 

research The hrst, earned ou. b> J n. //«- O’.P 

non of some of the propositions Staten ) „r 

[1950] This case will be examined in b) 

Inch work 

Festinger and othen This case 

non 2 ^ oilstcpslakeninaeascoriheori-con. 
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generalizations much broader m scope than the onginal mscstigations The 
generalizations relate three kinds of properties of a group or a relationship 
sentiments toward others in the group, interaction with other group mem- 
bers, and the activity carried out by the group Simon took some of these 
generalizations, stated them in mathematical form as postulates of a dyna 
mic system (after first restating them m slightl> different fonn — this is step 
(2a) above), and then drew deductions from them. The fifth step — compar- 
ing the deductions with observations — has not been carried out by anyone 
m an> detail The reasons for this will become evident later, when the 
qualitative nature of the deductions becomes apparent 

The present examination will focus pnmanly upon steps 3 and 4, it is 
these which constitute the kind of ‘ model building which starts from 
existing social or psychological theory Questions relating to steps 1 and 2 
will be examined only under the heading of definition and measurement of 
the variables of the model, and these questions will be left until later, 
since Simon does not attempt to handle them in his development of the 
model (nor docs Homans give precise definitions or measurement presenp 
tions in his development of the generalizations) 

It IS not hard to visualize the kind of groups Homans and Simon have 
m mind in developing the theory Social clubs, work groups, athletic teams, 
arc all representative of the kind of group to which these generalizations 
arc meant to apply The one cmpincal study Homans exarmnes in detail 
before stating these generalizations is the Western Electric study of Roethlis 
berger and Dickson [1939] This study, or the part of it which Homans 
uses, IS a detailed observational study of an electrical relay wiring group 
The men worked together the whole of every work day, and some saw each 
other socially after work Other groups which Homans examined later m 
his book were quite different a group of engineers m industry, a street 
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comer gang m Boston, a small pnmiU\e tnbe All uere groups m their 
natural habitat, and not groups experimentally formed for the purposes of 
investigation 

The kind of generalizations Homans develops are something like this 
If people come into sustained interaction, for whatever reason, sentiments 
ofhking or fncndship «ill grow up, these sentimrnB will merease both the 
number ofucm.t.es they will engage in together, and the amount of mter- 
action, these will m turn increase the friendliness, and so on. so that after 
a length of t.me the group ts bound together by strong senl.ments and by 

nattems of interaction and activity 

Generaltzaltons of this sort have been currentm soctal and psychologtcal 
theory at least s.nee sometnne around 1900, when Coolej desmbed sub- 
stantmlly the same relationships The mam difference tn Homans work ts 
^ .V. rUifsh he states the relations (the rough par- 

the and h,s exphe.t delmeatton 
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pulation the deductions which we can make from explicit equations through 
mathematical manipulation It is such differences as these — which have 
important consequences for the deiclopment of a science that lead us to 
use one form of expression rather than the other (More will be said about 
these and other differing consequences — and it is b> no means a case of 
black and white — in III ) 

In the previous paragraphs, the terms ‘ interaction,’ * friendliness, 
“amount of activ ity,” and so on, as well as such symbols as I,F, etc , hav e 
been used rather loosely As in an> theory, each of these terms plays a 
double role In the first place, they all stand for some kinds of events or 
states of being in actual groups When the symbols are words like “inter- 
action or ‘ sentiments of likmg,” then their meaning is to some extent 
shared by all social scientists, and even by laymen That is, all who under- 
stand the English language have some idea of what Homans means when 
he says, “If the frequency of inieraction between two or more persons in- 
creases, the degree of their liking for one another will increase, and vice 
versa It IS true that this meaning may not be fully shared, each of us who 
reads this statement might go about testing it m different ways, each making 
certain observations on groups and saymg, ‘ This is what Homans means by 
‘frequency of interaction’ and ‘degree of liking ”’ Such differences simply 
mean that there is some ambiguity m knowing just what these symbols 
represent or, to put it differently, what their operational definition is But 
for the moment the point is that one role of these terms is to symboliac 
actual events or stales of being The same is true of the more abbreviated 
symbols /and^'jthcy arc simply used to replace thewords, and whenever 
one sees the letter F in these pages, he can substitute for it the term “fnend- 
hness 

The second role of these symbols is as terms which relate to one another 
m particular ways m a sentence or an equation Here the relation is com- 
pleiely on the lei el of abstraction, not refemng to actual groups in the real 
world at all This is most easily seen in a set of simultaneous equations, 
such as those which Simon sets up, relating I, F. and A One may carry out 
detailed examinations of such symbolic sy stems without ev er refemng to the 
actual events or states of being which constitute the meaning of the symbols 
Homans never completely separates his discussion of abstract relations 
between symbols and his discussion of the relation of these symbols to actual 
ev enu He largely assumes that we all know what is meant, i r , what kinds 

j implied, when wc talk about ‘ frequency of interaction” 

an degree of liking " Simon similarly never treats this problem m detail, 
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concentrating most of his effort on deseloping the abstract sj-stem and 
tracing out its implications 

The examination of Simon’s models then, will be m tno parts first, 
a discussion of the abstract s)'stcm of relations between symbols (nheiher 
verbal or mathematical ones) and second, a discussion of the meaning of 
these s) mbols, that is, their relation through definition and measurement 
to the world of actual c\cnts m groups of people Until the section on 
measurement, the relation of the model or theory to actual events will be 
disregarded 

The Abstract Relations.The verbal postulates which Simon states (differ- 
ing slightly from those originally stated by Homans ([19o0), p 1 12, 118), 
are these 

(1) The intensity of interaction depends upon, and increases with, the level of 
fnendhness and the amount of activity carried on within the group We will 
postulate, further, that the level of mtcracuon adjusts itself rapidly — almost m 
aiantaneously to the two vanablcs on which it depends 

(2) The level of group friendliness will increase if the actual lev el of interaction 
u higher than that ‘appropriate* to the exssUng level of friendliness That u, if 
persons in a group with little friendliness are induced to interact a great deal, the 
friendliness will grow , while if persons vnth a great deal of fnendlmess interact 
seldom, the friendliness will weaien We vtill postulate that the adjustment offnend 
hness to the level of interaction requires time to be consummated 

(3) The amount of activity earned on by the group will tend to increase if the 
actual level of friendliness u higher than that appropriate* to the existing amount 
of activity, and if the amount of activity imposed extemallyon the group is higher 
than the existing amount of activity We will postulate that the adjustment of the 
activity level to the imposed activnty level and to the actual level of friendliness 
both require tune for their consummation 

Simon derives two sets of equations from these postulates one set derives 
directly from the postulates, with no further assumptions about the forms 
of the equations, and the other makes certain linearity assumptions The 
tetter set will be considered briefly later The former will be considered in 
more detail 

From the first postulate is derived the equation 

I=/(A,F) (2 1) 

which IS just a diflcrenl iraj of saying. Interaction is a function ofacuvity 
and friendliness " Itis easy to see that the rerbal postulate (1) certainly says 
more than this It says, m effect, thatapanlue change m rl or mf pro- 
duces a positive change in / We can eapiess this mathematicall) b> unung 
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^ > 0 and > 0 

ad 2F 


(2 1a) 


The restrictions (2 la) together with equation (2 1) constitute a formaliza- 
tion of the verbal proposition (!) 

However, propositions (2) and (3) arc somewhat more complicated 
Both these propositions say (a) that a level of the dependent variable 
exists “appropriate to” the level of the independent variables, (b) it takes 
some time for this level to be reached, and (c) if the independent variable 
IS higher, the ‘ appropriate level of the dependent vanable is higher Simon 
interprets (a) to mean that for a given level of interaction {/) (m proposition 
2) there is an (qmUbnum level of friendliness (i*) such that if cv er> thing else 
m the system were held constant, F would reach this cquihbnum level This 
certainly seems to be a reasonable interpretation of (a) Simon interprets 
(b) to indicate that the equation relating I andF (again in proposition 2) 
should not desenbe only the final state of the system, but also the rate at 
which the state is approached , that is, a differential equation m F and time 
IS implied 

The equations implied by propositions (2) and (3) are 


dF 

(2 2) 

dA 

-=^(yl,F,£) 

(2 3) 


But again these formalizations neglect part of the substance of the two 

pre>pi>52tioiis CotiditKia (c) above say-s [for proposition (2)J that when -- 

at 

IS zero, that is, when the level of is appropriate to” what has been the 
level of/, an increase m / will raise the ‘ appropriate ’ level of F That is, it 

will increase F through making ^ posiuvc Suted simply, — \ anes directly 
fl* dt 

(m the neighborhood of ? = 0) with A or ^ > 0 ^where ^ ^ But et en 

beyond this, m order that there oust an equilibrium value ofF, it is neccs 
ry that for large values ofF, as F increases — must decrease (in the neigh- 
borhood of — = 0) Otherwise, the increase m /, producing a positive — , 
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would ,„crou.o F, wluch would m .„„,„creose | oud ihu. -ncreaso F to 

mfimty The mathematical statement of the restnction which prevents this 

eg 

^ (V Stated m full, the restrictions on equations (2 2) and (2 3) 
implied by condition (c) are 



(2 2a) 


(2 3a) 


Simon does not make these conditions explicit (f) Since he treats this 
general model only m a subsidiary way to the linear one which he also 
presents, he makes the transition from words to symbols quite rapidly He 
by-passes the statement of these conditions, stating only the slope of the 
cur\es(**) which these propositions imply (ff) 

It 13 important to undentand clearly the verba] postulates and their 
mathematical restatements Verbal propositions or generalizations of this 
type are prominent m present-day social research, and it « thus valuable to 
see what kinds of models can be developed using only such generalizations 
The Simon-Homans model illustrates this situation well 

It IS not precisely true chat no assumptions are added m the mathemati- 
cal restatement of verbal propositions, as is earned out above There are 


(•) This restriction, and the parallel one in (2 3a), are stronger than nece«aiy, for the 
only necessary restriction is that these two inequalities hold ftr large values of A" But recog 
luzsng this, the restncOons can be made as in (2 2a) and (2 3a), deferring until later the 
question of what diRcrencc it makes if they are weakened 

(t) In the Simon Guetzkow model ba^ on hypotheses by Leon FesUnger, ihc trans- 
lation IS made explicit Some of the translations earned out there arc more complex than 
these, and constitute good case examples ta the translation of a verbal theory to a maihe 
maucal one. See Appendix 2 1, p 38 for a short discussion of this model 

(••) The curves mentioned are those which relate A and F when ^ « 0 and when 
^ 0 They will be introduced when the deductions to be made from the postuUtes are 


disc^^ In doing this, he at one point deduces ftora the verbal proposition 3 only the fact 
that the slope of each cun^ is positive whereas he also needs to deduce a second condiuon 
as well, namely that ~ is negative to the nghtof thccune, positive to the left (Sunon I1952J 

p 208) Ucking this, the graphical deductions are not posnble It is hWy that he merely 

neglected to add the requirement, the dedurtiwis following it proceed as if he had 
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two assumptions which may or may not exist m the verbal theory^ but 
which the mathematical reformulation helps make explicit. One is the as- 
sumption that the variables are “stale” variables of the system, which have 
certain relations independent of the time path of the system. In this model, 
the assumption is that the equations (2.1), (2.2), and (2.3) between /, F, 
A, and E are independent of the length of time a group has been in existence 
or hoAv it came into existence. 

The second assumption concerns the nature of the relation assumed to 
exist between two variables when one sa>s, “As X increases, Twill increase. 

It is possible to construe such a statement as implying a direct structural 
relationship, with Y dependent on X in the sense that if all other variables 
in the system remain constant, an increase in A' will be followed by an in- 
crease in Y. On the other hand, it is possible to construe the statement as 
meaning that X and Y will change in the same direction when some other 
variable which affects them both is \aricd. If the statement is construed in 
the latter i.vay, then it is not legitimate to posit an algebraic relation between 
the two variables and embed this in a system of relations as has been done 
in the model discussed here. If a mathematical model is to be built from 
Homans’ statements, it is necessary to assume that the verbal statements 
arc meant to refer to a direct structural relation, rather than simply to co- 
variation between the two variables.(*) 

It is clear if one exatruncs Homans’ verbal generalizations and the tex- 
tual material surrounding them, that he evidently meant the variables as 


variables of state, and the relations as direct structural relations. These 
assumptions which must be made explicit if a system of equations is to be 
set up will only be mentioned here. The important point to recognize is that 
such assumptions ordinarily exist in the verbal form of the theory, and one 
value of a formalization lies in making them explicit. The specific assump- 
tions mentioned, that the variables arc state variables and that the equa- 
tions represent structural relations rather than mere co-variation, are two 
of the most important and most dUhcult to confirm of any that social 
theorists make. 


Deductions from the Postulated Relations. All the above points con- 
cern the translation of the verbal generalizations (as stated by Simon) into 
the formal system of relations- These relations constitute the postulates of 

ik Simon [1957] for a discussion of structural relations and co-variaUon. They 

there make explicit .he assumpuon that the verbal sutements of Fcstingcr arc meant to 
tmoiv Itnictliral ° 
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the formal model or theory, and ihe question is, «hat can be done with 
them 5 As with any postulates, their usefulness is found by drawing implica 
tions or deductions from them (*) If they arc so weak that almost nothing 
can be deduced from them, they are not of much use , and if deductions can 
be drawn, but these disagree with observed data, then the postulates are of 
use m proving themselves incorrect Or if they contain an inner contradic- 
tion, so that deductions drawn from a certain subset of them arc in conflict 
with those drawn from another subset, they are of use only m proving them 
selves contradictory In this last case, where there is internal contradiction, 
the inconsistency is shown without eser examining empirical data, the for 
mal system is simply a logically inconsistent one It is likely that this would 
be the fate of many vaguely stated verbal theones in present day social 
science if they were held up to the cold glare of mathematical formahaa^ 
tion In such cases, the real gam would not come from showing conclusively 
that the theones were inconsistent, it would come through showing just 
wfiere and Aow the theories were inconsistent, thus directing energies toward 
their modification 

These, then are some of the results which arise from carrying out deduc 
tions on a set of postulates But what are the deductions which Simon is able 
to make from these postulates It is certainly true that the postulates are 
weak they say only what variables are related, and m which direction one 
changes when another changes An example of a stronger equation than 
these would be one which tells the sirueiure or form of the relations between 
these variables Simon’s linear sj-stem (whtdh is mentioned later) is one 
such form, another would be multiplicatue relations (r g , / /rJi^in place 
of equation (2 1)) 

The deductions Simon makes are based upon knowledge of the dirutxon 
the system will be tending when one or both of the diflercnual equations of 
the system are equal to zero, that is, when one or more of the variables is 
not changing over time The deductions will not be reproduced m full, but 
only enough to show the genera! approach ("f) 

First, the three equations are reduced to two by collapsing equations 
(2 1) and (2 2) Substituting (2 1) m (2 2), 


f*) Thero arc other poa.blc areas or«db>n<w «hich have nothing to do u.ih ihe dc 
{ ; j nere arc otner p nsvehofog cat funcc on* for the tmestigator 

luciiora from t^he i^tulaic ‘J'”" ^ he Z found or assumed Important ai 

ir student such as fixing in his mmU exacuy wnai ne .-j hjrf 
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dF 


r=g{S(A,F).F) = 4,(A,F) 


(2.4) 


and since i> 0, and — > 0» then 

oA <0 


• — > 0 . 


U 


dA df BA 


(2.4a) 


This inequality, 


^ > 0. supplies one of the restrictions on (2.4). The 

dA ’ 

df dg 

second, however, does not so directly follow. Since — >0and ^ 

the effect of F working through / (that is, through I, since I =f) is to in- 
crease g. But the effect of F directly on^ is, as stated in {1.2a), to decrease g. 
ZA . 

Thus the partial derivative ~ in equation ( 1 .4) may be positive or negative, 
oF 

depending upon whether the influence of F on g through y or its direct 
influence on g is greater. That b, the rate of change of friendliness may 
cither increase or decrease as friendliness itself increases. The equations do 
dF , . . 

not predict which will happen. But if — kept increasing with an increase in 
dt 

F, then once friendliness started going up, it would continue in an ever- 
increasing ascent with no limit. In order for this not to occur, two condi- 
tions arc necessary. First, the effect of F upon must be negative: 

— < 0 (at least for large F). (2.4b) 

oF 

But beyond thb, the increment in F (which tends to decrease if>) necessary 
to counterbalance the effect of a given increment of A (which tends to 
increase d>) must become smaller as F increases. Intuitively, what this means 

b that if A increases, thus increasing F through making — positive, the 

dt 

resulting increase in F will be more than enough to depress — back to zero 

dt 

or negative. Stated analytically, thb requirement is that 

< 0 or — > 0 (in the neighborhood of = 0).(*) (2.4c) 
thoo this requirement graphically, that the curve ^ = 0 (m a graph like 

the one on p. 27) Will be concave upward V I s F 
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An assumption similar to this is necessary for equation (2 3) Like fncnd 
liness, activity is assumed not to increase without limit, implying a restric- 
tion on equation (2 3) that the curve ^ = 0 is concave downward, or 
analytically, ’ 

3 ^ 

> 0 (in the neighborhood of = 0) (2 4d) 


If this were not so, activity would continue to increase without limit, 
because the increasing friendliness would increase ^ more than (he in- 
creasing activity would decrease it 

With this assumption of an upper lumt, or a “saturation effect,” on F 
and A, it becomes possible to make qualitative deductions about the be- 
havior of the system with respect to equibbrmm These deductions are made 
by setting both equations (2 3) and (2 4), which are now the two equations 
defining the system, equal to zero This gives two relations between A and 
F, one for ^ as 0 and one for ^ = 0 Each of these describes a curve in the 
plane, asm Fig 2 I and Fig 22 At one of the curves (^6=0),^" is con 
dF 

stant through time, since -- is aero, and at (he other A is constant through 
at 

time At the intersecuon of the lines is an equilibrium for the system, for 
both and A are constant That is, at the points of intersection there are no 
forces on cither A or E to move the system from this point 

These curves cannot be precisely located m the A, F plane, because 
equations (A, F) =Q and ^{A, F, E) = 0, together with the restrictions 
upon them, give too little information However, these restrictions (2 3a, 

2 4a, 2 4b, 2 4c, and 2 4d) do determine the general shape of the two 
curves Consider the curve ^ — 0 The three restrictions on it are restated 


dA' 


0 

0 


~ > 0 
BF* 

The first restrietion .mphes that # meteases as the system motes to the 
.ght m the F plane The second nnphes that # deeteases as the sptem 
noves np ,n iheA^^ plane Taken together, the two testnct.ons mtply that 
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the region ivhere ^ is positive vnll be to the lower right, while *= teg‘on 
where ^ is negame will be up and to the left Thus the line separating th«e 
two regions, that is, the line ^ = 0 will have a positive slope, as indicated 
in Fig 1 1 The third restriction, that the second derivative of ^ with 
respect to A is negative, implies that as F increases, a smaller and smdler 
increment, relative to the increment in A, is required to keep ■!> -0 Ihis 
means that the curve ^ = 0 must be concave downward, as shown in 
Fig 2 1 



The restnctions (2 3a) and (2 4d) on tft are just the same as these, except 
that the axes are interchanged Thus they imply that the curve ^ 0 is 

shaped as m Fig 2 2 



These restnctions exhaust the information contained in the original 
postulates What can be deduced from them about the behavior of the 
group through time^ On the surface, very little, for the location of these 
curves relative to one another remains unknown But upon assuming alter- 
native locations, the alternative possibilities can be examined One is re- 
presented m Fig 2 3 

If the two lines have this relative location, the upper point, re- 

presents a point of stable equilibrium, while the lower point represents a 
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point of unstable equilibrium These results and others arc arrived at b> 
using the following information when the system (represented by any one 
of the arrows m the figure) »s in the neighborhood of the cuneifi « 0, it 
will move in a vertical direction, and when it is in the neighborhood of the 
curve ^ B 0, It will move in a horizontal direction In each of the diHerent 
regions of the plane, the system tends m the direction indicated by the 
arrows For example, ivhen ji = — and ^ =s 4'» the system is moving up 
and to the left Through such considerations, deductions may be made The 
remaining deductions will not be earned out here, but only stated They 
arc in the form of propositions or theorems resulting from the kmd of an- 
alysis begun m Fig 2 3 

Before stating the propositions, it may be noted parenthetically that the 
empirical restriction of “saturation” upon propositions (2) and (3) docs not 
precisely imply the restrictions which Simon (and we) have placed upon 
equations (2 2) and (2 3), that is, the restnctions of concavity (or stated 
analytically, inequalities 2 4c and 2 4d) That is, it implies concavity up- 
ward for = 0 and downward for 58 =» 0 onfy at extreme positive values 
of A and F This weaker empirical restriction opens up added possibilities 
Graphically the system might look like this Here there would be three 
equilibrium points, with the upper (Ag, /y and lower (Aj, Fi) stable, and 
the center (Ajj F«) unstable Groups which behaved this way would have 
two stable levels of activity and friendship, one with a relatively high 
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degree of activity and intimacy, and the other less intimate The levels 
of activity and friendship at which the group started would determine 
whether it would increase toward greater intimacy or decrease to a less mti* 
mate and actx\e !e^el Such a sy'stem seems reasonable on the basis of gene- 
ral experience 

Though this possibility (and others, of course) exists, we shall not con- 
sider It further, but take as given the stronger rcstnction implied by Figs 
2 1—23 The propositions Simon deduces arc ([1952], p 209) 

(1) First of all, there is almost only one point of stable equilibrium, toward 
which the system may tend If this stable equilibrium point exists, there 
may be a second point of unstable equilibrium- Like a pyramid balanced 
on Its point, the group at this equihbnum point would fall over either on 
the side of increasing actmty, interaction, and fncndhness, or on the side 
of decreasing activity, interaction, and friendliness If both of these points 
(which correspond to points Fj and Fy in Fig 2 3) exist, then if the 
initial activity and fncndship arc high enough, the group w^ll go toward 
the stable equihbnum If they arc below a certain point, fnendship and 
activity will progressively decrease until the activity is zero, that is, until the 
group breaks up 
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(2) As the externally imposed activity (£) b decreased, then the equthbnmn 
leveU of activity (d ) and ftiendship ^F) mil be decreased (This corresponds 
m the diagram of Fig 1 to the line ^ ^0 moving toward the left ) 


(3) As £ IS decreased below some cntical value, E^, Ftvill go to aero, and 
for some sufficiently small value of £ (equal to or less than £j- depending on 
the location of the intersection of 0 (A, F. B-r) mth the A axis) A mil go 
to zero 

(4) The level of E required to bring a group into existence is greater than 
the minimum v'alue, Ej-, required to prevent the group, once formed, from 
dissolution 


These, then, are the deductions which Simon draws from the three 
postulates with which he began They all seem ‘ reasonable,” and seem to 
be m accord with general observations Some (such as 2) we might have 
felt to he obviously true from the postulates without the formal derivation 
Number 1, and especially number 4, arc not so intuitively evident 

Just what has been gamed by making these deductions’ It may be pos* 
sible upon examining them closely to say, ‘ I knew that all the lime But 
to do this completely misses the point In the beginning, three propositions 
were set down, what the mathematical model has done is to spell out the 
logical implications of these propostuons It says to the social scientist 
"You stated only propositions x, j-, and z but in so doing you also im- 
plicitly stated propositions u, o, and w To reply that it was already ob- 
vious that u, 0 , and w were true as well as x, and 4 is to disregard com 
pletely the value of theory What is important is not whether r, and a; are 
obvious, but the fact that they are connected by logical implication to x,j!, 
and z A theory in any science gains its utility from such connections, for it 
IS they which allow a few observations to stand for many Otherwise one 
must go on in a purely descriptive way, never able to predict phenomena 
u, V, and w from other phenomena x,y, and z 

fvfucfi so caiiedsociaitfieorytsaf(^csoi\*n'hicAsfJt.sFMterr^i!!jrdprc^ 
posiuons like those of Homans, yet it is seldom that these propositions are 
examined for their further implications Probably m many cases they are 
inconsistent, in othen they imply absurdities, and m some, like these of 
Homans, they imply generalizauoiis which on the whole seem to be in ac- 
cordance with general experience In any case, if they are to contain an) of 
the values of a theory, their implications must be examined 

This IS not to say that the dedoctiom from these postulates ofHonians 
tell a great deal about the behavior of groups The) do not, simply because 
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the postulates themselves are tery weak What the deductions do tell is 
(list, that the propositions are not inconsistent, and second, they tell just 
how strong a system of propositions Homans has developed from his study 
of soaal groups (*) 

The linear Model. Much of Simon’s paper is concerned not wth the 
abo\e model, but with a model having assumptions of linearity To the 
postulates (1), (2), and (3) above arc added the conditions that the equa- 
tions are linear functions of /, AfFf&nd E What IS the justification for these 
added assumptions’ Do they den\c from a more careful examination of 
Homans’ work, or of the data from which Homans developed his general 
izations’ No, these assumptions are of an entirely different order than the 
postulates of the pre\ lous section Those \% ere made on the basis of observa- 
tion and empirical generalization, these are made for purposes of mathema- 
tical simplicity 

Linear differential equations arc more easily handled than are non- 
linear ones, particularly when the non-lmear equations are left in general 
form with few restrictions At the same time, one can make quite the same 
deductions about the beha\ior of the system m the neighborhood of equili- 
brium from linear equations as from non linear equations In fact, Appendix 
2 2 to this section (on page 42) shows an analytic method for makmg 
deducuons from non linear equations, this method is based on the fact 
that the non linear system can be reduced in the neighborhood of the ongin 
(and by transformation of the axes, in the neighborhood of an equilibrium 
as well) to one with onl> linear terms 

The introduction of linearity assumptions would ordinanly raise im- 
portant questions about the \alidity of a model based upon them For 
example, consider the equation which in the linear model replaces equation 
(2 1) of the non linear model 

/ = a,F — a^A (2 5) 

In equation (2 5), actwity and fnendlincss contnbute independently to 
the rate oj mtcraaion of the group But might not fncndship “act on” or 
intensify the effect ofactuity m increasing interaction, and activity inten- 
sify the effect of friendship’ 

Such questions as this would be to the point if deductions were made 
1 C 1 epended upon the mcxlcl’s Imeanty As mentioned above, the only 
aeductiom made arc those which concern the behavior of the model near 

“ dSlj’ri'i m”^ “ bv.Id.n,<;»mp„o v,id. th.. 
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equilibrium, and these do not depend upon the model’s linearity (as Ap- 
pendix 2 2 makes dear) To use linear equations when it is known that 
their use is not justified may be likened to the use of a Centigrade temper- 
ature scale m conjunction with the perfect ^as law, / P’’ = ^ 7 * 
this will gi\ e incorrect results, but if one uses only those deductions which 
depend upon the existence of linear transformations between temperature 
scales (that is, deductions hich concern only differences m temperature) and 
not upon their haung the same zero point, Centigrade scales arc all right 
In the same way, the deductions which Simon makes do not depend upon 
the Imearii^ assumptions 

Thus the hncant) assumptions neither add nor subtract anything Thej 
provide an alternative means of arriving at deductions, but once having 
this totality of deductions, Simon restnets himself to those which are valid 
whether the linearity assumptions hold or not Thus if there had existed no 
method for arriving at deductions from the non-linear equations, the linear 
ones would have provided a kind of “crutch” by which to arrive at deduc- 
tions In certain cases, this might be a valuable trick to use for obtaining 
deductions for which no method is otherwise available 

Because the linear model plays only this role, it will not be examined 
here Itispresentedmfullinthcongjnalpaper{Simon|’J952}) Theremain- 
mg comments will focus on the relation of the abstract model to concrete 
behavior of groups of people, that is, the measurement problem 


The Measurement Problem? Relating the Model to the Real World. 

Although the above discussion is couched m ‘meaningful terms like 
activit}, interaction, and friendliness, it has remained in the plane of the 
abstract, without showing the rclaUon of this abstract system to the real 
world Neither Simon nor Homans examines this problem — the problem 
of measurement — m detail Simon indicates that the variables in his sj-s- 
tern, since the> refer to a plurality of individuals, are averages or aggregates 
The variable for example, may be defined as the average fnendhness 
b«w«n pairs of membrrs of ihe group But of course this does not define F 
m terms of the real world, it only rdates a symbol (F) from one abstract 
system to a symbol (friendliness) from another He does not then relate this 
verbal symbohe system to the real world by mdtcattng how he would meas 


urc friendliness , , . , 

Homans s.mtlarly does not see any need to define precnely the verba 
symbols “mteracnon,’ “acttvtty," etc Ha seleeuon of concepts ts n part 
detemnned by them relattve lack of amb.gu.ty He says, for 
cermng «.n.erac..on> (wh.eh ts the eooeep. from wh.ch hts definmon 
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"group” derives); “The charm of interaction for some sociologists is that it 
can be observed rather unambiguously, that it can in fact be counted 
([1950], p.86). But he does not give any instructions for observing interac- 
tion, and different investigators of small groups, Bales, for example, would 
give quite different instructions to a person who asked him how to observe 
an interaction from those Chappie would give to the same person.(*) 

Such questions may seem like quibbling. Certainly the observations 
Homans reports and the weak propositions that he draws from them will 
hardly be disputed by social scientists. But the problem remains: these 
propositions have been put into a formal model, and implications drawn 
from them; consequently it is necessary to ask, what is the explicit relation 
of the model to the real world? 

Simon and Homans may reason somewhat as follows: These proposi- 
tions are quite weak, so weak that no matter how one defines the concepts 
within a common, well-accepted area of meaning for each, the propositions 
will be true. Then the question is, are the relations weak enough so that they 
will hold within an accepted core of meaning for the concepts? This ques- 
tion IS clearly unanswerable without knowing just what the “accepted core 
of meaning” is. To know this, we would have to question each social scien- 
tist about his definition of these concepts, and then try to find the “core of 
meaning” shared by all definitions of the concept. 

Another tack, however, can help to answer the question. That is, from 
the other direction* Just what do the relations, as stated in the formal 
model, imply about the “core of meaning” ? That is, what invariances be- 
tween two different methods of measuring interaction (and the other con- 
cepts) must hold if the following two statements are to hold: (1) Given that 
the model agrees with certain empirical data when one method of measure- 
ment is used, then the model also agrees with these data when the second 
method of measurement is used. (2) Or given that the model disagrees with 
certain empirical data when one method of measurement is used, then the 
model also disagrees with these data when the second method of measure- 
ment is used. 


To ans^ve^ the question will not tell what the “core of meaning” of inter- 
(•} See R. F. Bales, Interaction Process Analysu (ISSla], m which he gives detailed in- 
structions for obscnation, and Chappie 11949] However, Homans seems to be concerned 
with a somesshat difTerenl concept of interaction than these investigators Their concern is 
u proximity and who interact by mutating verbal 

faunn r Concerned with groups which are not m any fixed phyncal re- 

acuv carrying on various 

.. meant by I enable !.k“ 
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action, activity, etc is , it will only state that tf one definition, t t , measure- 
ment method, does contain this core of meaning, a certain class of others 
will also This approach may be useful, for if a number of methods of 
measurement which are all said to measure interaction do in fact satisfy 
the invariance relations necessitated by the theory, any one can be substi- 
tuted for another Knot, how ever, then the “core of meaning’ exhibited by 
all of these methods is not large enough to satisfy the weak relations posited 


in the theory 

In the natural sciences measurements in feet, inches, meters, miles, etc , 
or the various measures of mass, arc all within the allowable set of rcsinc- 
tions for the theory of mechanics They differ from one another by onlj a 
scale constant Some may be more convenient than others in a particular 
case, but all will allow use of theory On the other hand, neither Centigrade 
nor Fahrenheit temperature is within the allowable set with respect to the 

perfect gas law ((iF = fiT) However, thcyarewithmtheallowablesetwith 

respect to Charles' Law, a weaker law which says d F = Fd T (at conttant 
p) To be wtthm the allowable set lotpV = RT.^ temperature scale must 
have Its aero at absolute aero, which these scales do not, but to \x accept 
able for d F = J?d r, a scale need only be some linear transformation of the 
absolute scale, which means lU aero posnt may 
andFahrenheittemperature scales arc 1, near transfo^ioroortheaM 
scale, so they are acceptable for tho latter law, which allows only a fraction 
of the imolications of the perfect gas law 
rese examples suL«. •-= 

1. cf the form. — > 0. w hich simply says that I is 

ables arc, as wc have seen, of the iotto, 

r It IS obMOus, then, that any 
a monotomc increasing function o transformation of 

measurement scale for F which is a monotomc increasing 

V r c 0 (where F, is a panicular measure- 
F will serve the purpose For if > 1 

j 0 then — > 0. “ft* 

mentofF),and— > 0, then y. ^ 


Thus, for the general model, tnc vaivv— d„,vi„e Re- 

I, .1 no. pmnely mie d..t she Old, ihni she Cni. Ttm re- 

snieJl (2te) i^d (2«) 

stnction >>ould further rotnet ,, »atun 

foemsuoi, Bn. since ,=in0.o">(? 3 ;'^<y^,„L ihcy w.B he nea'""'"'"' 

and «ere not part of the emp.ncall>-den.rd pfcp- 


general model, the 
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scales svhieh presene monotomcitj-, or rank order, among «Ines of the 
s-ariables. That is, if a group measures higher in A at nme 2 than at time 1 
{A, >A,), then any alternative measurement scale for A must smularly 
place A, > A, for this group. 

The Imear model poses a different problem. Just as the perfect gas law, 
which aUowed a wider range of deducUons than Charles' law, also placed 
more restrictions on the temperature scales, the Imear model place more 
retrictions on the measurement scale of activity, friendliness, and interac- 
tion than doe the general model. It turns out that the criterion they inust 
satisfy is invariance up to a positive scale factor. That is, any deductions 
which arc true for F are true for F, = uF (where o is peitive) and simUarly for 
the other V ariahle, 1, A, and E. This may be v criiicd by substituting aF for 
Fin the equations of the model and examining the reulting dcductions.(*) 
Because of the forms of the equations, a will not affect the deductions, but 
will be absorbed into the coefficients, which arc empirically determined. 

Thus if the linear model ssere developed and all the deductions from it 
used, this would place serious restrictions upon the class of allow'able meas- 
ures Again the advantages of the general model are apparent, for at the 
present stage of measurement m social science, almost no measures arc 
invariant up to a scale constant, as required by the linear model. 


Aggregation. In the above, there b an implicit assumption that measure- 
ments were somehow made on groups as such- But an examination of the 
methods various investigators use to measure the interaction, friendliness, 
etc. of a group would show that measurements are first made on indivri- 
duab, and these are then summed or averaged to give a group measure-(tt) 
%N’hat docs the general model require of the measurements of indiv’iduak 
(•) The deductioiu may be found m Simcm (£1952], p 207), 

'klethods of aggregating individual mcasurcnjcnts of mtcraction (and the other 
concepts) other than summation could of course be used Simon suggests summation of in- 
dividual variables to form a group measure, Homans does not make any specific statements 
about measurement, and in general considers only individual friendlmess, interaction, and 
acuvit>. In a well-dcvtlopcd state of the saence, an explicit theorv of aggregation vvould 
mst , but we are far from that stage. The use of non-additive aggregation would in general 
imply rcstnctions on the class of transformations different &om those implied by summation. 

p’oposals have been mad e to measure certam characteristics of small group* 
as a unit. Perhaps ih- most mieresting u the use of projectiv e pictures to infer the group’s 
charactenstics from its statements about th^ picture (whidi u usually of an informal group). 
Thus a group which mentions the fnendlmess between members of the pictured group i* 
assumed to have a high degree of fhendlmess Such a techmque m its present stage of pre- 
could hardl> satisfy the rcquiremcnu of a theory htc the one being presently discussed, 
but It perhaps bolds some promise toward development of group charactensucs without 
measurement of specific individuals For reports of the use of this technique, see 'Wilham 
Henry and Harold GueUkow [1931], and Murray Horwitz and Dorwin Cartwright [1953] 
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friendliness, activt,, and interaction’ That it, ,n order that the measures 
for group properties, I, A. F, and E be monotonie tansfomialiom of one 
another, what requirements do the vidnu/ual measures hav c to fulfill > 
Whenever operations of addition or subtraction arc carried out on a 
measure m order to form a ‘ composite measure (as in summing indiwdual 
measures to produce a group measure), then //‘monotomcit) « to hold 
among the set of composite measures, linear transformations must be pos- 
sible between the original measures This may be confirmed b> substituting 
for the mdivndual vanables F, m an aggregation equation an alternative 
measure Fj, which equals oF^-i- b The arbitrary constants a and b must be 
the same for all group members, and there must at all times be the same 
number of members over which the measure is to be summed If the number 
of members varies, invariance up to a scale factor is required 

This restriction is of course unfortunate, it narrows the set of allowable 


measures for the general model from those which arc monotonicall) related 
to those related by a linear transformation 

Now the question may be asked u the general!) accepted ‘core of 
meaning of each of the concepts large enough so that two different meas- 
urement methods of, sa), interaction will satisfy the invariances required 
by the theory’ That is, can two methods of measunng interaction be found 
such that for any sample of groups one chooses, the values (/,) obtained b> 
using one method are linearly related to the values (/,) obtained by using a 
second ’ It is extremely doubtful that such measures can be found Each of 
the standard techniques of observing interaction (which is the most fully 
developed concept, m terms of measurement methods, of those under con- 


sideration) focuses on a particular aspect of the interaction This giv es them 
systematic deviations from one another for different kinds of groups Dales’ 
method, for example, concentrates on the frequent of staUmenU mide tn 
discussion, while others focus on the amount of Ume spent in discussion Stil! 
others arc concerned with non verbal iniemction A good example of dif- 
ferences which occur ss illustrated by the next small group model to be 
considered W'ork by Bales and by Stephan and Mischlcr which is examined 
there involves two quite different measures of interaction in small group 
discussions Bales counts each “meaningful expression of an individual m 
the group discussion as an act of intenction. while Stephan and \I«chler 
count each uninterrupted sutement of an individual, which may include 


many meaningful expressions 
differing very much as the type 


It IS not hard to imagine these measures 
: of discussion vanes from short interchanges 


to Jong monologues Homans, of course, would accept nether of these me 
*0* as mrosurmg >.hal maam In .nKracMn 
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Certamly these diverse methods of measurmg mteract.on do not give 
results that come anpshere near satrsfyng the 

earrty or even of monoton.cit) . vv.th respect to one another That is, 
such a weak requ.rement as that the methods r.nl- groups rn the same 
order is difficult to satisfy If the deviations between measurements were 
due to ‘ errors or disturbing factors, this would be a different thing In the 
natural sciences, measurements of a property using different techniquB 
almost always have some deviation from one another, that is not the di - 
ficulty The difficulty is that here the divergences between two methods are 
s>stematic, produced b> the different definitions of interaction 

These requirements of m\anancc between methods of measurement 
would not be relevant if Homans or Simon had stated explicitly what was 
meant by mteracUon (/), friendliness (F). and acti\it> (A), or had gi\en a 
method of measurement for which the generalizations were meant to hold 
It IS only because they did not do so that we must assume the> depended on 
some commonly accepted core of meaning for the concepts to supply the 
necessary in\anance But from the discussion abo\e, it seems that the core 
of meaning is hardly large enough to supply this m\anance It seems that 
any real differences in meaning given to * interaction by different inv esti- 
gators will produce differences m measurement too great to satisfy the 
required imanances, e\en of monotomcity 

But IS this not being a little too restneme’ ^Vould not most social 
scientists assent to Homans’ propositions’ Probably so And the reason is 
this ^\e would be imphatly holding constant the various factors which might 


make t^^o measurement methods differ Only groups engaged m the same 
general hnd of interaction, groups in which expressions of fnendhncss took 
similar forms, and in which the tyqie of activity was alike would be com 
pared "We would ordinarily, m fact, think of comparing the same group 
over a period of time, thus automatically holding constant many of the 
variations which would cause difficulues m measurement 


Perhaps the most reasonable approach, then, would follow the above 
lines, restricting ike range of groups considered, so that reasonable measure 
ment methods for these variables would order groups m the same way This 
15 generally the way in which theories have developed first being restricted 
to quite homogenous classes of phenomena, with many things held constant 
Only as the underly mg processes became clearer can the theory be elabo- 
rated to cover a more heterogeneous class of phenomena (*) 

( ) Simon in a personal communication on problems of aggregation has suggested 
t u strategy of restncling the range of groups to be compared as a vezy of minimizing the 
measurement problem. 



Fmally. then, how does the matter stand’ A recapitulation ofthegeneral 
lines of the above argument will help First of all, Homans {and Simon m |,is 
formalization) selects rather ummhsmus variables, such as amount of inter- 
action, number of activities, and strength of friendliness But even with these 
the ambiguity ,n definition and measurement is so great that he can set 
down only terj> iteak propositions about their relation to one another The 
hope IS that these propositions are weak enough to encompass the ambi 
gmty in the \anables However, a study of the formal properties of these 
propositions shoivs that, m general, they impose surprisingly strong rtstruUons 
upon measurement of the variables Upon the group variables themselves, 
the various measures must preserve order, but upon the individual van* 
ables, where the measurements usually originate, invariance up to a linear 
transformation is required The partial resolution, then, is to resUict the 
scope of the theory to reJatively homogenous sets of groups, or to changes 
over time m a single group which maintains much the same structure and 
fiinction Such restrictions on the range of variability withm groups means 
that different measurement methods will order groups m ihe same way 
Then as measurement of the concepts is refined and understanding of the 
underlying processes increases, the scope of the theory broadens to include 
a wider range of variability among groups 

It may be parenthetically added, however, that the approach to theory* 
construction implied here might turn out not to be the most fruitful one 
That IS, It may be that rather than to set down rather vaguely defined con* 
cepts, then develop propositions relating them, and finally refine the con- 
cepts and elaborate the propositions, another way » better Jt may be better 
first to worryabout theprocessesinvolvcd.gainmg as full an understandmgof 
them as possible, then let these processes determine the definitions and mea 
surement of the variables That is, let the processes come first and they will 
dictate precise - perhaps cv en quantitative - measurement of the \ ariabics 
One of the purposes of this whole discussion of the relation of the model 
to the real world is to show that u is just as important to be systematic and 


careful at this point as it is to be systematic and careful about the abstract 
sy-stem itself Simon has confined his work primarily to the mathematical 
system , Homans has confined his generalizations to a \ erbal abstract system 
without relating it carefully to the real world The remarks above have 
attempted to show that without careful attention to the problem oflmking 
up such a system with observations on groups, a model is not complete 
This difficulty seems to be widespread throughout present day socnl 
science Most verbal theories or generalizations which form the foundations 
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of social science as it stands toda> arc far from precisely related to observa- 
tion Many concepts are far fuzzier in their meanings than those dealt with 
here, and certainly many generalizations based on them are rendered al- 
most meaningless Yet with all the madequacics of such a foundation, few 
imestigators would deny that many hypotheses and ideas flow from it It 
seems to function in many cases to stimulate further research or to show 
what elements m behavior have been important to previous investigators, 
rather than seiAing as a set of well developed laws 

One of the \alues of such sptematization of these verbal theones or 
generalizations as Simon has earned out is to allow comparison between 
parts of this foundation, verbal sj'stems do not lend themselves to such 
comparison ^Vc are led to make compansons only when the generaliza- 
tions or sets of generalizations are precisely stated and easily interpreted, 
and this is difficult to do, giv en the ambiguities of the English language 
After the other models arc examined, this approach will be compared 
with them (m III) to determine the similarities and differences of the 
various approaches It is only m the context of other approaches that the 
essential charactcnsiics of this one, together with its hrmtauons and poten- 
tialities, can become clear 

Appendix 2.1. 

Since his development of Homans’ hypotheses into a systematic model, 
Simon, together with Harold Guetzkow [ISaa], has undertaken a more 
complicated task along the same lines, a translation of a set of hypotheses 
first set forth by Leon Festingcr [1950] Because it constitutes the same ap 
proach toward mathematical models in small groups as the Simon Homans 
model, the details of this work will not be examined, only a few remarks 
will be made concerning it However, there arc some differences, and these 
will be pointed out below 

Festingcr set forth, somevshat more systematically than did Homans, 
a set of interrelated hypotheses concerning communication and opimon 
deviance m small group behavior Fesungcr’s hypotheses arc greater m 
numlier than are Homans’ (eleven to three), and they deal with more van- 
abla The model which results from relating these hypotheses to one an 
other 1 $ somewhat more complex than the Simon-Homans model, but it too 
can be reduced to two dificrcnual equations 

There are important difTerenea between ihc jubrance of Homans’ 
theory and that of Feslmger’s Homans’ hypotheses concern the relation 
over time of three attnbutes of a group or a relationship the amount of 
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activity engaged m together, the amount of interaction bct^^een the mem- 
bers, and the sentiments of friendliness or hkmg between the members 
Festingcr's hy-potheses. on the other hand, concern opinion deviance withm 
the group and vanablcs related to it pressure to communicate, pressure 
toward uniformity, receptivity to communications, relevance of the topic 
to group goals, and finally, group cohesion Only this last s^riable, which 
may be thought of as similar to Homans’ sentiments of friendliness, resemb- 
les any of Homans’ variables Even ihissimilarity, however, is a tenuous one 
Homans’ hypotheses are concerned with the related growth of friend- 
ship and interaction, and the elaboration of activities among the members 
of a group over a period of time He is concerned with these rather funda- 
mental processes through which people develop relations with and attitudes 
toward one another Festingcr’s problem, m contrast, is a somewhat more 
specialiicd one, though presumably the processes he is concerned with are 
applicable to as wide a range ofgroups as are Homans’ They are processes 
through hich groups come to agree on a subject or to widen their disagree- 
ment, and processes through which they come to feel closer together as a 
group or to fall apart 

The substance of these two theories appean to be different on an even 


more fundamental level Homans is dealing with two objective conditions 
surrounding a relationship, conditions which exist ‘outside of” the subjec- 
tive state of the members, that «> activity and interaction His hypotheses 
include only one attribute which characicrues individuals’ subjecUve feel- 
ings, that is, sentiments of hieing or fnendlmess Festinger, on the other 


hand, deals completely with sulyectivc states of individuals ‘ forces ’ or 
“pressures" inside them, and their opinion of feehng toward the group His 
theory, then, is a completely “psychological ’ one, in the sense that it pre 
diets certain psychological states as functions of other psychological states 
In this, It IS hke other Lcwinian thcones, which posit all relationships ‘ in- 
side” the individual Investigators who use such theories relate them to 
objective conditions by assuming that some objective change m conditions 
establishes a change in the subjective states For example, m the experi- 
ments on which these hypotheses arc based, condiuons were manipulated 
to produce what were said to be different amounts of cohesion or of rele- 
vance of .he .op,c to the group Though .. B rumeumes easy to manjpu a.e 
oond...onr ao ar ,o produce .here ehaogee, thu rhou.d no. obreure .he fac. 
that .he theory B no. concerned ™.h rte occurrence af such subjective 

changes re changes m relevance of ihe subject or m cohesion, as a func- 

no„ oT;a4’nl..on Rather, B conc^ w-h .he effec. of these snhjec- 
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live changes, once made, upon other feelings or behaviors of the group 
members Homans’ theory, on the other hand, attempts to relate objective 
conditions and resulting feelings 

The relations postulated m Festmger’s theory are considerably more 
involved than those postulated m Homans’, diagrams of the structural rela- 
tions of the two models show this clearly 


Festmger 



D = opinion deviance in the group 
P s= pressure to communicate 
i? = relevance of the topic for 
group goals 

U = pressure toward uniformity 

L = receptivity of members to 
communications 
C = cohesiveness of group 


Homans 



E — range of external activity im 
posed on the group 
A = range of activity carried out 
by the group 

I — amount of interaction among 
group members 
F = friendliness among group 
members 


The greater complexity of Festmger s theory seems to be due to its subjective 
nature, it is more nearly based on introspection (supported by experiment) 
about psychological forces, while Homans’ is based more nearly on observa 
tion, with less speculation about psychological forces acting inside the 
individual 

Though Simon’s treatment of Homans’ theory and Simon and Guetz- 
kow’s treatment of Festmger’s theory do not make evident this sharp formal 
ifTcrcnce beuveen the two, it is important to recognize that these two ap 
proaches to thcor> building arc radically different Summarizing, the dif 
rcrcncc is bcti\ ecn 
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(a) a theory (like Homans’) which relates subjective states to behavior and 
to external conditions, 

(b) a theory (like Festinger’s) which relates subjective states to one another 
and to behavior, and which depends on assumptions outside the theory 
for relating these subjective states to external conditions 


Other differences m the approaches of Homans and Fcstinger, and the 
approaches of the two formalizations based on them, are 

1 Homans’ hypotheses arc based on observation of single groups chang- 
ing over time, Festmger’s are based on the comparison of several groups 
subject to different conditions at one time Thus Festmger’s hypotheses arc 
based on inter group comparisons, and his statements that “A increase 
monotomcally with increase m } mean that a group which is higher m A 
than another group is also higher m T As Simon and Guetzltou note, such 
statements of inter group correlations require added assumptions in order 
to form the basis of a dj-nam.c system They must be 

relations, t<,X affects T, rather than cosanation, i < Vand 1 arc both 
afr=“ed alike by changes in a third variable (•) Furthermore, it must be 

2 Fcstinger >p . holding others constant, while Ho 

arhi^ro'nheld observations, m tvhich the group subject only to 

the constraints of the natural (t) ^ particular (dc- 

3 Fesungefs hypotheses “f “'^^p^'CLile Hlanf do no, 

viant) tndmdual’s J , „L deviance, his being forced 

The hypotheses ,he other, and him), the tenden^ 

“'olfrs'romlmcate toiiard him, and other consequence. On the 

,, s™ OvelAov aoev, Iho di.-ee Oelveen ..meivisl oo- 

effect of changes in ihc reUnooi between wnabte* to 

have earned out to iheorv 

b.gu.tymthepred.ct.o«ofihelheor> 
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basis of these, Simon and Guetzkow dtt clop a model ^^hich deals ^vith this 
individuars relation to the group (*) Incidentally, it might be mentioned 
that such an approach, \vhich essentially consider the group as a “constant ’ 
and isolates an mdmdual member for \anation, constitutes perhaps the 
best approximation to a model of small group behaMor based on individual 
lc% el \ anables as long as the model remains of this general ty^ie Expenence 
in attempting to formulate modds with postulates which specify only the 
sign of the partial den\ ati\ c in the relationship, like those of Homans and 
Festmger, has convmced the present author that nothing is to be gained by 
attempting to begin with individual or pair relation variables and then 
build up to the aggregate le\ el Only when the form of the relations is fully 
specified is it possible to begin with equations charactenzmg each individual 
and his relations to the others, and to generate from them deductions about 
group behavior OtherNsise the postulates are so w eak as to leav e the situa 
tion mdetcrminate 

These few remarks will suffice to indicate something about the Simon- 
Guetzkow model based on Festingcr’s hypotheses For the reader mterested 
in this kind of modehbuilding, the Simon Guetakow paper probably pro- 
vides a better introduction than Simon*s paper on the Homans propiositions 
^^’hlle the Fesiingcr model is more complicated, the steps of construction 
are presented more fullj , and considerably more space is dev oted to discus- 
sion of both the substantne and formal aspects of the model 


Appendix 2.2. 

The graphically .derived deductions which Simon carried out, and 
which vvere followed m the cxposiUon above, may be verified by use of the 
general analytic theory which has been dev eloped for the study of non linear 
differential equations (+) Suppose one is given a system of two differential 
equations, 
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where 4>' and >fi' are polynomials having neither constant terms nor linear 
terms m A and F Then under quite broad assumptions(*) it can be shoivn 
that m the neighborhood ^ = F = 0, the investigation of the beha\ lor of the 


original system can be reduced to that of 


dF 

~=QF-\-i>A 

dt 

(2 10) 

^ = tF+iU 
dt 

(2 11) 


With thtse equations, one can then examine the sinsula, powls of the 
system, which are those points for svhich ^ 

equihbrtumpoints of the system, they may be either stable or unstable, and 
of the SIX general types debned and illustrated below 

1 Vortex point singular point not approached by any trajeetory 



2 Saddle point singular point approached as shown 



analytic (« e 


expressible 




(•) The assumption 

senes in ^ F) 


curn™lly"l»‘ 
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.nd 4 Focal po,n< 5 .n<^hr poml «l..rl, .rajcconcs approach n< 




un^nblc 


5 and 6 Nodal point singular point uhich trajectories approach or 
lca\ e as sho\%'n 



stable unstable 


From the figures u is cMdcnt that the stable cquilibnum (the upper smgu* 
lant)] of Fig 2 3 IS a stable nodal point, while the unstable equilibnum(thc 
lower singulant)) u a saddle point 

If cmpincal restnctions arc placed on a, b, e, and d m equations [2 lO) 
and (2 11], then the theory tells what kinds of singular points the s^-ston 
will contain, if it contains an> That is, the theory of these equations states 
(lettmg p = — (o -i- d) and q = ad — he) 

If 5 < 0 a saddle point is implied 

If ?>0, and p> 0, and /»*< 4q, a stable focal point is impli*^ 

If g>0, and p> 0, and />*> Aq, a stable nodal point is implied 
If q>0, and />< 0, and />*< Aq, an unstable focal point is implied 
If 9>0, and pa 0, and p*> Aq, an unstable nodal point is implied 

The cmpincal restnctions (2 3a), (2 4a), (2 4b), (2 4c), and (2 4d) that 
were placed upon ^ and tp, which deterrmned how Fig 2 3 should be 
drawn, tell something about the \’alues of a, b, c, and d 
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> 0 implies f > 0 


h}, 


As they stand, these assumptions impl> only that /)>0, which docs not 
tell what type of singular points the sj-stem ma> ha\c This sa>-s onl> that 
the singular points will be neither unstable focal nor unstable nodal 

The "saturation” or concaMty assumptions also impl) something about 
the coeflicicnts a, h, e, and d They imply thangin^ values of the slopes of the 

lines ^ = 0 and jS != 0^ that is, changing values of — ^ and ■ — ^ ^ will dc* 

crease (considering ihcvJ axis asrcfercnce)asvJand/’inrrcase, sinrefS — Ojs 
— 

concav e to the A axis — will increase as A and F increase, since ^ = 0 is 
e 

concave to the F axis As A and F increase, then the final ume the two 
cun cs cross (if they cross at aW, and if the cun ts arc extended indefinitely^, 
the slope of the line ^ 0 wiH be greater than the slope of the hne ^ 0 

That is, 

:i^> 


Multiplying both sides by ac (which changes the direction of the inecjualitv , 
since af<0J gucs 

od < — bCf or ad — boO 

Thus q(isad—bc)>0 Also, 

pi 4^ = a*— 2crf— 'd* — ied~-ibe 

=s (a — 

> 0 , 




The r«l„cno„s/»0, ,>0. .nrf/«>4s- Jt' 

corrapon* to tho upper smgubr.l} P<»« ■" F-? 
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sho«-n that .rtha cun« arc allotted to extend mdefinttely dottnttard the 
smgulartty pent (agatn, atsumtng the syaten^at at tet one auch po.nt) at 

the leasttalues of A and F ttill hate slopes — < Thts implies th 

q < 0, meaning that the singulanty point at lots A and F ttill be a saddle 
point, ^^hlch IS unstable This again agrees \Mth Fig 2 3 

The \alues of this analytical approach he pnmanly m this by ssorking 
back from the ty-pcs of equilibria empirically found in groups, one could 
begin to set up propositions about group bchavnor based on these ty^jcs o 
equilibria For example, if there \\crc evidence that the activity and fnend 
Imcss of a certain ty^pc of group approached a liable focal point rather than 
a stable nodal point, this would imply that if the variables were related as 
m equations (2 3) and (2 4), they should have different restrictions from 
those implied by the propositions which Homans and Simon state These 
different restnctions v%ould imply different propositions concerning the 
relation between activity and friendship 

It is not necessary to use this analytical method of solution, as wc have 
presented it, it certainly docs not aid the intuition as docs the graphical 
method On the other hand, it shows the full generality of the equations, U 
gives confirmation to the graphical method, and it indicates the empirical 
restnctions on the equations which correspond to particular kinds of 
cquilibna 


3 SOME INTERACTION MODELS IN SMALL DISCUSSION CROUPS 

The second set of models to be examined is based pnmanly on work by 
R F Bales and his associates [19ola] and by Fredenck Stephan and Elliot 
Mischlcr [19a2] Bales has developed, over the course of several years, a 
method of recording verbal mlcraclions m small discussion groups His 
method, which he calls “interaction process analy'sis, includes coding an 
act of verbal participation into one of twelve dcscnptive categories (*) 
Bales records the participation acts to and from each member of the group 
m a discussion penod, using these categones This gives him the amount 

(•)Thesetwehccatcgonejare I) show-j jolidanty 2 ) *hov« tension release 3) agrees 
4) gives supesuoa, 5) gives opimon, 6) gives onmUUon, 7) asks for onentaUon 8) asks for 
^imo^ ) for suggestion, 10) disagrees, II) shows tension 12) shows antagomsm- Sec 
^ 9o0j These categones pla) no part sn the models to be discussed here and 
will not b^ elaborated further 
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and t>-pc of parucipnlion from each person m the group to each other 
person Some of Bales* ^^o^h in nuthcnuucal models distinguishes the t\-pe 
of participation as tscll as the amount, svhile some of it considers onlv the 
amount, regardless of the t^'pe of act 

Stephan and ^^lsch^cr ha\c recorded data similar to Bales’ They too 
took small (three to elescn members) discussion groups and recorded the 
rates of participation to and from each member, but they used somewhat 
dinerent measurements of participation and mtcraction than did Bales 
Both Bales and Stephan fint deseloped a method of measuring verbal 
interaction, made their measurements on a number of groups, observed 
certain rcgulanues, and finally fit a maihcmatical model to these regulari- 
ties Balcs’groupsSNcrcofdnerse kinds He mentions policy-forming groups, 
cxpcnmcntal problem sols mg groups, teams and work groups, family 
groups, groups formed for counseling, planning, training programs, and 
othen ([1951a], p i) Stephan’s vere more homogeneous, all of them 
tutonal groups of juniors and semon at Pnnccton University These invest- 
igations arc similar to many others which have been carried out in small 
discussion groups, in which rates of interaction or participation have been 
measured (see, for example, Chappie [1949], Carter [1951], and Gustafson, 
[1955]) To our knowledge, however, these elTorts by Bales and Stephan 
have been the onlv attempts to account for these data through the devefop- 
ment of a mathematical model (•) 

Tile measurement of interaction m these numerous groups provided 
much (quantitative data, these data were examined for regularities, and 
tentative mathematical models were dev eloped to characterize theregulan 
ties Following this, an ‘explanation” of the dcscripuvc model, i e , an at 
tempt to prondc an ondcrJ>mg rationale, was made 

The procedure these investigators have used in developing their mathe- 
matical models ma> be characterized as follows 


1 , , rl quanlilaiwc 1 ducovtry oT ) dcv’elopmeni of j 

development or|j,bfrnation ^empirical Udcscrjptne model 

measurement interaction gcneraliiatioiu toaccountfordata 

method j many groupsf ® f ' 

explanatory rauonale ] 
for descripnwe model / 

Th» pmetdur. u of cou«= diflircn. w -ap from , ho development 

of the S.mon Homan, model, theae ddferenee. vy.ll be explored m 

/.\f earned out some iiaiMna>i«“ following the procedure ouihned 
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It .s .mportant <0 pomt out here, hortever, that the model as developed 
■s simpK a description of what has been found to be true, not a theory m 
the sense that the Simon Homans model is This difference has important 
consequences for the use to which the model is put, as will be evident later 
Since the model is simply dcscnptise, and is a method of reproducing the 
data in terms of a few parameters, there is no problem of relating the ab- 
stract system to the real world by measurement The original measurement 
of interaction establishes this relation, for it abstracts from actual behaving 
groups to giv e real numbers or vectors The ' mathematical model is simply 
an economical (and only approximate) restatement of these numbers The 
present examination of these models will thus be primanly an examination 
of their mathematical properties, and of their further implications These 
models are included in this examination not because they exemplify the 
usual approach to model building m the soaal sciences, but because they 
exemphf) a different approach, and one similar in many ways to approaches 
which have proved fruitful m the natural sciences A common procedure of 
development in natural science has been the discov cry of a regulanty or law 
through some new technique of measurement, generalization of the regu- 
larit>, resulting m a higher order law, and, finally, explanation of the regu- 
larity on the basis of a ‘ theory ”(*) 

Bales’ Model The first ‘ model ' of Bales to be examined is really no more 
than an efibrt to fit a curve to certain data, with no attempt to give an 
underlying rationale for it He has not continued work on this model, which 
he apparently regards as unsuccessful It is included here because it serves 
as background for more recent work, and also because it was the imtial 
effort in this direction 

Bales collected data from groups of three to ten members, and aggreg- 
ated all the data from groups of the same size as follows the group members 
v\ere ranked on the basis of their total number of “acts” of interaction 
during the discussion, and a total number of acts for each rank was deter 
mined by summing over all the groups For example, for three man groups, 
the interactions of all the first ranking members v>ere added, those of all the 
second ranking members added, and those of all the third ranking members 
added This gives three numbers the total number of interactions for the 
first rank, the total number for the second, and the total number for the 
{•)Jama B Conant [1950] proenu case studies of discoNcry m natural saence These 
vv°p V ^ relationship between experiment and theory in natural science 

opment **rian [ ^0 ®ho gives excellent case studies of the history of scienufic dcvel 
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third Besides these o\cr\Il mtcracuon rates for each rank, the interaction 
rates to and from cich rank b> each of the others were determined, to give a 
matnx of mtcr-indmdual interaction rates Hoi\c\cr, only the overall rates 
of each rank are considered in this first mode! These data (in percentages 
of total piriicipation) for the groups of siaes three to ten arc reproduced 
below 


3 

44 4 “ 


4 

32^®, 


TABLE 3.1 

Group Si2e 

5 6 7 8 9 

461*0 431*0 132*0 398*0 « l?c 


2 

3 

4 

5 

Group ® 


Rank 


326 273 220 188 

230 227 156 14^ 

17 1 105 111 

58 7^ 

56 


152 

119 


166 
12 6 


42 

27 


9 

10 


190 
76 
53 
49 
4 1 
38 
37 
25 


10 

42 6*0 
120 
100 
91 
60 
53 
50 
37 
33 
28 


nal« plccd .h« dnu on gmph, andjb^nd 

he attempted to fit was ^ 

(3 1} 




) » 1 


„horo 5 = .otnl number of nc or .ho group (- gjTo) 

u «ould predict that the highest 

Thus m a three man group, the m ^ 

£ = S 

ranking man would get 4 - 1/2 + 1/3) ^ ^ 

S,nularly the second man would e« W '.ncllly determ.ned Or 

No.e .ha. .hu curse h. .L proporuon ofae. by 

given only the group siz » . on 1 fnr a three man group) 

Leh member (6/11, ^/H. ,Ha. a curse hhe .hu could 

On simply nno/ir.»n basis, .iw" 
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u 1,, to fit the data, since It predicts quite mdepcndcnily of 

'■ 

the same relative participation rates in a group of chddren in a nu^eiq 

man industrial conference group A truly ' 

necessarv to produce imanances that were independent of all group at 

tnbutes other than size ,,,,.rv 

This equation did not approximate the data closcl> enough t 
Bales Although the criterion of how well the model should approximate the 
data IS not clear, (•) it is evident that the approximations to given by 
this function are no closer than those given bv manv other functions 


Stephan’s Model. Frederick Stephan took the above data of Bales, which 
the harmonic curve did not fit well, and found an equation which did fit 
the data (or that part of the data which Bales had published) First, he fit 
this equation to Bales' data (Stephan [1952]), then he used the same 
equation to treat data of his own gathered at Princeton on student tutona 
groups there The latter groups ranged in size from four to Us cK c members, 
and the data sscrc aggregated just as >vcrc Bales’, rank b> rank Stephan 
found rather remarkable regularities both m his ovkTi data and m those of 
Bales The first rcguLant> concerned the relative rates of participation 
wthin a group He found that except for the leader (defined as the person 
With highest participation), the rates of interaction of adjacent ranks had 
approximately a constant ratio throughout the group For example, m a 
group of four (plus the leader), pj/p, = p^lpt = PtfPzi where p, is the propor- 
tion of interactions or acts of partiapation initiated by rank i This regu- 
larity v.as cvndent both m Bales’ data and in his owti, though the observa- 
tional methods differed somewhat The regulanty can be expressed as a 
function of the ratio between interaction rates of adjacent ranks, r,, and 
another parameter Stephan w-ntes (j) 

p]=or^~\ 1 = 1, ,n, (3 2) 

where n is size of the group excluding the leader, is a fitted ratio for the 
group of size n,ais the fitted proportion of the total participation by the first- 

(•) A ftaiuucal tat JHtc x* might be used for fuch a criterion, but a rqecuon of tbc 
model by tim (or another) lutisuca! test might easily occur if the amount of data was large 
aen if the model fit it scry well "Ihe power of the tat is greater than one would dairewhcn 
ae ts a great deal of data, and less than one would daire when there arc very few daU 
“ certainly far from dear that the assumptions for a x* tat are fulfiUed here 

(t) The notauon uv^ hae IS ihghU> different from Stephan’s In place of his 

P, , with p, raa% ed for the actual partiapation rate. 
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ranking member (excluding the leader), and p' is the calculated estimate 
of participation by the ranking member The leader’s participation is 
not accounted for m this ivay but » obtained by subtracting the p*'s for 

all the rest of the members from I 0{*) That is 1 — 

is the estimate of the leader’s participation 

The p'’s obtained from equation (3 2) correspond closely to the actual 
P observed The observed rates and calculated rates ate reproduced belosv 
for groups of six (plus leader), from the Princeton tutorial group data 

TABLE 3 2 

calculated 

propoftiOD./!. p„poruon,^r 
456 458 

20 8 20 1 

122 132 

86 88 

59 38 

42 38 

24 25 


rank participations 
L 912 

1 416 

2 245 

3 175 

4 119 

5 86 

A 46 


The fit of the calculated proportions, p'., to the actual on« p, a 
abolfthe Iffor the other Pnneeton “ 

[1952], p 603) For the Bales groups it is not quite g , 
seems to be a good fit ,„„„rmng the number of acts 

Alongsviththisregufanty isa simil^^ ^ 

of participation or interaction initiated, and those he 

characteriaed both by the number " ^ , oP acts initiated, they 

received By ranking member, -“"‘'"f *a, is, .he highest 

are also ranked according to num r general equation 

initiator is also the highest "“‘'''J „tcs of receiving Iff, >' 

svhteh relates the m.ttator’s rates ^ ,, then 

the calculated proport, ons of .nteraet.omteee.ved, 

a, = 1,2, ' 

uhere n is the sire °f*e group. 

the rates ofmteraettons “ ad by the first ranking mem 

tion of the total acts received svhieh a calculated proporuon ft u 

ber As m the mtUation ease, die OuiiU-uin I.«5J 

finds the generaluation to hold 
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obtamed b> sub.ract.ng from 1 Aga.n, these calculated proporttons 

arc good approx.mat.o.i'or the actual proporttons rcccttcd, the devta- 
uons bcttsccu ?; and ?, seldom bc.ng as much as a percentage point. 

Perhaps the most mterestmg regularity of all those found by Stephan js 
the relau™ between r. for different steed groups He found for hu 
data dtat as the group size tncreased from three to elesen members (not 
mcludmg the leader) the ratio between ranks, r., increased in a regular 
Eishion, nearly linearly He gis es a linear approximation for these rauos, 
reproduced bcloa, sihich shorn htde dcsiation from the actual ascrage 

raUos, .s 

r\^}--b{n^\) ( 34 ) 


TABLE 33 

R tft fa 

3 ^ .590 

4 611 607 

5 623 624 

6 661 611 

7 667 658 

8 668 676 

9 6» 693 

10 710 710 

n 727 727 


This tabic indicates the close approximation which the linear relation gt' cs 
to the ratios computed separateK for each size group A sumlar linear 
relation, r,' A;' — b'(n 1) serves to approximate the ratios, r,, for 

interactions rcceiv ed 

\Nith slightly less accuracy <j, can be expressed as a function of ^ ^ 
reduce the number of parameters even further Stephan gi\ es the follow'mg 
expression for a, as a function of n 

• 234 . X 

— ^ A K to be expressed in percentages) W 

This reduces to four the total number of parameters necessary to reproduce 
appr^mately the imtiauon interaction rates the two noted previously 
for r„ that^is, 322) and b{= 0172), and the two parameters, 234 
and 4, for a\ A smular reducUon can be made for the mtcracUons received, 
so that altc^ether eight parameters can approximately reproduce 164 
interaction rates 
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It may be noted before proceeding that if there « ere no leader m these 
groups, so that ^ p\ and ^ q, were equal to 1 0, then the coefficient 

a would be logically determined by a particular r For if^ 1, then 

It follows that a = Thus if these groups had been leaderless, so 

I — r" 

that every person’s interaction rate was expressible b> the model (as ivas 
another group Stephan investigated), a. would have been direcU> deter- 
mined by r’, so that only the two parameters relating f, to n would be 
necessary This would reduce to two the number of parameters needed for 
eghty-two interaction rates, or four for 164 rates, trul> an economy of 

'’^Threquat.on or “moder which these data fit thusa powerful empiri- 
cal generalization or law about relative rates of participation m 
groups of the type investigated by Bales and Stephan 
Afferent from a generahzattoo of the sort encountered as postulates oHhe 
Simon-Homans model “As A mereases, r.ncreases > 
more powerful, but it n s.mply a statement of an emp.ncal law or geoeraliz 

ation, not an “explanauon or “theory 

Es^UmtelonoftheCeue^^^ 

tion for this generalization is a n P attempt to dei.'clop 

to carry out They do not f ''j?, "^m^ 

some general ideas about th^m > “ P „r j group has 

the data fitting the model Th.^ P ^ ^ ,hat are 

a “verbal participation potenti , aierage dilferenee m poten- 

yielded by observation of partiapa 

Ll • (p 605) They thus a.temp. to »pta the 

differences among indnidual P”"P ^ n (1) a ‘ free corapetiuse 

Stephan and Mischler > tUlL. and (2) no role 

expression ’ with no ‘“'P“ relative rates of participauon will foUc" 

difTcrcntiaUon of the members, arc ncccss'ir> if the parti- 

thar law These rates of participation fitting 

apation ° ^^3 no formal thco^ undcrl>ing the 

their law Houever. there explanations The authors seem to feel 

law, though there are these P constitutes an cquilib^m 

state produced by tne r 
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conception is intuitively appealing, and is similar to sugptions made by 

others (including Bales) on the dynamics of group discussions 

Stephan and Mischler attempted experiments to aid m testing the 
explanations, but these give rather different findings than those they ex- 
pected. They measured interaction rates among a group of “high participa- 
tors” and a group of “low participators,” hypothesizing that in each case a 
higher ratio between adjacent members would be expected because t Be 
were homogeneous groups, whose “potentiaU” were presumably near the 
same level. This they did not find, but found instead that the high participa- 
tion group had a highr ratio (a more even distribution of interactions) than 
the ordinary groups, while the low participation group had a hu.tr rauo 
(a more skewed distribution of interactions) than the ordinary groups. 


A “Statistical Explanation.” We shall now take a somewhat extended 
aside to suggest another kind of explanation of the regularities which 
Stephan found. 

The “aggregatihg” or “grouping” of data for a number of groups of the 
same size, which Stephan and Bales cany out, raises the question of whethtf 
this aggregation might itself introduce part of the regularity. First there is 
the question of whether the constant ratio between ranks might not have 
occurred if random numbers had been aggregated in a similar way. In 
other words, suppose the participations were distributed randomly among 
the n members — might not the regularity have resulted anyway, simply as 
a consequence of reordering the members by their participation rates and 
then aggregating? The comparable statistical model is one in which there 
are n alternatives (n members of the group), each -with a probability of 
1 jn, and j\ trials (jV acts of participation). Then the alternatives are rear- 
ranged with the one having the highest successes first and so on down. More 
rigorously, the parallel operations in Stephan’s observations and in the 
statistical experiment arc: (Since Stephan’s model does not account for 
the leader s participation rate, this will not be considered below.) 


Stephan’s operations: 

1 . n individuals in group, 


.A participations in each session, 
m sessions of groups, obser\dng 
the number of acts of participa- 
tion, vV,, of each member 


Random number operations: 

1. n cells each with a probability 
1 jn of being filled on a given trial, 
■N trials at filling the n cells, 
m replications of experiment, ob- 
serving the number of occur- 
rences in each cell for each 
experiment 
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2 ranking the members of each 
group session according to the 
number of acts of participition 
of each mcml>er, so that 

3 Summing each rink over all 
sessions, to obtain 

resulting m 

4 Duiding by 
produce 

5 Testing ratios to determine if 

-ii_ = r 0=2, ,r) 

/V— ‘ 


2 ranking thr celh in each rcp’i^j 
lion according to ihc number of 
occurrrncei in each cell to t’ at 

3 Summing etch rank oirr all 
rcphcationt to ob'ain 

i'- 

resulting m 

4 Dniding.Nyby ^ 

produce P, J'~^ • " 

5 Trtimg ratios to dctmnin<“ if 

Jl-c, 0- i •*' 

h-' 


have precisely the same structure »nSt^ ms po 5 ii ttn<*rr‘'i! m 

cal procedure, since ihii 11 KJ ih™' ,;ju 'th i uould iu*?nl 

Uic slalislical pioccdure a, o for Slcphau 

that the stniclure of step I u ^ reran hy -rU-re" 

gestthatthedat., could 

that all members had equslp ,^r-enJil proceilorr rtpenm^ru 

In accordance va.h He "■TT’,'"'/ . ,3.uV^a.lut 

iscrc earned out * * *" Irrand-mi rumt-'n 

:rrrr.=:;.:" 

adjacent rank. ^ 'a-, Are 

Oil «n.ld br rrHirs' r u> ' t« o- . . re. re ' 

„..Ureni.relan,nn-t=^.— . ,,„rer r. re ret .rere./ ', '• 

pwlr ArTkoW ^ mrwt ***. a^ .1 ow T> 

(rehrre V,re ' 

'M'ldL.'.:: a-', '"'r' * '* ' 

2 /jt'l 
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TABLE 3.4 

Sttphzn* groups^ 


r, .+1 
796 

T — r 

019 (— ) 

r, , + l 

587 

r — T 
060 (—) 

846 

031 (+) 

705 

048 (+1 

833 

018 (+) 

687 

040 (+) 

873 

058 (+) 

723 

076 (+) 

729 

086 (— ) 

535 

112 (—) 


212~ 


336 


r •= 815 

7 =647 



m= 15 

m = 15 



The statisucal data seem quite suralar to the participation data, differing 
only in the average value of r The similarity between the purely statistica 
data and the participation data is quite surprising, as Fig 3 ^ shows even 
more strikingly Even the direction of the deviations of r, from r arc simi ar, 
negative for the first and last ratios, positive for the rest Similar experiments 
were earned out for n — 10, and they too showed a striking similarity to 
Stephan’s data for 10 member groups, even m the direction of deviation o 
r, from the average r Here again, however, the average value of r was 
higher for the statistical data ( 782 compared to 692 for Stephan’s groups) 
The average deviaton of r, from r was slightly greater for the statisti- 
cal expenment than for Stephan’s data ( 082 to 062) (*) 

Just where does this leave the problem’ In some respects, the statistical 
investigation seems to have shown a remarkable similanty to the empirical 
data , in other respects, there is no similarity In summary, there is similarity 
on these points 

1) The ratios, r, for the statistical data arc about as constant as 
those for the empincal participation data 

2) The dexiations from the average ratio seem to have a similar pattern 
to the empirical data negative deviations for the last one or two ratios 

3) In some cases, the entire pattern of deviations of the statistical ratios 
{} 1 1 the shape of the graph) follows closely that of the empirical data 

There is difTcrcncc on this point 

1) The statistically-denvcd average ratios are in all cases higher than 
the participation data r’s (This means that the participation rates for mem 
here m a group have a more skewed distribution than do the statistically 
dcn%ed numbers ) 


Tk- j *iat«siical data reported here are not aelcctcd from a number of expenmeno 
dau prej^ted arc all that were obtained The iimilantia found between these and the 
pan.cipat.on data arc therefore not contn%-ed 
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Fig 31 


Pinally, one fact has ^ Jrthe random number experiment, 

number of trials, 25 in ^ p,„„„ acts m each group session 

IS ml the same as the nu f senions, but the average, for 

Stephan does not P-''’'"' ,0 (excluding the leader's partic.pa 
all sizes of groups, was somet g ^ average, for all were 50-minute 
tion) Probably most sets.™ 50 ,„„ut= 

sessions, and each sessio ^ great, perhaps it » the 

This difference t'W"" ^ between the group data and the 

cause of the “ “""'aqilieation, of 70 tnals, . < , mndom num- 

random number data Th > nerhaps the rauos svould have 


random number data perhaps the rauos uould have 

bers. rather than 25 data But a htUe reflecuon 

reduced to more nearly that oft P ^ould do exactly the op- 

will mdicatc that this increase 
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„ ^^ould name the ratios by making the distribution less skewed. 
Ihr VOT large jV, the ratios ttould approach one, svith each cell having vc^ 
Lririle of the total. The fact that the distribution of 70 acts of particip - 
tlon IS more skewed than is the distribution of 25 random trials 
that these acu are not randomly distributed among the group members, b 

have some degree of interdependence. 

Yet the similarities betsveen the participation data and the random y 
derived data suggest that the participation process is “something like a se 
of random trials, except that some association exists between participatio 
acts. It might he, for example, that participation differs from the random 
trials only in the fact that succeeding acu arc partially dependent upon 
preceding acU. It may be that some such stochastic process is responsible 
for the distributions of p., which are similar to chance distnbutions, but 
wth some degree of association between the acts of participation. 

In order to find out more about the stochastic process which appears to 
be operating, we may ask the question;(*) Since the (approximately) 7 
acts of participation do not give results like 70 random trials, just how man) 
Inals are they like’ That is, what number of random trials would gitc the 
same average ratio between rates as that of the 70 interdependent acts? The 
expected number of such tnals, jV*, was computed from Stephan s 
average ratios for groups from three to eleven (excluding the leader). (t) 
(•) An example of ihe kind of stoebasue process which seems to be indicated is gi' cn by 

H C l^dau[195Ib] I.andau’sstochasticproces5 assumes that each event (actofpartiap*' 

tion in the present case) u the outcome of a two-person encounter, w ith miuallj each person 
hanng an equal probability of success ThisdifTcrsfrom the statisUcal model discussed here, in 
which It was assumed that each e\ ent was the outcome of an n person competition vnth ea 
basing equal probabiht> of success.? e ,a multinomial model, with each cell equally probable 
Except for thu difference, howeser, Landau’s model seems similar to one which might be 
used to explain these data, for he assumes (p 249) that each outcome increases the proba- 
biht> of the winner winning on the next encounter and decreases the probability of the 
loser winning It seems intuitiscly that some such process nught be operaUse in small group 
interaction each act of participation b> a group member increases the probability that the 
same member will act again within a short period of time, until some equilibrium of proba 
bihties IS reached Landau’s model will be discussed in some detail in the next section 
(t) The formula for such a computation is 

v._ £(xL,) I.-! 

2 + Inn) 2 (^^,In^, Inn) , 

Thu h>-pothetjcal,N, labelled is based on equating the expected vanance of^; for.; 

obsen-aiiom, E , to the estimate of the \anance using the actual p,'i, that is, 

1 i 5!!J"^' ~ b> A • This latter formula is the maximum hke- 

hhood estimate of this \anancc (approxifiiaiel> equal to the more commonly used 
I in 
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The following \alucs for J\ • were found 


TABLE 3 5 

« 

i 79 

4 86 

5 85 

6 100 

7 99 

8 94 

9 106 

10 lU 

11 119 


These values are rather constant for all of Stephan’s groups from three 
to eleven members, all the values are someivhere around ten independent 

participations (•) This suggests thatforallthesesiresthereii nearly thesarae 

interdependence of partiapation (though there seems to be a little 
dependence - more independent aeu - as the group size increases) 
■‘interdependence’ between the 70 participation acts might be thought of 
in this sJay When the first person speaks, this increases to J ^ 

speaking neat (or more realisticall). 
another person has spoken) by some amount Thu smuld 
the more a person talked, the greater to chance of talking next, up to. otne 
equilibrium point How this equihbnum might be determined, however. 

"“’Tme^ults indicate that the vuristion in ac« 

bers was such that it was at i/about '"'''•'"‘‘'"^"'.Xpendence wath 
made, rather than about 70 acts each H^^^Lregulvr 
the others This is an of the consunt 

increase of r, wiin n wnicn aicpii 

mterdependenceoftheparticipatio™^^ ,, 

This IS about the limit of th m ^ P ^ accounting 

other rationales, other chance . imestigatcd how- 

for the regularities Stephan found tier, imularl) important 

eser.hasp^ednottoaddtothe'^Hi^- 0;;^^,^_„e-a..r 

negative result should be stated random number Mpcrimcnis 

10 rather than ^0, - -d-^-re mndo 
forn = 10. 6. and 4 with A “ (.«T.btr S 1) 

(•) Bale* data for groups of 

8lsoiocotnpute“»ndepenclentpafiicipa chanir *. 

parncpalron, »nd arc somewhat .o thes haro 

Ser. Stephans dau show more with.n-gro^P 
elsewhere 
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TABLE 3.6 


10 

n = 6 

a 

11 

.726 

rf.»+l 


.743 

.667 

.758 

.711 

A68 

.773 

.593 

.440 

.883 

.812 


.867 

.383 


.770 

.300 

.333 

0 

r =.590 

T =.&»9 

f =A58 


There are h\o points of interest here: first, the last few ratios, r,- t+u seem to 
decrease very markedly for lar^e n; the last three for n = 10 3^^ 
below others, and the last one for both n *= 6 and n = 4 is much below ^ c 
others. This lendenc>% which was apparent for both the statistical dato wt 
= 25 and for the participation data, is much more marked with »= 
Thus these statistical data are much less near a constant ratio than were the 


othen. 


The second point of interest in these tables is that f, seems not to decrease 
with a decrease in n as does that of the participation data. However, 
Stephan’s r, were calculated bj* the use of a weighting formula, and by 
using this same formula, the statistical r’s more nearly approximate those 
of the empirical data.(*) These arc presented below: 


TABLE 3.7 

Statistjcal Empirical 


10 

6 

4 


.706 

.681 

.618 


.710 

.661 

.611 


These statistical 7, are quite close to the empirical ones, as w'ould be ex- 
pected, since the jVs used in obtaining them = 10) w’cre approximately 
equal to A *, the number of independent acts equiv'alent to the 70 inter- 
dependent ones. 

Thii conduda the “statUtical otplanation”; it has helped to suggot 
how the regtilarities might hate occurred, but it does not at all “eaplain” 
AE—BD 

v»heTC A = p,, B = tPn 


(•) The formula for r. n In r = - 


^ In p„ £ s= 1 ^, In 


AC~B* 


C = i* 
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these rcgulantics Itshowthcsimilanticsofthedafitorandoml) s;enfratril 
data, and shows the consistent areas of difference between the random daLi 
and participation data It considers the data from the point of of a 
group attribute (interdependence of participation acts) rather than in terms 
of individual attributes, such as the * participation potcnliar which Stephan 
proposes It IS a direction ofsvork which appears promising foritsugecstt 
that the participation rates might be accounted for by a stochastic process of 
some kind It suggests that the next steps would be studies of the changes m 
distribution of participation over time Does the distnbuiion tend to get 
more or less skewed as the discussion goes on, or does it quick!) reach an 
equihbnum’ Careful empirical inacstigaiiom focused on these questions 
would indicate the nature of the d)namtc model which would account for 
the data Having such data, it might be possible to desclop a stochastic 
model, without it. onl) static models like the abosc random number tnah 


can be tested . _ , 

^Vayne Guitafson [1955] has carried out some caperrmrou «.lh 5- and 
4 man groups vhich show two important results on Iho point nm. he 
finds that I the number of sessions mereasrs 

partictpauons of persons m adjacent ranis stabilises “ 

(using college students) tt appears that bj the second session, the trial, se 
rates are fairly well stab, bred Though Gustafmn d|^i no, 

"nthtn each sis.on, h„ sesstons saned to leogth 
rate,, as Table 3 8 below indicate, -^o, .1 
quickl) reached, and that the cquil.bnum came 


sessions wiamine ihcir wme 

Bu, thu could 1.2nd 

rank Gustafsons results show ,-,,,nrd their sane rank 

session, group 2. 3rd session) -he ^ J enlj a stabilit, 

from the second through the fi i j ^ ,tabitit> rf 

ofrelatsve participation m the rrminueen, of those sn 

indiMdual participation rate 7” ndworkb) RapapirtaoJ 

animal sociology (secMasurcan ^hich finds strict and »*ab!r d<«m- 

Landau discussed in the next and groups otJ-er 

nance hierarchies established amon.^ djr.amie rv<'fl 

animals But more to the point. « to an cqud 

oped ,0 account for these data be one wb.eh 

then maintains ilself .,,,.,iical roodri rejil n-d aVwe, f ■*- ' 

Gustafson attempted to fit the jcmuni-d f >e t*' eoeiu-t 

a, was found alxwe that the stamural moeri 
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Croup I 
Parttapant 

1 

2 
3 
N 


TABLE 3.8 




Session 



one 

two 

three 

39 0 
313 

29 6 
(233) 

four 

five 

49 7 

31 8 

18 5 
(173) 

43 4 
267 

29 9 
(371) 

40 1 

33 1 

26 8 
(272) 

— 


Group 2 


Participant 

1 

37 0 

38 4 

2 

41 5 

32 4 

3 

21 5 

29 2 

K 

(284) 

(185) 

Group 3 

Partiapanl 

1 

36 9 

448 

2 

37 9 

21 ! 

3 

12 6 

17 1 

4 

12 6 

17 1 


(198) 

(375) 


42 0 40 3 38 4 

28 6 31 6 31 9 

29 4 28 0 29 7 

(255) (357) (185) 


440 

42 7 

35 6 

26 7 

24 0 

30 4 

17 9 

22 2 

20 4 

U 4 

11 1 

13 5 

(341) 

(333) 

(362) 


YTiihin a group, though as expected the value of r m the statistical tests 
larger than that m the actual group when the number of tnals equalled t e 
number of participations 


Keller's Model. Another model using some of Bales’ participation rate 
data has been proposed b) Joseph Keller m a comment on a paper by Bales 
(Keller [1951]) (*) The data wth which Keller begins are those published 
by Bales m his previou8ly»mentioned article [1951c] Besides the overall 
rates of participation from each member and to each member. Bales pub- 
lished the rates to and from each member by each other member, for the 
aggregated six man groups The data are presented below 


Inituird 


TABLE 3.9 


Rank 1 2 


1 

2 

1748 

1238 

3 

1371 

415 

4 

952 

310 

5 

662 

224 

C 

470 

126 

Total 

5203 

2313 


Recei\cd 

3 

4 

5 

961 

545 

445 

443 

310 

175 


305 

125 

282 


83 

144 

83 


114 

65 

44 

1944 

1308 

872 


6 

Group 

Total 

317 

5661 

9167 

102 

1211 

3989 

69 

742 

3027 

49 

676 

2352 

28 

443 

1584 


373 

1192 

565 

9106 

21311 


(•) Stephan in an independent comment on Bales’ article, treated the data much a* 
on Keller, but did not propose an tnterpretatton of the results as Keller does 
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The data Mere aggregated as before by first ranking each member of a 
group according to his total acts initiated niis resulted m a matrix for each 
session similar to that above In forming the composite matrix, correspond- 
ing cells in the individual session matnees were summed There was no 
rcrankmg by participations received, only the first ranking by total partici- 
pations initiated uas used Yet there are a number of regularities m the 
data, as Table 3 8 indicates Bales stated these regularities m terms of in- 
equalities [1951c], most of them can be summed up by saying that the 6x6 
matrix is continually dcscreasmg to the nght and down This general 
characteristic uas noted by Keller, who realized that such matrices are 
sometimes factQrablc(*) mto a product of two vectors, each of which is 
composed of real numbers decreasing down (and to the right in the trans- 
posed vector) That is, if the above columns and rows 1 through 6 were 
considered as a matrix P, then a vector of “imuation potentials ’ tunes a 
\ cctor of “reception potentials” may equal P 



and/>B the above empirical matrix (f) Keller earned oat ihis factorization. 



rather well 


P == I 

2 1745 

3 1390 

4 913 

5 556 

6 436 


TABLE 3 10 
2 3 4 

J231 993 

457 298 

437 238 

282 230 

171 139 95 

135 III 25 


(•) raelo™...oa of lha >orl a potable «be„ aU color"” 
lively, when all rows are proportional djaeonals 

(t) There is the usual problem of 

cmn« m accordance with oneofthe usual m«hDc^sde^elop« 


5 6 

357 199 

159 87 

127 71 

83 48 

28 
40 

are proportional or aliema 

Keller substitutes fictional 
for factonzation procedures 
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Ckjmpanson ofP mth P shorn the fairly close correspondence of the com 
puted -with the actual data 

Keller’s \%ork indicates that if the group members are characterize y 
two numbers, representmg an * initiation potential and a reception pote 
tial,’ the empirical data are accounted for rather well Thus Keller as 
subsututed ti^-elve mdependent parameters for thirty independent pieces o 
data (the entries in the matrix P) What is probably more important, 
has gi\en an mtuitne meamng to these twelve parameters, using them to 
characterize the group members The specific values of these parameters o 
not characterize any specific individual in the groups from which the data 
were gathered, but characterize the “a\erage’ mdividual in each rank 
Bales has stated [I95lb] that he feels Keller’s interpretation m terms o 
the UNO participation potentials is * m the right direction,” and presuma ) 


further work has been done towards testing these mterpretations 


A hhcl> 


next step would be to examine single sessions, to see if it is possible to factor 
out these * participation potentials to characienze specific individuab 
rather than ranks Only then can the test be made of whether there is ^ 
stable * participation potential ’ associated with each individual Even if 
« possible, the potential may be specific to the particular group session, an 
thus not a property which can be used to characterize the indmdual m 
abstraction from the particular session (•) 

Summary. Despite the different imestigators involved, the work examined 
m this section constitutes a rather well defined unit All these investigators 
ha\c been concerned with a particular topic, the rates of participation or 
interaction of the members of small discussion groups Not only is their con 
cem in this single area, but their approaches to the area are similar The 
models developed arc pnmanly dcscnpiivc, only Keller’s provides pa^ 
meters which have some interpretation as individual attributes, and his 
rmains pnmanly a method of accounting for a set of data with a small num 
of parameters All this work thus represents a particular approach to 
theory -ind research and mathematical model budding m the area of sn»'' 
iscusnon groups Such an approach, which was characterized diagraittnt^ 
ca \ on page 47, emphasizes the collection of quantitative data, the build 
mg ordmenpuse modeU to describe the regularities in these data, and 
'"taU) the mterpretalion or eaplanation of these descriptive models by 
postnhiing cenain underlying properties 

ICS ly to Idcn^y some tonher stork m this general direction though 0°' j 
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The attempt at a statistical explanation of Stephan’s data ^vas earned 
out in order to determine just hov. much of the regularit> exhibited by 
participation data would also be exhibited by chance data Some of the 
same rcgulantics were exhibited by this chance data, but some were not 
More important, the correspondence between the chance data and the 
participation data suggest that a rather simple stochastic model might ac 
count for the data Similarly, the explanations offered b> Stephan and b> 
Keller, and concurred in by Bales, suggest work m the direction of locating 
attributes of indunduals which would account for their rclatue participa 
tion 

The comparison of this approach to the others included in this senes 
Hill be earned out in III Certain similanties and differences between this 
and Simon’s work which have become evident in exposition will be treated 

there For the present, another approach must be examined ^ 

An appendix below elaborates the ‘ statistical explanation of Stephan s 
regularities presented above 


The^tfsneal explanation ofStephan's regularity may abo be 
from a somewhat different pomt of view resulting in a rather surprising 

''dneeptual model ^o^ 

tropy in *'7 “ same model upon which the 

classes, or location within a cl . P ^^jel which served 

multinomial distribution is basrf , f partictpauon data of 

as the basis for the •smtistica ^'.^Xerl inmUnelyLt a measure 
Bales and Stephan (see page ), add 

of uncertainty or informauon app ^ nultmofflial distribution 

to the explanation developed on ^ y concerning the loea- 

UmVarliUoned inlo a classes 

. - t This measure takes 

where A = the propotuon Jf. 6“ 

on Its maximum value when eac uncertamtv as to where an) 

in 11 , so that A =A =;/'■ “ ^Tion its mmimumvalue, which is 

given element is located is gr 
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zero uncertainty or complete certainty, when one class has all the elements, 
and all other n — 1 classes are empty men all elements are m one class, 
then there is no uncertainty about the location of a given element 

In a multinomial distribution with n equally likely alternatives, t e 
situation of maximum uncertainty or disorder in the sample is that in w i 
there arc a great many trials, so that ^ 

case, 



= In n 


It IS intuitively evident that this situation, in which each class has the same 
number of elements, is the one which gives least information about where 
any particular element is It is the “most disordered,” or “most uncertain, 
or ‘ has the greatest entropy ” For small numbers of trials from a multino- 
mial distribution, however, p, (=v\,/vV) will seldom equal (still assunung 
the classes arc equally likely), because of chance variation In fact, for every 
finite A, and given n equally likely classes, there will be a particular value 
of //, less than its maximum, vshich is the expected value of uncertainty for 
the sample WTicncvcr there arc differences among the p, for any reason 
whatsoever, there v\iU be a value of //corresponding to that configuration, 
a value less than the maximum value of// 

Consider now the group discussions in which each person may be 
ehanctenzed by />,, the proportion of all the acts of participation which he 
initiitcs (As mihcprcviouswork, the leadcr’sparticipation will bcnegicctcd, 
and the pji of the other members adjusted to total to 1 0 ) This system can 
then Ijc chiracterizcd by its uncertainty or disorder on the basis of these 
P , *» juu 15 can a sample from a multinomial distribution This uncertainty 
I vs a precise mnnmg, namely this given that vse know the rank order of 
pvrticipatton among group members. If measures our uncertainty concern- 
»ng which member miintcd a particular act of participation As intimated 
a x)\r, if onf memljer talked all the time, there would be no uncertainty , »f 
rvenon talked equally, there would Ijc maximum uncertainty The dc- 
erraif m uncertainty from the maximum due to members’ differences m 
partirjpitjon n simpls 
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AH = (3 7) 

= — n(I/nln I/b) + A (3 0) 

rl 

= In n -*- ^ A A (3 0^) 

Seeking nou onl> toe\phm^\h> the difference among the/ \aric5asit 
does from one size gioup to nnothcr (or to put it alternative!), why the 
ratiorvnncs'isitdocswilhsizeorgroiip) we can raise this question Docs 
this range of/, vary msuchaway that Jff.the difference between maximum 
and actual uncertainty, remains the simc’ Table 3 11 below presents the 
values of and AH for Stephan’s groups to test this possibilitv 

TABLE 3 11 



//■f«ul 


1 too 

1012 

088 

1 387 

1.249 

138 

1 610 

1413 

197 

1 789 

1572 

'»I7 

1945 

1C75 

270 

2 080 

1742 

338 

2 197 

1849 

348 

2 3(r 

1933 

369 

2 398 

2 003 

393 


As It turns out, AH increases consistent.) as « 

h ZZ:"h ir: ....oushouu'h; «l.olc nn,c 

tion of participation in a group does 

IS constant modified to ask about the reduction in 

If. houeser, the question is S'" turns out to be 

unccrtaint) per group raeniber, that ,1 
quite constant, svith no syslemattc deviations 

table 3 12 


10 
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\\hat this means is that the reduction m uncertainty fiom maximum is 
the same per group member for each size group This then is ano er 
explanation of the variation m the distribution of pai ticipation tut 

* AH 

change in size of group r varies m such a «ay that the ratio member 

be the sime for each size of group 

The pre\ious ‘explanation seems at first to be of a diffeien or er r 
vanes as if there were about 10 independent trials in n multinomial classes, 
for all n from 3 to 11 But as it turns out, these are simplv different nays o 
saying nearly the same thing Here are the equations foi each 


In n -t- ^ In 

AHfn = — 



2(In n -f A) 


Subsutuimg (3 9) m (3 10), vc get 




n n — 1 


(3 9) 
(3 10) 

(3 11) 


These two measures, A and AHfn, thus are the reciprocal of one 
another except for a factor (n — l)/2n This factor is almost a constant asR 
\ancs These measures thus turn out to be nearly logically equivalent This 
should not be surprising, for it was suggested above that for a giv cn n and A 

there is an li which corresponds to the expected valucofthe multinomial distn 

bution, this 15 the expected \ alucof unccrtaint) The \ alues of mTablc 

3 1 1 then arc c\ idcntl> approximaiclv the expected \ alues of H correspond* 
mg to ihcA found m Table 3 5, that is, about 10 Similarl>, those \alu« 
of J// n m Table 3 12 c\idcntl> approximate the expected value of AHItt 
for a multinomial distnbuiion with equally hlccly alternatives and N = 1®' 

^^^lh this expected value cvidcniK l>eing constant for different n over the 
rmj^c of r observed here (•) 


t*; It 1 \ eaiy to check v»helher thu conmnc) of all n for a given V would hold (of 
v^T « irvl It tumi out not lo Suppose n « 1000 then with 10 independent tnal| 

1 "n 1 1 ! I I 1 * 

0 v.,ih no more than one obtervaiion m each cell To illustrate 

- — In l/io =23 

-—In 1/1000 - 69 

^ i. — 2 3 1000 - OOtO 

, j in Table 3 12 for n from 3 to 1 1 U 

in ** for «i imalW than 1000 around 100 and ' ■* 

“ *' • ’ Cf t!- satue, founcl m tl e data 
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It turns out, then, that these groups can be charactenzed according to 
the “disorder” of the system or “uncertainty* as to who initiated a given 
participation More important, it appears that the difference between this 
uncertainty and the maximum uncertainty possible for a given n is, if 
divided by the number of group members, approximately constant ov er 
different size groups (•) This, of course, docs not constitute more than a 
partial explanation of the regularities found in the data An explanation 
gives a satisfying * reason ’ for a regularity, and to saj that the regulant) is 
such that It makes AHjn constant is not to give a satisfying reason But it 
does give an empirical law. so that if we had data on participation rates of 
3-mcmbered groups and wanted to predict the relative participation rates 
of ll-membcrcd groups which were under similar conditions, we could do 
so Not only this, but the result that AHjn ts constant ma, be a step toward 
a satisfying eitplanation, for it lets one thinh of the regularity m a new wa, 
The results can be thought of m terms of the amount oruncertaint) jiout 
who ts going to speak next introduced b, the tntroduetion of a new poup 
member The result says that each new member (from " - ® “ ” “ ' ' 
makes the uncertainty such that the dilfercnce between * ‘ "e 

COM add (the mcrease m as « mcreases) and the total that 
add (the mcrease m as n increases) is comlant 


4 RELATIO'JAL MODELS 

Introdnction. Oneareaofbehaaioi ingmnpswhichhaspmv^^^^^^^^^ 

live to mathcmaticallj , much ofsocioloity 

with certain specified re/stienr between pcop | i,uttlicworktobc 

and social psychology dealswithrcla^^^^^ 

examined here dilfcrs from most o relations it deals with arc 

to pairwise relations Itdificrsaso j uf the types of rclalions dealt 

restrteted to very simple ones Somr “ "',„'„^ela.ion an indni- 

with will indicate why this u so a) „ u sociometric rehlion 

dual docs or does not communicate wi i ■ ^ another in school, c) a 

an individual does or “ tes another or is dominated by 

dominance relation an , f,|,e relation lies in ns two-valued 

him In all these examples, the ^ > although in aelual fact 

nature As measured, tt is an all or non ^u,uum of 

there may be degrees 7;;:l r....... ml. S-P. 

leader) For most n, cn«c ' 
about (MO for most sires 
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communication or the degree of friendship. By restricting the me^ure- 
ments to two values rather than considering the whole range of variation 
which may exist, the social psychologist simplifies both the problem o 
measurement and the problem of mathematical representation. { ) T c 
complexity arises ^\hen a number of persons arc considered, rather than a 
single pair. It is this multiplicity of quite simple relations which makes for 
socially and mathematically interesting problems. 

The early attempts to deal with these two-valued relations symbolically 
used graphs like the one in Fig. 4.1 below: 



Fig 4 I 


Such graphs have been used to represent numerous kinds of relations. In 
most social applications, the points represent persons, while the arrows 
represent some feeling of behavior of individual i toward individual j, o** 
some condition existing between them. The arrow in this diagram from 
point 2 to point 4 might mean that individual 2 has chosen individual 4 as 
his friend on a test, that he has been observed speaking to individual 4, that 
he can defeat individual 4 in a fight, that he has indicated his dislike of 
individual 4. Ordinaril), all arrows appearing in a single diagram represent 
the same type of relation, unless there is an indication to the contrary. That 
is, a particular diagram will represent one single type of relationship within 


(•) Because ihc problem of measurement » quite simple in these models (the relation 
usuall> being defined m terms of the measurement), no detailed consideration of the mcas- 
pro em s%ili be carried out as was done in the case of the first model examine 
b .houW be noted heec that some stork ,n .h.s general area 
s,„rk n rj r",""" ‘"»-'alued rdauons For example, there has been soc.ometrte 
thes nooH t r '"‘‘‘"■‘■renee, and disltktng (m practice, subjects are asked svho 

like toT^^ . ”">'«ber sttnat.on, and ssho the, ssould no. 
third el,o,™ ’ .'c “ork has diirerent.atcd bettscen first, second, and 

time Tlif ’ r r examined choices b> several different criteria at the same 

'rial!!™ ’ '‘t"'''’’’"* ■" <>-«"on ,s the one by Rena.o Tagturt. 

lion’ flOWl ”‘'^'”‘®"*’*‘*«‘omeiric method wuh emphasis on social percep- 

rorihrVc ha muluplc-valucd relations such as these. 

^ alued relations \ r ^ developing mathcmaiical models using more than two- 

repr^cluh ec vll^ using matrices w.thelcmcnts l,0,-l 

1-causc sucr^flc^ ' the whole unsuccessful 

e less mampulablc than are matrices with elements 0, 1 
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the group, representing say, the "IHcndship structure" or “communication 
structure” of the group. In sum, the diagrams arc simply a method of 
representing certain simple relations between individuals. 

These diagrams, or graphs, of the structure of relations ^vith^n a group 
are only one way of representing these structures sj-mbolically. To be sure, 
they arc svidely used by social psychologists, and mathematicians sometimes 
find it easier to deduce theorems by using them (in the branch of mathema* 
tics called graph theory) than by other representations. Nevertheless, they 
are often clumsy, as anyone who has vwirlccd with sociometric diagrams 
well knows, and often the most they can do k to give a pictorial representa* 
tion of the group structure, completely tailing to allow analy'sis of the struc- 
ture. It is also true that the pictorial representation may be misleading, 
since the location of points representing individuals is arbitrary'. A good 
example is: 


f 

.A\ 





A careful examination is necessary to realize that these three diagrams 
represent the same structure. 

A symbolic representation for these relations which has proved much 
more useful in the development of mathematical models is a matrix repre- 
scntalion which uses 0 and 1 UJ cell enirio. Ordimnly, I entered in the cell 

of a matrix indleate, the existence of a relation, wh.le 0 mp^enu tts ah- 
eence. The relational structure repr^ented gmplueally tn Ftg. 4.1 could 
be represented by the following matrix. 


0 M 
0 J 
0 0 
J OJ 


r u. • 41 ,. five entries of “r take the place ofthc five arrows in 

In this matrix, th of missing arross-s which could 

Fig. 4.1, while the representation of relatiom h used by a num- 

hav c been drawn. examined below; h represents their starting 

ber of those whose work is to o«= 

• • irJ.er malhenuticil dcductJon$.l ) 

point m ma breniard briid»i!ie|?r»ph*«nd iheO, 1 nu- 

(•) Olhersymbolicrep ^dlosweful Skew^ymm<-tncmaincrt»»ith l.—J m- 

tnces, but lfi»e Lnce »tn)Ch»f«*, foeeiumpfe. And *1 Ifait one author hat 

inesbave been u»ed /or jortootrtne rcUtiotw AVe Rjenicdl HOil) 

used lymbohc logic as a o 
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Not only can the matrix representation be useful for mathematical mani- 
pulation; it can aid in making distinctions between different types of rela- 
tions. Substantively, the major typn of relations considered in the lilcmturc 
arc sociomclric relations, communication relations, and dominance rela- 
tions. In the first two t>'pcs of relations, sociomctric and communication 
relations, the cell entry a,^ (that is. the relation of i toj) implies nothing 
about the entry Thus communication relations and sociomctric rela- 
tions are mathematically alike, and may be treated by the same m^cls. 
Dominance relations, however, are different. Dominance of individual t over 
individualj (which means that = 1) implies that individual J docs not 
dominate individual i, that is Uy; = 0, Thus a matrix representing a struc- 
ture of dominance relations must have all a,^ ^ The elements above the 
main diagonal give all the information about the dominance structure, for 
those below the main diagonal arc simply the complement of their counter- 
parts above it. Of the two matrices below, the left-hand one could represent 
a dominance structure, while the right-hand one could not:(*) 


0 0 I n 
10 0 1 
0 10 1 
.0 0 0 0 


0 0 j r 
10 11 
0 10 ) 
.0 0 0 0 


Because of these differences in t^yics of relation, models developed to deal 
with dominance relations will be examined separately from those dcv’cloped 
to deal with the communication and sociomctric choice. Most of the work 
to be examined here b static, in the sense that the modeb represent no 
changing system, but simply a slate of the syslcm.(t) How cv'cr, some of the 
work, to be examined after the simpler static formulations, treats change in 
the sociomctric structure or the dominance structure of the group through 
tme, as a function of contacts between people which can change the rela- 
tions. Altogether, the following approaches will be considered: 

(1) Those which make assumptions about the genesb of the group struc- 
ture, and prove certain conclusions from these assumptions. These modeb 
may be classified into two groups: 


tcmunology, the do m i nan ts relation u anu-synunetne, while the 
and not reflexive. asynunclric. All the rclauons are not tranuUve, 

or 'oiccs, mch aa indices of "sociomctnc status,” or indices 

for most of ihrm ^ choi«s made withm the group, will not be included here, 
KaufigS] defined For one whic^ is L arbitrary than most, see 
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(a) “Random” s^^tems, m which one of the assumptions u that 
choice, communication, or dominance is randomly distributed throughout 
the group 

(b) Modifications of this assumption of randomness, to obtain a 
model which might more easily fit an actual situation 

(2) Those which Ukc a structure as it may exist and ask certain ques- 
tions of it how many * cliques ‘ arc there in the group, hoiv far may com- 
munication spread after a given penod of time, etc These approaches dwl 
with certain properties of matrices (e 5 . if a matrix is nonsmgular, this has 
certain implications for the group structure) 

(3) Those approaches which establish certain postulates as to ^vhal >m 11 
happen through time to chaogo tho group structurr, and then makr dcduc- 
tiom about the irrulting state of tho sj-stem at a given later l.mr 

mTTpproaohes vv.ll b= cons, dared m order, deal.ng firs. ,n each e..e 
with the sociometric choice or comntumcation relation, an rn i 
dominance relation 

Randons Choice Model.. Work of Rapopotd to^TdeJ 

dom Nets. Much ef the work with random ,ha,„r.omI 

the guise of a quite different ^ ''we vvotked on problems of 

behavior Several mathematical biop ysi ,end out one 

“random neural nets," that IS, aggrega . , of this work is directl) 

or more “axenes" apiece, to other neomm Mu h ffU. 

applicable to choice or ““““^“^vvTiUny have suggested and earned 

fact, these authors in some of thor & 

out such applications amhon i$ the probability 

One of the first problems dealt .ith by ^ ./...aual m 

that a gtven element tn a random ';™"a „emLof.oeleofa 

our interpretation, neuron m the ong example, can be m a 

particular sire An element m a group of four. 

, . --i.„rma4,e,ele i-A'*- 

2-cycle .I ...maScjcIe- — 

diagrams mdieate. an » cycle is a P’''' ”'™rmde1u°nbu..un. 

ust^s by means of the directed relations The 

reported below « that of Rapo^« 1'^“' Ac 

^f all element send out n In-I. then the 

stneted to one choice or one eommume. 
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ofandanentWgma2-c>clci5 l/A-l For consider an> element, ssh.eh 

sends out a link to another element, sayj, then j in turn has ^ — 1 elements 

to uhich It can send its link Thus the probability ofj’s link going back to i « 

1 /A— 1 This 15 at the same time the probability that i (and j) are elements 
m a 2-c>cle This result indicates that the probabihtj of being mthin a 

2 cycle m a group m which links are sent out randomly becomes quite small 
if the group is large, as one might expect 

The general formula for the probability of being a member of a cycle of 
Size y, •\Nhen each clement sends out one link, is 

. (A -1) (A -2) (A -3) 

‘ (A'-l)‘ 

From this formula can be calculated the probability of being a member of a 
cycle of any size Smcc membership in these cycles arc disjoint c%cnts (an 
indmdual can be m at most one cy clc, for only one choice is made by each) , 
the probability of being in any cycle is the sum of these probabilities o%cr 
alU 

C= (4 2) 

^ (A — 1)' (%—!)> fA— I)' 


\ close(*) approximation to this is 


This, then, is the first problem to be considered the probability of being 
in cycles of \anou5 sizes m a system m which c\ery clement sends out one 
link randomly is also the probability that a member ^s^ll be attached 
to any other particular member in k steps, and C is the probabihty that be 
will be attached to another particular member at all That is, if t^so metn 
bers of the group, i and j, arc selected, the probability that there is an 
attachment from i toj in exactly steps is Q, and the probabihty that there 
IS an attachment at all is C The dcn\-aUons for this are exactly the same as 
for cycles for there is exactly the same probabihty of tracing out a path 
ack to a starting point (i r , a cycle) as of tracing out the same length path 
to any other prcviousK selected clement 

For the moment there vnll be no question of the use to which such 
lions may be put, except to say one thing It is perhaps ob^nous that 
a *« for \ as low zs o this approximaUon gisea Cto wiihm 
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there » ieldom a proup m Avhich choices arc gnen nndoml> or in ^shich 
commimicatinn or contact w ntulc randoml), lo the random model Mill 
Inrxll) match tJie structure of an actual j,roup Tlic possible \-aluc of Mork 
like this seems to be its lOC as a snmhfd against sshich to measure the 
itnictures of actinl t,rouj>s llus postihiht) ssill be considered in some detail 
Liter 

The alwic results concern onlj Jituaiiom m uhich cich member of the 
troup sends out one link, i / . one choice or one communication ^Vhcn each 
ratralicr »cral. nut norr tlnn one linV, »i trauld ord.mnly be the case m 
ucluil ee,>enme..l. nr field uork, then the problem becomej someubat 
more tl.mcult In .urh n cate, a pnen element be “ 
than one e, ele, depending upon hou mant Imlc he and 
make, the problem ofclcuhtme Uie probabdit, of bemg 
length t a more difheult one Houeter. thu problem 
l.> L apprcmn.e metluxl uhen eaehmember 7' 
of attachment, Alfonm .heTrpected number ofcyelB 

m7;n\th';'n’'::h,cran mdn^l ».n be .molted n gneu ap 
prmimutel) h> the follouing equation ( ) 


(4 4) 


(4 5) 


f.k - !)'-'•' /’lY 

E (t.e.A ) ~ jj:_t_|)'— i \‘l 

Tli.t reduce, fur much brper than * to ^ 

1 « ,n the f,ct that often experi- 

The value of the latter umphfiction eaelO 

mcnlcrs nrc 

K Itirfff ITOUP *'* ” 

f'm the more genemi result of 

„ 5 „r cent d.lTeront from the mo 

IS not more than 5 P^‘ 


* ... , ..ue of the latter oc1« (i"o or three units each) 

enter, are concerned st.lh "'"'fr’lhirt) member, or more) It hen there 
a rehtnelj large group (w^ > , J,ppm„mat.on m equation 4 5) 

nthiadilTereneelKtueenkand ^ „„„ resu t of 

lannt more than 5 per n still an appro-umation. 

equation (4 1) (tthich, It mmt be rem 

though a more accurate ,he expected number ofeje « of 

•^US result goes an •'PP^^Tii^t^.mber This is not quite a general, 
length 4 ofuliich an e J “" 1 '^"! 

(.) In tlieno. »' ‘ m"! ‘"'TJe n mu,'”" 

AI«> ShlmWsecmsloktA + 
ihokiRh hr T 

mrcfihcgfoup «ndU«l 



The Malkematical Study of Small Groups 

zat.on of the prev.ously-ment.oned "probab.l.ty of be.ng a member of a 
cycle of length i,’ where only one Itnk was gtven by each , here tbe elemen 
can be a member of many cycles, depending on the value of a As an^p- 
proximation, equation (4 4) has been shown to give good results for a - I, 

Jl = 2, and to reproduce the exact formula for a = 1 , but how good it is for 
greater values of k and a is not known It is biased, giving greater values for 
E{h,a,N) than the exact formula would give 

For the generalization from one link to multiple links of the probability 
that a member will be within a cycle of any length, that is, the quantity C, 
given by equation (4 2) , some of these same authors have worked w ith a notion 
of ‘ weak connectivity ” This, as they define it, is the probability that an 
element will be connected to another randomly-selected element, or, alter- 
natively, the probability that the clement svill be in a cycle of any length 
This quantity wll be labelled Calculation of has been treated in at 
least three papers, one givmg an approximate solution and the other two 
giving methods of finding an exact solution {Solomonoff and Rapoport 
[1951], Solomonoff [1952], Landau [1952]) Only the first of these three 
(Solomonoff and Rapoport) will be considered here, because tbe exact 
methods allow a solution for C, only with great computational difficulty An 
approximation to the weak connectivity is given by 

c, s; y = 1 — (4 6) 

This IS a transcendental equation(*) which cannot be solved explicitly 
for y, but It can be solved for a 

<»->-) (4 7) 

y 

In computing y from a given a there is not much difficulty if successive 
approximations arc used Note the surprising fact that the value for y docs 
not depend upon X, the size of the group The approximation is meant to 
hold only for large X, but one of the authors (Solomonoff [1952]) shows 
that the approximation is wiihm about i per cent of the value given by an 
exact method e\ en for X = A and a ~ 2 

By examining the X'alue of y for vanous values of a the authors show that 
as a increases from 1, y increases rapidly, reaching 0 8 at a = 2, 95 at 
0 = 3, and ncanng 1 rapidlj for larger values of a 

IQ ** *" rquauon v^hich cannot be put into the form of a poI>-nomial scl equal 
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The “strong connective) ” of a group, that is, the probability that there 
will be a path from a randomly selected clement to every other element, is 
mcnuoned m these papers and gncn an exact soluuon m one (Solomonoff 
[ 1952 ]), but the formula is quite complicated, and pcrimts computation 
only with difficulty. 

Besides these properties concerning the likelihood of being in cycles of 
various lengths, there are certain other properties of such 'random nets” 
which should be mentioned One has to do with the probability of being in 
a giten position relative to a cycle, though outside it When only one at 
tachment is made by each memher. the possible confi^rations of thepoup 
are much more limited than if there are several atmehments « = 

IS within a i-cyele he can be within no other cycle Jhe is 
a cycle, then he is part of a ''.ree- which is at,^ to a cycle That is, 
the configurations arc cither like this 



that 13, an “isolated cycle," or like this 


, trees • or “lads ' feeding m to it, but none 
that IS, a cycle with one or element is net a member of a 

leading back out Thus the p the same as the probability that 

cycle of any size (which is °^t„ehed to a cycle 

the element ts a member of a j y |,e„g the end element in a tree. 

With this as a basis, f„,„ a t cycle can be calculate ( ) 

and at the same time the a e „aver receising a hi*, i e , 

This probability is equal to P atuched to a *-c>cle a 

being an isolate, times '"'.^"..itty of never receiving a hi* is th 

,„_1 persons in the 'tree” will not be 

d„ectly».>l»g«>“""’ 
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a member of an^ c>de, and the a"- peraon mil be a member of a h cycle 
This probability is {1-C)’^'(C,) Putung these tsvo quantities together 
gises the desired probabihty, K{kfl) the probability of being the end man 
a. tree of n links attaclied to a A'-cjcle 

(4 8) 


=(?=?)" '(l-C)-Cr 


Simdarly, the probability that a man is an isolate, i r , end man, and after 
n steps gets to any cycle, is 


2 \'- 


(1— C)'-' c 


(4 9) 


Equations for seieral other quantities, iiithout any attempt at showing the 
derivation, are 

The expected number of isolates 


/jV— 2\'-' 

the expected number of trees 


(4 10) 


^ ^^'=CCI-C) 

' x—\ 

(411) 


(4 12) 

and E{B), the expected number of terminal branches in a tree (or the 
number of isolates per tree), is the expected number of isolates divided by 
the expected number of trees 

cA'II'CjV— 1)2,7— n] 

using the fact that 

(4 13) 

(sy-T 

(4 14) 


These probabihtjcs and expected numbers rather fully characterize the 
group m ^^hlch each element sends out one link randomly The probability 
of a member’s l>eing m any possible location in the structure is included 
among these, and the expected number of each type of configuration (r g , 
cvclcs of \arious sizes, odes with trees of ranous lengths, etc ) is included 
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or else can be quickly calculated from these quantities (•) The probability 
of being a member of any kind of c}cle, of being at any point in a tree 
attached to a cycle, the probability of being an end man, receiving no at- 
tachment, all these are included in the ivork discussed above 

The more complex case, howc\cr, where each clement initiates more 
than one attachment, is less fully handled There, only the expected number 
ofc>cIesofa particular length (£(i!r,e,B))and thcwcak connectivity,! e,thc 
probability of being connected to a randomlj selected cycle, C„ have been 
calculated in the papers mentioned above However, m another paper Leo 
Katz [1952] has calculated the exact distribution and also an approxima 
non of the number of isolates, given a attachments by each clement These 
diitnbutmns may be found m the onginal paper, the expected number of 
isolates, the mean of the distnbution, is 


EiL,c) = 



(415) 


where a is the number of choices made by each person 

In sum, equattons for exact or approximate calculat.on of the followtng 

quantities have been given 

C. = the probabthty tn a group m whtch each member 

attachment, thaT a member u m a cycle wttlt * t.eph o t connected 
another randomly selected member in k steps Eq ( ) 

C = the probabthty that a f 

any length or is connected to another ra V 

number of steps Eq (4 2, 4 3) .u which an element 

£( 1 , 0 ,;.,= the expected numberofeydm^^^^^^^^^ ,,,, 

Will be a member, if each member 

C.ixil) = the probability ofa member ofapoup being 

length, or being connected attachments Eq (4 6 ) 

number of steps, if each member imtia of „ links attached to 

r(4,a) = the probability of bemgenj^j^m^^^^^^ 

a k cycle, when there is one attachmen p ^ „ any 

7r(a) =theprobab.l.tyofbeing»d™^__^^_^^^_, ^ ( 49 , 

cycle in which there is one atuchmc P , attachments ate 

£(L,e) = expected number of isolates m gn> 

made by each member Eq (4 15) C f etc) 

(•) The dalnbuliom of each rf rf »h.eh I .n •»"' 

in any of the papers discussed here n 
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£ (T) = expected number of trees when there is one attachment per mem 
her Eq (411,4 12) 

E(B) = expected number of termmal branches per tree Eq (4 ti) 

TTiese results coser rather well the structure in which one attachment 
15 made per person But for the multiple attachment structure (when a>l, 
or when the number of attachments made per person vanes), the surface is 
hardly scratched Calculation of the expected distnbution of cycles and 
trees, the probabihty of being connected to a randomly selected member in 
exacUy I- steps, the expected number of trees of vanotis lengths, and others 
ha\e not >et been earned out 

But ^vhat \sould be the value of such further work’ Just how would it 
be used in the study of the behavior of social groups’ Everyone knoNs’S 
that groups of people m communication or choosmg one another do not 
beha\ e randomly, the n ery basis of sociometnc w ork is the well documented 
fact that people do not behave randomly in choosing others But to what 
degree do they behave non randomly’ This work begins to allosv such a 
question to be answered That is, the random model may serv e as a standard 
m either of t^^o ways 

1 It ma) be the basic assumption which can then be modified m one 
fashion or another to produce a model which does conform more to 
actual behavior m a group 

2 It may sers e as a standard by which to compare actual groups, so that 

groups could be characterized by their degree of divergence from this 
random model 

Some of the possibiliues m these two directions will be considered below, 
first considering models which modify the randomness assumption, and then 
considenng the uses of the random choice models directly for measurement 

Rapoport s Random Nets with Distance Bias An example of the way 
such random models as those discussed above can be used as a basis for more 
realistic models of behavior is Rapoports [I9 dI] introduction of a (/irtanrr 
bias, modifying the randomness assumption The postulates of this mode! 
arc similar to those of the prev^us models except for this single change 

'loiicnt initiates a certain number, a, of attachments 
(2) ’^c probability that clement i mitiates an attachment to element j is not 
t e same for allj, but is a function of the distance x , of clement j from 
clement t ’ 
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(3) The elements exist along a single dimension, so that distance from each 
element is measured along this single dimension (*) 

Given these assumptions, Rapoport could examine a number of dcduc 
tions He selects one, the probability of a directed connection existing be 
tvrccn an element and a parucular other element x units away This is 
analogous for the non distance bias case to C^, the probability of a connec 
tion from an element to a randomlj selected other element In that case, 
the case of pure randomness, the probabdityof connecuon to each element 
was the same, in this case, it is a function of », the distance from the 
initiating clement 

It IS reasonable to expect that such a modification ^ 
nearer to actual behavior than will the original completely ““ 

non That IS, m the sociomemc choice interpretation, it is mo 
think of people as having a certain distance bias m 
than makmg the cho.ees -"<!omly. that th^vr ^ 
feel close to, and that the same people one feels close “ to 

A modification of this sort is just a by 

assume that \anations m psychologica unrealistic forcer 

single dimension modeU But the "^ghdimensional random walk 

tain situations, to cite a similar ca , ^ Brownian motion in a 

model has been used with success to appro . jn actual fact 

fluid, which can never be resmeted to a single d mens on . 

However, there are other questions besi es „ 

realism which have perhaps more above) are 

mathematically difficult and tedious t complicated for practical 

deceptively simple Thus the m nn which the solution depends 

use (t) (b) there arc a number of paraine n 

It may L hard to identify these apart "J.„dcpeudently, then the 
applied To the extent that •’■'V ^ “ camem^ 

fit of the model to the data ts not ^ however, at all 

which make the model fit the data Thn oj^ ^ftema 

restricted to this model. It IS a problem whien 

qju. anumplien, see ““ 

dimeruional random walk For a differCTl appfo*'*’ 

([1950] p 279 362) 1Q541 has developed a somewh ^ ^ UiW 

(t) Rapoport ^953^ 1953b .pjStodffmor. d»u 

the problem of distance bias "nus model Mf 

selvea in contact are largely overlapp^? 

with some success « simpler than the one 
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tlcal models in their early stages of dcvdopment. It is only magnified tvith 
this one, for the number of parameters is rather great. ^ 

Both these difficulties will be evident upon examining the solution be- 
low. IfP{x,0 is the probability of an element at x receiving at the end ot 
links a connection from an element at x„ for the first time, then F{x,t} is give 
by a recursion formula : 

P{j:. ! + 1) =[l-i;f’(:t.j)] {\—r[l—f\x — x.\Ax-\<lpP(x,l)Jix){.U6) 

7 = 0 

where: 

f\x — Xg\Ax = the probability that an attachment initiated by an 
element at x, will be made to an element at x, that is | x — x, j units away. 
a = number of attachments made by each element. 
p — linear density of elements along X. 

After solving this recursion equation up to values of i high enough that 
P(x,t) begins to s anish, then the probability of a connection from an clement 
at X, to a particular clement at x b given by: 


1-0 


Presumably ^(x,/) ordinarily vanishes quickly enough as i increases so 
that y(x) can be obtained without tedious repetitions of the recursion 
formula. (*) 

This example will not be carried further. As it stands, it illustrates one 
^'ay in which the pretiomly presented random models can be elaborated 
to provide models which conform more to actual behavior. As mentioned 
above, this U only one method of using the random models as a basU or 
standard. This method is characterized by modifying the assumption of 
random choice in some fashion to conform more nearly to behavior. An- 
other method of using the random models will be illustrated below. 


del wl.l.'.r’*' a quite ditTereiit kind ot approach may be us'd "> 

A 1 r •"'U ■> a paper by Edgar Reich, “The Game ot 

Theory of Inromiauon" [1951] Reich considers a problem m 
with noise in'^iV 'ureuuation along a line with imperfect communication (a ehanne 
peohabiliiv ih,, ' »r eommunicalion theory) The queslion is what is lb 

poini down ih ““ "‘’I be the symbol received at any gneu 

E-em^ro ^ ” ’™'a' 'he problem of the probability of conneenvW 

citioni, oouut- ,o'/ r'’’cS‘ “ ’™™ app'oach. with lome mod.fi- 

■w rn-o 10 deal wiih Rapopoel’i problem. 
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Handomness as a Basis for Measurement Models. Suppose the situa- 
tion arises in which each person in a group is asked to choose one other m 
the group If these people act as people ordinanly do, there will tend to be 
more mutual choices than would be expected by chance , there will probably 
be more three-cycles, and there will be fewer very long chains than would 
be expected by chance Using equation (4 1), and taking as an example a 
group of size 35, the expected number of persons who are members of 
cycles of different lengths is found as follows 

= expected number of persons in cycles oflcngth k 


TABLE 4.1 


JV'- 35 


J\Ck 
I 03 
) 00 
004 
086 
0 76 
0 65 


7 

f .^A m a croup of size 35, four sets 

Now suppose m actual fact it was o h (g^penons), oM 4 -c>clc (4 
ofS-cjcles (8 persons altogether), two ^ I ^ numbers cor- 

petsom), and no longer e)eles oeeuned That , 
responding to the expected ones in Table 4 


table 4 2 


number of penoM 

in a cycle ofsicci) 


even these data, wh.eh 

I this have arisen if the feterra which there were n 

hieh choice were random and „r sire 

, eould such data have arise 
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= X — 3o)j wth each group choosing randomly within itself, bm not 
outside itself? The question may be anstvered by use of this fact: m a 
given k and a given X, the quantity C,/Q_, has a particular ralue. Ihat 
is, Cj is a function of X, and may be written Q {X). Since this is so, n ma> 

be that there is an X* such that ^P^^^^tvil! approximate the values — >n 

Table 4.2, and such that 

n[X*Ct{X*)] = Xt 

for all k (where n = XjX*, or the number of hypotheUcal randomly- 
choosing groups). It can easily be shown from equation (4.1) that: 

^ ^ (4.20) 

C*_,“ N-\ 

Using values from Table 4.2, and solving for jS'"* in equation (4.20), 

A = 3; 

6 M* — 2 

8 “ A'* — 1* 

AT* =* 5 

with A: = 4: 

4 AT* — 3 

6 " AT*— r 

A''* = 5 

Thus both these equations indicate that the size of the h^’pothetical sub- 
groups, within which choice is random, is 5. The number, n, of these hypO" 
thetic^ groups is 35/5 = 7. A test of the fit of the model may be made by 
cc^ation (4.19). Tabic 4.3 below gives in the second column the v’alues 
which should equal A^ if the model fit perfccUy. These \'alues are calculated 
from the left-hand side of equation (4.19), vdth nA"* = 35 and 
using equation (4.1) to find C^ {X *). The actual values of A^ are listed for 

r<hTrirv»i4».s., ‘ 


h 

2 

3 

4 

5 


TABLE 43 


”X*Ck 

8.75 8 

6-6 6 

Z3 4 

0,82 
0 


over 5 


0 



Tht AfalhemalKoi Sludjt ej Small Ctnifs 


[85] 


A comparison of the values nN*C^ with the actual values indicates that 
the model does fit fairly well, and it is therefore reasonable to say that the 
35 group members chose as tf they were seven five man groups Mthin 
which choice was random (*) The value of such a statement and the calcula 
tions on which it is based is that it can act as a measurement of the group's 
tendency toward cliques, a measure which not only has intuitne appeal 
but is based on an explicit model whose postulates have behavioral inter- 


pretations 

This, then, is one example of a method of characterizing the structure 
of actual groups by using the random models discussed previously It is in 
effect saying that the groups act like the random model except in one 
respect, « 5 , m their tendency toward ‘cliquishness The measure of that 
tendency constitutes the measure by which group structures may be com- 
pared Of course m order to use such a procedure as this, as m a measure 
ment model, it would be necessary to go much further than we have gone 
here Tor example, the variance of C, (which would probably be large, 
espeaally when k is larger than 2 or 3) rs not known, and it would be 
necessary to know this m order to deterrmne just whether the group s s • 
tore IS significantly different from a random structure It * 

measurement model based on this procedure woul not e 

cause of such difficulties of testing significance of dilfertncB, 

actual numbers of persons in five member cycles, say, 
while the expected values do not conform to these mu p 
theless, this example indicates the type of approach which on wo^d 
developing a measurement model using the ^ j j„.arc in 

There is one other example of thn approach 
published literature and it is very similar in concep ^ measure of a 
above A Swedish geneticist, which mai^ 

population “isolate,’ that is, the size of W „ bjsrd on the 

can be considered genetically random I J marriages would 

realization that if marnage were ran om, _ ,i,_ average number of 
occur with a given frequency which depen s upo number of 

children and the population size Thcr jjjg number of cousm 

children m a given population can be cstimat , of the h)TX)ihe- 

marriages can be determined from mamage rec . ounbodi couW 

{•) The method of estimating and n rsutaii«l int 

be easily devised It should also be fairly pseudo-random of 

the fit to a particular n and In °n rtmt steps are to dcv«« '?*^'*!i,cdata 

one discussed here, probably the most the model t fit to 

estimation of model parameters and tests *>8“ 
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,!cal population isolate can be determined. This is an important concept m 
population genetics, and the measure has been used empirically by 


orworliers.(*) ^ » 

The random models which were examined earlier may be modified in a 
number of ways besides those mentioned. That is, if the assumption o 
randomness of choice is modified, then the modification can be of many 
kinds. Some modifications which seem to correspond to actual tendencies 
in behavior are listed below. In effect, these are illustrations of different 
kinds of interdependence or non-randomness among choices. 


I. If, in a group of individuals > 4 , B, C, individual chooses in i 
vidual B, then individuals C, . . . , JV are also more likely to choose 
B than if A had not chosen him. This assumption would tend to o 
cus the choices on fewer people than would be predicted by the pure y 
random model. In actual groups, such overchoosing of some and under 
choosing of others has been found (Moreno and Jennings [1945])- (An 
alternative model would postulate that C, . . . , A” would be less like y 
to choose B after A’s choice.) 

2 . If, in a group of individuals A, B,C, . . . y X, individual A chooses B, then 
B will more likely choose A than if A had not chosen him. This assump- 
tion would increase the likelihood of mutual choices. This also corres- 
ponds to what is found in actual groups; more mutual choices are found 
than would be expected on the basb of chance alone. (Again, an alter- 
native model would postulate that B would be less likely to choose A>) 

3 . If, in a group A, B,C, . . , individual A chooses B, and C, . ■ • » 
choose A (either directly or indirectly), then B will be less likely to 
choose A, C,. . . yK than he would otherwise. This assumption cor 
responds to a kind of “hierarchical” situation, in which people tend to 
choose only “upward.” 


These three modifications of the assumption of independence between 
choices indicate the multiplicity of ways the non-independence can arise. 
Actual behavior in sociometne choice undoubtedly is composed of several 
tendencies corresponding to several such modifications A truly realistic 


t, ^1”,'''" “‘‘’"Pi' of thii “pseudo-random" model approach was evident m 
^ction J (Ihe rxammat.on of Bairs' and Stephan’s work), in the stalistical rxplanauon, 
_ j I' ^ >nterdqxndcnce ot participation acts was calculated There t ' 

mcmKrr \\. \ ^ "'vltinoiiual one with equal probabihUes of participations for eac 

„r Ike question was asked, how nmny parU- 

variance 1 ! would be equivalent — m the sense of having an 

ot cactualdaia Forother applications of this approach, sec Coleman [1953] 
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model of group structure might have to take a number of tendencies into 
account. However, it would probably be nearly as valuable to construct for 
each tendency separately a model which will allow measurement of the 
strength of this tendency within a particular group. This seems an impor- 
tant and worth-while direction for model building to take in sociometric 
work.(*) 

This completes the analysis of static relational models ;vhich are based 
on assumptions of randomness, except for some models — to be considered 
later — which serve as the basis for dynamic modeb of status hierarchies. 
It should be noted that all the work which has been presented here has 
considered only one type of relation: the asymmetric, non-reflexive, non- 
transitive relation, which is perhaps best characterized graphically as an 


arrow from one point to another. 

The remaming work on relational models to be considered is of two 
types: 


(1) that which examines the implications of particular structural con- 
figurations. For example, the implications of a particular 

structure concerning the ultimate diffusion of informauon, or c i 

after a given number of messages has been sent. In this wor , cre^ 
assumptions of randonmess; rather, there b only the sing c ques ® 
this structure of elements and relations, what docs it imp y a “ 
ing behavior of the group? . ^,, 1 ;.,. 

(2) The final work to be examined is, as vvas mention 
which posits chanp through time in the group’s structure 
contacts between individuals. 


mpUcations of Various RelaUonal 

snsidered in this section all have this one aspect theorems about 

:rize a relational structure as a matrix, and added infor- 

ich matrices or carry out operations of which I am aware 

lation about the structure. The earliest oft c P®P , jntar> theorems 
the one byTclson Wei [1948], which contains a ificmaJeU for lend- 

(•) Further .teps m the d.rection. indicated .teSor Ifordiwi^*" 

.0= i and 2 aborl a. well a. other.) have •““'r.ttmLurr dir •» 
ehapler on Structural Sociology S""*' “ j^ure hontogmed) , „udy 

.me behavtor relame to the group , „lae m • „,ib,nd 

:nom who choose one another, ha\e pro' r^liffusion m die ® v-n and 
hese models allowed the tmang out of P»“«” S« Colenun. M«. 
fug among docton in four small midwe* 

Icnzel [I9573. 
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.bout “nuural nett” represented in matrix form. Wei’s matrices are com- 
posed ofe,= +1.-1. orO. representing positive. 

Lotions, respeetively. from i toj. Wei defines a simple eha.n « 
tore in which each element (neuron in h.s mterpretaf on, PJ™" f 
Initiates a single link and each one receives one. Note that this defi 
not the same as the definition of “chain” used previously, which was re- 
stricted to a continuous chain. Wei's “chain” need not be a ' 

tinuotis chain, but may he composed of discrete cycles. Wei then shotvs that. 

(1) The JV individuab comprise a simple chain if and only if 
AA' = /, that is, if ^ Cj* = S,; 

where Z,j = 0 if i # j 
=5 I if I = 1. 

(2) If the rows or columns of a matrix A which represents a simple chain can 
be rearranged to produce submatriccs Ai, Af, . . . ^ A^, so that a ma- 
trix of submatrices in the diagonals and zeroes clsc\vhere results (as 


Ai 0 . 

0 At . 


0 

0 


1 _ 0 0 . . . A, _] 

above), then the simple chain is dccomposible into a set of disconnected 
cycles represented by A^, A^, . . . , A^ More formally, if 


p, 0 ... on 

i Mt s= p At . . . 0 where t is a 

[o 0 ... A^J 

nonsingular matrix of order n, then A^, A^, . . . y A^ are disconnected 
cycles. 

Because these results are almost self-evident when one examines the cf- 
pl of these operations on the elements of the matrix, and because the case 
in which each individual initiates an attachment and each receives one b a 
\crj special case, this work will not be considered further. These 
theorems can be used in certain special cases to learn something about the 
group stmeture, but they arc not generally applicable. Some further work 
of other investigators which is more generally applicable to social networks 
will be considered next. 
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R Duncan Luce and Albert D Perry [1949] and, mdependenily, Leon 
Festingcr [1949] treat primanly the problem of descnbmg the number of 
chains and cliques among members of a group The rcIaUons between all 
pairs of members are charactenzed m matrix foim, and through opera 
tions on that matrix, it is possible to show how many chains of a gn en length 
or cliques of a given size each element is a part of In essence, this is a 
mathematical technique, using matrix multiplicauon, to do what soao- 
mctrists would do m traang out the connections which relate one peison to 


another 

Luce and Perry’s main* representauon, togedier with their most im- 
portant theorems, will he discussed here, to show the general approach 
Thetr matrices are the same as those diseiissed on p 71 Th^ charactenre 
a group’s strueture by a tnatm. w.th oV (= number of members) rotvs and 
eolntnns An entry ’ 1” at u, tndteates that there u a dtrected eonneetton 
from element t to element. An entry ‘0 .ndteates that no conneeuon 

exists The diagonals. e„ are 0 as ssell ,„e,ugate what they 

Given this matrix representation. Luce and ^ w ^ 

call ‘ n ehatns ’ from one pemon to another^ ^ 

there are rf,ht paths arc not tdenueal Luce 

connection toj n chains are diff ^ 

and Perry show that ‘f one to determtne the 

multiplication, then the a if'" , member More precisely, 

number of n chains of ^ entry of the n power 

they show that A positive m ^ ^ giBircnt a chains from i to j 

of the matnx A if and only ^ ^ ^ „umber of 

W.th dus theorem, each element aeeordtng 

times allows one to characterme i ^ ,his mathcmancal 

to the chains svhich ™‘ " othemue be done m diagrammaUe 

technique allows one to do if the group ts small, 

form There is little „„ o great, for it might be practically 

but if the group is large, * ® ® ^ ^ diagram (*) 

impossible to trace out c disadvantages for some purposes t in 

However, this doubled back upon For example, for 

dudes as n chains pat a j,. tjjc matnx 

the four person group rep for dctemin ng and 

been worked out by imuated by each person be- 
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ro I 0 01 

'*-0100 
L I 0 0 0 j 

the cube of this matnx is 

r 1 1 0 0 

A>-\' ' “ ‘ 

- 1 1 0 0 

Ll 0 0 1 

This means that there is exactly one 3 chain each from 1 to 1 , 1 to 2, 2 to 1, 
2 to 2, 2 to 4, 3 to 1 , 3 to 2, 4 to 1 , and 4 to 4 In diagrammatic form, the 

to2chamis l^i >2 The path here is 1 1-2 >-1 >2, that is, doub mg 

back upon the mutual linkage The 3 to 2 chain is 

2 


The path here is 3 — *2 — >-1 — ^2, again a path which for some purpose i 
might be desired not to call a three-cham, but sunpl> a one*cham For o cr 
purposes, hov^cver, such as the interpretation of the connections as com 
munication paths, these results might be most useful as they stand 

A second result of the Luce Perry paper concerns "cliques,” which the 
authors define as fully connected sets of three or more elements (i f » con 
ncctions m both directions between each pair of elements) A symmetric 
matrix, S, can be extracted from the onginal matrix A by replacing each 
“1" vath a "0” whenever a,^ = 1 and = 0 The I’s that are left wu 
represent doubly-connected pairs, t r , "mutual choices” in sociomctnc 
terms The result concerning cliques is an element i is contained lU ^ 
clique if and only if the mam diagonal entry of the element t of 5^ is positive 
This does not tell wrhich clique the element is withm, or what the size of the 
clique IS, but is tells simply that the element is located withm a clique 
It should be noted that very little of the information in 5* and is used 
There arc (A'’ — A') /2 pieces of mformation m 5* and the same number m S* 
The only information used is part of that contamed m the A diagonals of 
•S’, the information as to whether these diagonals are zero or positive It ^ 
very likely, therefore, that further procedures could be developed to use 
systematically some of the remainmg information m and S’ 

One step m this direction is a result of Luce and Perry’s which help* 
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identify the number of cliques an mdnidua! is within, and the sizes of those 
cliques This method again depends upon the diagonals ofS*, utilizing their 
numencal values The values are either zero or positive whole num 
bers It can be shown that if individual * is a member of one 3 person clique, 
the diagonal of 5* will equal 2, if he is a member of a 4 person clique 
the diagonal will equal 6, if 5 person it will equal 12 In general, if mdmdual 
1 IS a member of one m»pcrson clique, then = (« 1) 2) 

If mdividual i is in two cliques, a three member clique and a four-mem- 
ber clique, then it can be shown that = (2) (I) — (3) (2) = 8 That is, 
j(3) =, (3—1) (3 — 2) + (4 — 1) (4 — 2) = 8 More generally, if no 
subchques of three or more members arc contained m more than one clique, 
then 


where m, .3 the sue of chque,, and •h'- '"of 
13 a member But this result assumes (for ^ 

which an individual is a member \ individual is a member If 

persons as another clique of six ^ ,2 |5 19) another, then 

(1. 5, 7, 8, 9) represents one '.n such a case, the 

the clique (1, 5, 7) of three mem (Subtracted to give the resulting 

value of the duplicated suhe “1“' determine the number and 

value with which to apply equ ' „ on!) for the diagonab of 

sire of the cliques This ^,b diqTes Ifthese are the only tvso 

those elements which are containe „ (4) (3) + (5) (4) — 

cliques of which individual 1 is a “' , |J „ben including individual 

P)‘'0)=30That.ssmceamW^^^^^^^^ 

■ ■" _ 2, to allow the calculation of clique 

traded from (1". ' .ubd.que r, 

stre and number More cliques, (e, - D h - 2) >» 

which appears more t an o ,„bclique appears 

subtracted from ^ ("j " 

element I IS attached loea 
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.,uchmen« to be directed, as before). He then defines an ^ 

one in tvhich n-connecthity holds bettseen each tsvo members. Th^‘ “■ 
•■2.dique” is one in tvhich each person is at most one step 
each other person. (Note: this designation of n-chques should not be «n 
fused svith the definition of e-person clique. An e-clique may consist of an> 
number of persons greater than two, as long as they are all connected to one 

another inn steps or fe\Ner.) , . i 

The analy'sis of group structures into n-diques proceeds sinularly 
analysis into ordinary cliques. A symmetric matrix is cubed, and the mam 
diagonal is analped. The difference lies in the construction of ‘he ^m- 
metric matrix. For analysis into n-cliques, the symmetric matrix. S, is foun 

as follows: , 

Let G be the matrix of choices. Then construct a a matrix («) ^ 


■follows: 

^(e) = lle„l] = C-f Gt-h...-{-G'= 11.S4I1- 

Further, let b,j =1 if a,, > 0 
b„ = 0 if « 0 

K = 0 * 


Then extract 5 from B {= \\ Ay H) so that S is symmetric, letting Jy ^ 1 
Ay = Aj, = I, and iy = 0 othcnvisc. Then the anal>3is of S' into cliques is 
done as before. The cliques found will be fully-connected cliques of the 
pseudo-structure, B, but it can be shown that thc>* are the n-cliques of the 
original structure G. 

This is perhaps the most useful result of all this anal)3is of group struc- 
ture carried out by Wei, Luce and Perry, Luce, and others.(*) It is particu- 
larly useful because it allovi3 a relaxation of the rigid criterion of direct 
connections in the anal^^ls of cliques. For many purposes, more loosely 
bound subgroups such as 2-diqucs arc desired. 


n),*namic Relational Models. Sc\cral authors have developed relational 
models of the sort considered abosc, except that the structures generated b> 
the models arc subject to change. Rather than being a static configuration 

alfpad) rderrol to, there arc two papers by Alphonso Shirnbe! 

19j 2], which tr\irw so-rur of thu work and suggest ie\eral indices of group charac- 
lerntjcs, a funhrr paper by Luce (19521 developing the theory of these (0, I) matrices, and 
*? ^ Hararv and Norman (1953] Robert Weiss ([1956] 

’ ' •*’ some of these matnx manipulauons into a practical procedum 

n irg a arg-T group into discrete sul^ro u ps See also Beum and Brundage (1950]. 
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of choice or communication or dominance, the sj-stem may change due to 
further contacts between the group members In general, these modeb may 
be characterized somewhat as follmvs 

(1) An initial configuration of choice or dominance relations is cstabluhed, 
either by assuming some imoal state or by assuming initial chance con 
tacts 

(2) After an interval of time, two members meet, and the outcome of this 
meeting either changes the previous relation or leaves it the same (If 
the relation is a dominance relation, the possibilities arc either a con 
tinuation of the same dominance or its reversal, if the relations arc 
sociometnc choices, either memher’s choice may change mdependentl) 
of the other ) 

(3) A new structure (or possibly the same) results from this meeting, and 
after another unit of time there is another pair meeting This continues 
indefinitely 

This ts the kind of situation to which these models appl) The only 
added assumption to those models considered prevtousi) is that pairs nf 
individuals meet at intervals of lime and produce changes ' 

or cho.ee relaUonshtp I. sv.II beasme apparent howes^, that the add, on 

of this dynamic element adds a H " 

these modeU extremely difftcul. to deal w.d. ore more than ser, 

few members (that is, 3, 4, 5) . {• 

Given the general type of postulates lism a " „rotlhing 

questtonscharLtenstieallyaskedbythemodel bu,Mer?The) gosom 

like this 

What are the possible states after the first meeting, and with what p 

bilities will each occur’ rncetme’ After in 

What ts the probabtht, dnlnbutton ofsU.es after one meet g 

finitely many meetings’ ,„Bnilels man) meetings in 

Is the probabdity distribution of states after infinitely 

dependent of the original stale’ . te ft e an “absorbing" 

Under what conditions is there a sta c 5 ^ches state’ 
from svhieh the system wall no. mose one 

The svork to be examined (which » “ " ,nclud» ihst of 

m the hterature ” ^l"<b21 

three authors Anatol Rapopo [ Calnn Leenun [ 

[19513, 1951b. I9o3] on dominance relations 
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on soaomemc cho.c. Rapoport and Landau have 
.deas .n duee papers, though in neither case does 

effort in the three papers to dynamic models One of Rapoport L i 
and two of Landau’s [1951a, 1953] papers concern ^ 
nance state, these form a basis for the dynamic models which 
Some of this work with non dynamic models involving dominance re atm 
will be presented here, both to serve as a basis for the dynamic models, and 
as a counterpart to the preceding sections which were confined to soc.^ 
metnc choice or communication The dominance relation, with its property 
of anti symmetry, is quite different from the others, and the random states 
and various theorems concerning it arc different from those 


Rapoport’s and Landau’s Dominance Models. These models have 
been developed in an attempt to describe the dominance hierarchies 
some animal groups A number of investigators had previously stu le 
flocks of chickens and found that a “pecking order” phenomenon occurs, m 
which a dominance relation or “pecking nght exists between every pair o 
hens (•) Sometimes an unambiguous pecking order was found, with cac 
hen pecking all those below her and being pecked by all those above her 
Sometimes, however, “cycles” occurred, in which hen A would peck hen > 
hen B would peck hen C, and hen C would peck hen At or diagramma- 
lically 



In terms of the types of relations discussed earlier, this means that the 
dominance relation among these hens was not transitive, that is, it is not true 
that A p D and B p C implies A pC (where p is the pecking relation) In 
general, the relation is non transitive, non reflexive, and anti symmetric 
One more point is important m noting the results of these experiments 
The investigators found that this peck nght was ordinanly stable over some 
period of time, but that sometimes, upon meeting, the dominated hen would 
rise up and rev erse her position She would come out of the encounter as the 
pecker, having entered it as the receiver of pecks In other words, the struc- 
ture of the flock was subject to change, and not a static order that prevailed 
(•) S<«- Rapoport and Landau [!951b] for references to these investigations 
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for all time At all times there was some “turnover,” or reversal of position 
among the hens 

Rapoport attempted to build probabilistic models to account for the 
configurations which existed among these flocks of chickens In doing so, 
however, he was at the same time building models which could possibly be 
used to characterize groups of people If instead of a “peck right ’ some 
other kind of dominance relation is posited between every two members of 
a group of people, then these models may be useful for dcscnbing the pat- 
terns which occur, and explaining the different frequencies of different 


patterns 

Rapoport first attempted to characterize only the static qualities of these 
structures m his probabilistic models, and later added a mechanism of 
change His first postulates were 

1. Each individual, eg, hen or person, meets with each other indnidual, 
and the results of these meetings arc eqmprobable That is, each indivi- 
dual has a probability of 5 of “winning ’ m each encounter 
2 The results of each succeeding meeting are exactl> like the first Thai is, 
the structure remains the same over time 

These are ver> simple postulates, and, as 
reasonable that they will serve as a desenpme inodel ® 

whether of ch.ckens or persons It u more reasonable o “Pf* •>’» ^ P 
term w.ll depend on some attnbutes of the , 

a firs. approx.ma..on, and as a standard against 
actual gioups, such a model would repm^tn. the ^ 
in which eaL individual “ha, an equal chance,’ with ne . her 

nor a previously acquired position affecting « c ^ ^ ihc pos- 

Th^ ques Jm investigated M underThe 

sible structures in the group’ and 2) ^ 

above assumptions, that each will exist ^„ble structures arc, m 

Beginning with a three person group, the post' 
diagrammatic form . anrwt drpwi on a 

(•) Rapopor. .how, Iha, m 

single characteristic of theindividoalstnv^' ( (although 

bel funeuon ot rwo allnhurr. JmUa.. be - 

indicate this), the individual s supeno y .foclw are lo *" 

owna..„bn.;ando„eortheo*er.nd..«l>»'.'f'>' 

sizes ofabihlies determine the outcome jifndupv.uhexaci!y‘hess , 

(t)Th.,doe.no.rnean.ha.aII.».^»'"";“ 4.,.,,n.n .nvO«w W 
status, because the chance outcomfl «a1,tanan structure « dl h* h 

in large groups, it does mean that a re 
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That . 5 . m a three man group, it is possible that each individual domina e 
one and be dominated b> one [structure (1)] or that one person donunam 
tno, the second dommate one, and the third dommate none [structure 
The probability that each of these structures mil occur is easily computed 
Let the mdmduals be so labelled that the first encounter is between A M 
B, and that A is the wnner and B the loser The second encounter is 
ti\een A and C, the third belts een B and C Then 

Pi [structure 1] ~Pt [C Pr [B (4 24) 

= 5 • 5 == 25 

and 

Pr [structure 2] ^Pr [/I ^C\-\-Pr [C ^A]-^Pr [C- >^B] (4 25) 

= 5+ 5- 5 = 75 


This constitutes the solution (for 3 man groups) of this first problem 
posed by Rapoport Giten the postulates on pages 80 81, Rapoport asked 
Vihal the possible different structures are, and tshat is the probabihty of 
occurrence of each There are ttvo structures, and the first tsuU occur wth 
a probability of 25, the second svith a probability of 73 

It IS esadent that for \ery large groups it should be quite difficult simpl) 
to enumerate the possible dominance structures, and much harder to deter- 
mme the probability of occurence of each structure The number of possible 
structures is small as long as the size of the group is quite small, but it 
increases rapidly For example, another author (Davis [1953], [1954]) has 
shoss-n that sshen the group is of size eight, there are 6880 distinguishable 
structures [•) For four individuals, the following patterns are possible 


A. 

(3 2, I, 0) 



(3 1. 1. 1) 



(2 2 2 0 ) 


(•) Thii v,ofk u duciavnd further on page lOO 



(2 2 1 I) 
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The numbers below the patterns represent the number of persons dominated 
by each individual in tlic group, ordered so that the one who dominates 
most IS first Such sets of numbers arc used b) Rapoport and Landau (and 
by Leeman, m hts sociomctric model, with a slightly different meaning 
since he is dealing with sociomctric choices) to describe the structure of the 
group For groups larger than four, one set of such numbers may charac- 
terize difTerent dominance structures, so these do not gi\e all the informa 
tion about a group’s structure For example, for a group of five members, 
the set of numbers (3, 2, 2, 2, 1) may characterize either of the following two 
structures 



(3, 2, 2, 2, I) (3, 2 2 2 0 


Th. .mporunce of d„.,n^.sh,ng 
«,U be callL “dom, nance s.rue.ures 

denved from .hem .ull be called score m 

n,sm of change .s poslulated, structures arc dtETcrcot 

form the dominance structure structure on the right 

from the transition probabilities which tan ^ bottom man) 

.0 other. In facr. by a single rcicrsal structure 

the structure on the left can be changed in o structure can pro 

(4, 2, 2. 2, 0), svlillc no single reversal m the right-hand 

duce this score structure characterize unam 

Despite the fact that these sets o n characterizing 

biguously the group’s dominance structure, carhcr example 

the amount of hierarchization m the group ’ score struc 

of a four man group, the left ho"-* one (2, 2, b D 

lure (3, 2, 1 , 0), IS the most hierarchized, and the g 

IS the least, while .he o.her two am .„g ,be probabilmes of 

Rapoport [1949a] has given a f J„.p„,ed these proba 

the various score structures which can anse, computed the 

bilities for = 4 and = 5 In a lut- P^^^J^pbca.ed, however, and 

probablliues for JV =6 The procedure IS quite comp 
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,s-ai not bo presonted here. Landau [1951a] has developed tvhat ^ 
of more use: a “hierarchy index” based on these score structures.] ) Thu 
index, varying from zero to one, shot« the degree 
group characterized by dominance relattons. The expecte \a u 

Mex, under the assumption of equiprobable outcomes of me^rnp. shous 

the expected degree of hierarchization for groups of any size. The index is. 


12 / jV— 1\= 

(.V-l).V(rV+l) 2 j 


(4.26) 


sshere the c, are the numbers which make up the score structure. Its expecte 
value for the assumpuons on page 80 is*{t) 

(4.27) 


£(A) = 


A'-f 1 


An examination of the way this eacpccted \-alue \'arics as A increase 
make it evident that under the assumption of equiprobable outcorntti ® 
hierarchization of a group should become \ cry small as A become large. 
For example, if the group is of size 29, then 




(4.28) 


that is, the expected hierarchization is near zero, far from a complete 
hierarchy. On the other hand, for quite small groups, structures near the 
complete hierarchy arc more likely. For A' = 4, 


£(A) = 


3 

4T1 


= . 6 . 


(4 29) 


These expected \aluc5 may be quite useful as standards by ^^h^ch to 
compare actual groups. Suppose, for example, that among a number of 
actual groups of difTercnt sizes, in s^hich the dominance relation exists, the 
score structures gi\c hierarchy indices near to the expected values. This 


( ) An alicnuu> e hierarchy index a presented in Appendix 4 1 Thu index o 
on th^ duord-T of a gi%-cn structunr (wlu.-i, „ least >^hen all peivra are equal and greatot 
'* /♦. 7* u poesTble hierarchy) The index u logicall> reUted to Landau s 

expeaed value of A m the general case, >*hen 
^babilum of 1 dotiunating^ in m encounter {p,,) are not equal to 1/2 for all i ard j He 
p>ei as well an equation for the variance of A 
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would be evidence that the assumption of cquiprobable outcome is \ alid in 
these groups On the other hand, \alues of A which were consistently above 
the expected values would be evidence that some factor was operating to 
make certain persons more likely towm in encounters 

Landau notes that flocks of about ten hens have generally been found to 
have score structures near to a complete hierarchy This indicates that the 
assumption of equiprobable outcomes is (ar from valid with these hens, and 
suggests that some attributes of the individual hem account for the out 


comes 

Landau [1951a] shows some of the characteristics of the dominance 
structure if the outcomes are assumed to be dependent on a set of uncor 
related attributes or ‘abilities’ of the group members Thatis, aninduidual 
whose “abilities” are greater than those of another will win in an encounter 
™th that other Landau thotvs several results, such as the expected values 
o!h under dtlTerent assumphous about the number of diBiteut abauies an 
the d,stnbut.on of these ab.hl.es m the group 

ts tht. tf these abthue, are uucorrelated (or even tf the TuZ 

but not very htgh) and tf the outcomes of encounters ■' 7 "^" J," 

them, then the dommance stntetures wh.ch won d 

chized than those actually found among flocks of hem - 

empmcal results wh.eh have been found ^ h> 

explained by reference to two or more attributes 0 

which they could wm encounters Other mentioned shortly 

introduced to account for such hierarchixa.ion 

when mechanisms of change for these a mechanism of 

Until this point, the work discussed has 
change, the structure is regarded “ if upon a second 

initial meetings of each two indivi --aP These authors have 

meeting there is a certain “““'"P"''” 

treated this question by use of several altema 

be examined below \farkov process, (*) that is, 

Rapoport sets up the process ( is dependent onthestatcal 

a stochastic process in which the state a iptfieprobabiliq ofbeing 

time 1 - 1 , but on no state previnm « , he probabil.q 

in state 1 at time ( is «P'“'"" ' enled b) the vector. 


over all the possible states can be repres ^^pcndwnly Af 

^ Markovwr. theory and 

(•) He docs not make reference to ^ ^ »re »ppt>cat^ 

basic theorems he needs and other dedu 
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m 

s(0= 

.MOJ 

■where there are k possible states. In general, after an encounter, the ^oup 
may go from dominance structure i at time t toj at time / » an ^ 
probability that i vdW go toj may be given hy s,j. The matrix of 
or “transition probabilities” is the operator which carries S{t) to . 
That is, 

S.(( a- 1) = 5,(1) Uji + ^t(<) Un -h • • • + 

5,(1 + 1) = 5,(1) e., + 5,(1) e„ -f . . . -f 5,(1) 0,2 


5,(1 -f 1) = 5,(1) o„ + 5,(1) 022 -r • • ■ 

or in the shorthand matrix notation: 


■ “SiCO ou 


(4.30b) 


(4.31) 


where 

ftfu ♦ • 

• v 


A= 



Ui* 

.. au 


Rapoport shows that in such a situation as he has postulated(*) there is a 
limiting distribution which is independent of the initial distribution- That 
is, after a length of time, an equilibrium state is reached, in which the 
probability of each dominance structure remains the same from that timeoo. 

The fact that the distribution does not change ov’cr time once it has 
reached equilibrium may be used to find the equilibrium distribution. 
That is, 

5(oo)=,l'5(tx:) 


where 5‘(oc) b the equilibrium dbtributlon over the possible structures. 
Using ihb, it b possible to solve for the componenU of in terms of the 
elements of A. For example, in the three-man group it turns out that, b> 
using equation (4.32): 

k 

(•) More p-ccaely, the fainawm on A are a) ^ a,j — I bv definiuon of fio 

^b) »r^ » 0. then for Kenc sequence of ay which cma state i to state j mdircctl), ibc 
proeact cf tha lequence u not aero 
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In thn cast, as m any othar. tha .rans..,<.n probab.I.nas, c ara no, fc 
alamants with wb.ah ona bag.ns .n davalopng .ha modal P° 

a„„caanpaobab.b,.asora„aonn.aaa„d^^^^^ 

another, given an encounter, while the P narucular 

b.l..,as of sb.ft from ona donunanca stmCura .o 

sb.r, may rasul, from a nnmbar " “oT^a, .n 

transition probabilities is not exp >1“ problem, 

far, ba ra.har ddbcult to be talas lha a/s as S.'-rn 

excapt m tha one example be tta g jiata, that u, 

and deals only with tha problem of find, g fi 
5(00) However, ha treats ona /J^/rcomas oV anaounta. 

computes the a/s from tha postulates concam.ng 

This ts presented below , „babla outaomas (postulates on page 

In the previous example of equip 
9t) suppose the second assumption ts 

r,„ tha first batuaan each pa.r. the proba- 

2t On subsequent encounters af , jj„,orthepreMOus dominance 

bihtyofcach man winning 1 ! 5, mo pa 

status of tha two . 

Gisen this assumption, and gi 
3 person group 


_ ,,2 a„ =■ 5/fi ■' 

.ben I. IS easilyshown ■"^-"^rl^rs'.'ma.ura’d) .= ' ‘’IS 

Tha, IS. the from struature (2) to „„„.ar 

encounter in stm^u ( I protoM If „„„„,aM 

(each occurring wimp 



[ 102 ] 


Thi MathmaUcal Study of Small Croups 


if the relation is reversed Thus flji = 
probabilities together with the equations 
derived (equation (4 23) and (4 24)), it is 
distnbution, that is, 5(oo) 


1/2 = 1/6 Using the transition 
for Si(oo) which Rapoport has 
possible to find the equilibrium 


5i(oo) = 


1/6 


1 — a, I -f«ii I — 1/2 + 1/6 


= 1/4 


52(oc) = 1 — 1/4 = 3/4 
5 (30) =(1/4, 3/4) 


(4 35) 

(4 36) 
(4 37) 


The equilibrium distribution turns out here to be the same as the 
distribution (see page 96) This results from the nature of assumption (2 ) 
above If this assumption had been somewhat different, then the equi i 
brium distnbution would have differed from the initial distribution But 
what kind of changes m assumption (2*) would produce a change m the 
equilibrium distribution and what kind of changes would they produce 
This IS a question asked by Landau m a paper [1951b) m which he investi- 
gates the effects of certain “social factors ” The social factors are two a 
“social lag,” so that there is a bias against the reversal of an already estab- 
lished dominance relation, and dominance status itself, which acts so that 
a person who dominates many others will be likely to win in an encounter 
with someone who dominates few others 


The Effect of Social Lag. One reasonable variation to make in the assump 
tion of equiprobable outcomes is this ifa dominance relation exists between 
I and j, then a meeting between the two will tend not to result m a reversal 
More precisely if/>j^(0) is the probability that i will dominate j at time 0, 
then if It actually comes to be the case thatj dominates i at time 0, />y (1) ^ 
(^ (where 0<e<l) That is, there is a certain bias, e, against 

reversal of the pre existing dominance relation 

Landau shows an important result for this situation, one which is not 
a pnon evident The existence of a bias, z, and the amount of this bias 
make no difference m the equilibrium distribution (*) The larger the bias, 
the longer it will take to reach this equilibrium distribution, but the result- 
ing distribution is independent of whether there is or is not a “social lag’ 
bias, c 

.n enough, ihe movement low ard equilibnum would be 

w slow ihal an apparent cquUibnum might ex»t 
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This result makes it clear that no such assumption of social lag wiiuld 
change the ultimate hicrarchizaUon of the group; the nearlj complete 
hierarchies found among flocks of hens cannot be accounted for in this v*a). 
The one factor which such a bias can account for is added stabilii) to the 
system, with fewer changes in structure than would be found others'.ije 


The Effect of Previous Dominance Status. Suppose a somewhat dif* 
ferent assumption is made: that tho likelihood of rescrsal dependi upon ihr 
difTercnce in dominance scores, that is the r, uhich go to make up the leoic 
structure (e„ Landau makes the follniiing assumpuou- 

Pr[idom j| encounter] I [> +‘“h—‘'i)l 


^svhcrc 0 < ei S " — jj- 


Tht, assumption ,s equivalent to sajing that the ,n omm^ 

scores I e.- r, | nugmenu by some amount (dependent 
bil.ty that the person with the larga ^,5!, .cnies 

counter. This amounu to a linear bias m ,, gq 

As might be expected, such a bias in favor 
score, result, in a tendency for hierarehteal structures ,0 result 

I the expected value of* » Cl' 

such a bias is at its maximum %'aiuci I' 

V • V _ V r - 3 and a 

from its maximum except for xro-small ^ 

bias,lhenE(*) = libutforA --y • „ili hich 

Tills means that this nssumplion of bias m fain 

as a linear function of the distance lietween sc _ ^ App^'rd 

for the almoit complete hierarchies fonnd ‘"""f hub earhr"’" 

othcri^pcsofsituations.suchasconiinuingr asiumptmn mcht nofc 

meets each other person o\cr niuld be apph*^ 

nearly correspond to the daw I" f"'*^** * “ prniou* 

discussion situations such as were consi apph«hle lhr*r 

the linear bias in fasor of high scores m j 
silualions, each par.ieipa.inn ‘ r 

could be constructed as an encoun . i,. a reasonaWf . 

Such an interpretation might or irngh* " ^ ^ 

mathematical assumption In an> ^roup 

it suggests one possible stocliasiic process 
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a situation tvhich certainly scents amenable to treatment by stochastic 

In a final attempt to set up assumpuons which can lead to a 
hierarchv, Landau suggests the followings any encounter between .ndtwd^ 
ah whose scores {r, and r,) differ by more than one tell always result 
victory for the indhidual with the higher scores. That is, there can c rev 
saU only in favor of individuals with higher scores except in meetmp - 
tween persons whose scores are adjacent. For example, in a group wn ^ 
score structure (4, 3, 3, 2, 2, 1), a meeting between individual 1 (with r, - 1 
and individual 4, 5, or 6 (with v, = 2,2, or 1) would result in mdividual 
winning Viith certainty. This would lead to Tj = 5 if indmdual 1 ha « 
dominated before by the person he met, to c, = 4 if he had not. t cou 
nc\'er reduce his score. Only persons with adjacent scores (4 and 3, 3 an t 
or 2 and 1) could exchange scores in the encounter, and it is obsaous t 
this should leave the score structure just as it was. Therefore, the only direc 
tion the score structure can change over time is toward a hierarch). It is 
cs’ident that over a long period of time a complete hierarchy 'rill resu U 
This does not mean, howcs'cr, that indiriduals cannot “work their ""a) up 
(or down)" in the structure, though the score structure itself remains sta ^ ^ 
Since there can be res'crsals between persons with adjacent scores, indivi 
duals may shift in single steps to quite different positions, es'cn after a com 
plete hierarchy is esiablbhed. 


Tnrthcr Work on Dominance Structures. Besides setting up models 
which lead to certain dominance structures, as Rapoport and Landau ha'*® 
done, x’arious authors have obtained sc\-cral additional results 's’hich ha'C 
relevance for these models. In particular, there arc three theorems about 
these structures which may be of aid in further work with these models. 

Landau has shown [1953] that the group member w’ith the largest 
dominance score (i. e., the member who dominates most others) dominates 
ever)’ other person in the group either directly or through an intermediate 
person. More precisely: 

If r, U the largest score obtained by any member, then for any member 
J (“ i), cither i dominalcsj or there b a member k such that t dominates k 
and k dominates 

Tlib b a rather surprising theorem, since it holds not only in the com 
plete hierarch) (where, in fact, the member w iih the largest score dominates 

r JiV ih- other theomrn wjll not be included here The> ci»r ^ 

tn i..e ormn*J papen in which the theorexm ire presented. 
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everyone directly), but for all structures, even the most egalitarian It means 
that, whatever the structure, the uppennost man is no more than one step 
remos ed from a direct domination of every other man This is not to say , of 
course, that the uppermost man is not dominated by some others, but 
rather that, if he is, he also “dominates” them through an intermediary 
There arc no direct and obvious consequences from this theorem for models 
of dominance structures, but it is such theorems as this which bit by bit 


allow one to know more about the properties of these structurB 

A second theorem proved by Landau [1953] gives the that a 

set of JV numbers be a score structure Landau shows that a se o 

negative integers (.., n, . »v--l) ^ 

individuals if and only if the following conditions are met 




Mi^fori=l, 

J)/2 dominance 

The first condition is obvious, since t he score struc- 

relations within a group, and “ 

ture, the sum of scores must be '' of Ihe scores of any 

Essentially, the second condition s jim Foresample,thcfol- 

t members of the group is at least '9” *' of A'membeis even 

lowing set of numbers is not a 5 _ ^ 2, 2, 1, 0) The tat fou 

though the scores sum to , i w — e This means, for evamp e, l a 

», (2, 2, 1, 0) add to 5.vvhiIe4(4-')^^;;®„^,„„ „r„gh. membem such 
It IS impossible to construct a oini . ^ 5 9 , 2, I. 0) 1 1 to 

that the members have the scor« 6. ^ „ p<^.blc to 

Although the proof for .hu Among any * 

seemtui.ivelyvvhy.hn^,..o^^^^^^^ 

fo:„?a:"rnheLiofo.onha-^^^^^ 

else they dominate or are ° „f ,„rocmbcis over oneano^^^ 

have this number of domina condition must belwcen 

for every possible subgroup, ‘^„„ber of relation, which 

scores must be at least equal to tn 

these members alone 
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A th^d theorem, proved b> Davos [1954], .s one vvhtch ^oth 
maucall) difficult and rather important for these inodels 
provides a wa^ of finding the number of distmgunhable dominance stru 
tures for a group of size ^ Thu number u 2 for a 3-person group and 4 for 
a 4-pcison group, as the examples presented earlier indicate But or rg 
groups the number increases rap.dlj, and it is this increase which mafa 
difficult the treatment of dominance structures for more than a ew me 
bers For example, a group of size 8 has 6880 dominance 
means the matnx of transition probabilities must base 6880 rows an 
columns . , 

The actual theorem \shich gives the means of computing exacU> 
number of structure for a group of size A is quite complicated, and wi not 
be given here The procedure is based on finding the number of perrouta 
tions of A integers and counting the number of cycles of various lengt s in 
each permutation The procedure would be difficult for large A, hut or 
up to around 15, it would not be too tedious 

An approximation for the number of disunguishable structures is 

rtCA) 

^ ^ A^'(^'— 3)'3 

(where A = A"(A'— 1) (A^* — 5A + 8)) 
v\here st (A ) is the number of distinguishable structures in a group of size A 


Leexnan’6 Sociometric Choice ModeL Calvnn P I-ceman [1952] has 
dev eloped a d^Tiamic model ofsociometnc choice and contact, which largclj 
follows Rapoport’s approach, but which is based on interpersonal choice 
rather than dominance relations Lecman followed his development of this 
model WTth an experiment in which he tested the postulates of the model 
Because such testing of a model has been done only infrequently among the 
men who have developed the models discussed here, it wall be fruitful to 
examine this experiment and its relation to Leeman’s model after presenting 
the model itself 

Lecman s situation is a rather simple one he postulates that a group 
people malce random choices among one another, then meet each other lU 
pairs at intervals of time, and revise iheir choices on the basis of these meet 
mgs The\ continue meeting and revise ihcir choices indefinitely Ionian 
asks Such quesiiom as \Nhat will b^ ihe cquihbnum structure to emerge 
arid, what will be the probability of changing from one structure to 
anofficT^ 
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Formally, the postulates are 

(A) The initial choices of the JV persons are random „ p,.,, „ 

(B) Encounters occur between pairs of persons and only pairs Each 
counter involves only one pair of persons 

(C) All encounters are equally likely (Any tsio persons are just as hkcl) 
meet in an encounter as any other turn persons ) 

(D) An encounter has either outcome 1 or ^ 2 Hy 

in the encounter, and for each outcome, is 

likely (He notes here that one intej etation of 

being impressed rr ‘’'“S ^counter in which he has 

pthcipTed depends only on that encounter, as follows 

^IftLencounter has outcome, for the person, he Choose, the other 

participant in the encounter fc, 

(b) Ifthecncountcrhasoutcomek P 

him are equally likely 

These postulates gise rise to a h arw ,„„„ion 

structures preceding any ' distribution oier states iiheneser a 

matrix operates upon the probabil P ^ three man group a, 

contact IS made Leeman unictures (or states a. v. 

follosys He shows *'7;:::;°^ in the hfat^os process, of the 
shall call them, smcc they rep 
group (•) _ 

\ 

(2 1.0) 

C’ mber ofclioices received 

Thenumher,he.osvthe2P-r:n:h:;u"der.ea^^^^^^^^^^^^ 

,y each member It (>) ^‘’^“^h^shU that under 

andom choice (P““' ^ independent of the 

ind state (2) a P-^„.„me of an „) ,n Ce 

he assumption that th w 

Ihrce-penon dommaoec t"P^i nc.EeW -here 

^wtel Nesertbelem “"‘‘'T/.e.ee « ■>«" Sdm. » ■ t”’"'- ^ ‘ 
of ihrre two 

,„qhen.eihod.td^;^„„.„v«i.-» 
ihc probabilities of 
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prevom .tate. and depends on the outcome of the encounter as tndteated m 
postulates D and E, the matrix of transition probahties is 




3/16 


13/16 1 
13/16 J 


(4 42) 


That IS, the probability of going from state (1) to state (2), pu, ^ 

(upper right), the probability of going from state (1) back to state { ), Pin 
IS 3/16 (upper left), and so on As postulate E indicates and this ma 
shoMs explicitly, the probability of going to either state is independen o 
whichever state existed prenously, being 3/16 in going to state ( ) an 
13/16 in going to state (2) 

This mfonnation about the transition probabilities, together wi 
previous informauon about the initial probability distribution over 
allows calculation of the prohabiliues of being in state (1) and state (2) at 
any future tune The matrix of transition probabilities is simply apphe as 
an operator upon the state probabilities to show the results of an en 
counter The number of applications of this operator corresponds to t e 
number of encounters 

In a sbghtly different fashion, the equihbnum probability distnbution 

o\ cr states can be calculated If.f|(t)and5i(f) arc the probabilities, respec 
tively, that the group is in state (I) and state (2) after the 1*^ encounter 
then the transition matrix carries the group from one state to another as 

[S, (1 - 1), (( - = K (0. (')] 


follows 


By using this recursion equation the eqihbnum distribution, that is, 

be found by substituting 5',(oo) for both 5',(/) and iS‘,(< • U 
equation (4 43), since by definition the probability distribution over states is 
constant at equilibrium. It turns out that (5i(oo), ^^(oo)) = (3/16, 13/16) 
In fact, (3/16, 13/16) is the probability distribution over states for any tunc 
after the first encounter 

It IS not necessary in this three person case to go through these computa 
tions since /i j and arc actually the state probabilities as ivell as the 
transition probabiliUes But the above directions indicate how one would 
go about determining (Sj(0, , 5*^ (I)) and (5i(oc), , Si>, (oo)) 

when IS larger than three is the number of possible states for a group 

of size A ) Lccman calculates 5;(0), ‘S'^l), S (2), and S (oc) for four person 
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groups, where there are si"? possible states These calculations show that 
after the second encounter the distribuUon is very near S (oc), that is, they 
show that the group rapidly reaches its equilibrium state 

Lccman computes one other set of properties for the three person model 
the mean and variance of the recurrence time for each of the tv.o states, 
that IS, the time it takes to get from state (1) back to state (1) The usefulness 
of these calculations, and tn fact of any added deductions which can he 
made from the postulates, is in comparing the model with e.perimental 
resulu It may be that certain deductions from the model fit with the 
experimental results, while other, do no. If only the former deduciom 
are used, then the model might be considered to fit the evperimen when in 
fact tt does no, Leeman's experimental results provide a good illustrauon 
of this, as will he indieited shortly 

The basic model as exposited abosc is veiy p 

plicated It, n a later section of his paper as follows 

[oHeehangespostulateC.^^^^^ 

™ou7“heptohabih.,ofcon^^^^^^^^^ 

mutual choice relationship is 1/3 + 5. “"I 

pairs (0 g S S 2/3) orobabihty of outcome 1 (that is, 

(2) Postulate E l, "''■’"f ^ ^ „r th^ncounler) is greater than 5 if 

definitely choosing the p relationship, say 5 — s 

the t\so persons arc m a 

(0 g e S 5) for they allow 

These changes protude a m ^ greater likelihood of choice 

both greater contact between nen ^ encounter Leeman 

upon an encounter, if the pure chance model can e 

presumably ‘ actual behavior (•) 

modified to fit more closely to 

An experiment was carried out 

Leeman’s Three-person ExP^ ,hu model (the simple pure 

with the following mentioned above) is based on a 


,tfd for thB gei 


chance model, not the gem 

Ji(0 = 
a simply 1 — 


rncrahred model They are 


where ^ 5 |2 


C* Sc e5* 


S^(J) of course 
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of five postulates. A through E on page 107 The «penmental s.tua .on 
“ so constructed as to fulfill postulates A, B, and C Thus. 8- - 
B, and C are fulfilled, a compar^on of the exper.mental resu h 
ntodels deducfions wdl test svhelher or not postulates D ^ are 
filled This general procedure ts ordmarrly the way an experiment ts dev. eo 
Ttest a model Certain social and psychological postulate make upjfe 
model, and the experimental conditions are set up to fulfill som 
(usually the social ones), while others (usually the psychological ones) 
tested by the experiment’s results 

The details of the experiment arc not important here It is su ci 
say that there were three persons who met as pairs m accordance svit 
postulates A.B. C, and after each meeting each member of the pair w o me 
made a new choice There were 112 sequential choice patterns, an 
results •were as follows (•) 


State I occurred 21 times 
State 2 occurred 91 times 

State 1 followed State 2, 9 times out of a possible 89 

State 2 followed State I, 6 times out of a possible 19 

The estimates, therefore, of 5t(oo) and Si[oc) (or of 5i(0 and 
they equal 5i(oc) and S 2 {oo)) are 

5i(oo) = 21/112 = 3/16 
5j(oo) = 91/112 = 13/16 

The cxpenraental results agree perfectly with the model’s prediction svith 
respect to Si and However, the expcnmcntal results give as the estimate 
of the transition matrix 

r 13/19 6/19 1 (4 46) 

^ [ 9/89 80/89 J 

s%hich is not near the deduced matrix given m equation (4 42) Comparing 
these tViOmatrices shosss clearly that there was more stability in the choices 
than the model predicts That is, there is a considerable tendency to maintain 
the same choices that existed before the meeting, as the size of the diagonals 
indicates Lccman suggests that this indicates that the transition probabih 

(•) 89 and 19 add up to only 108 tnak while ihe actual number of trials was 1 12 
IS because the experiment was conducted m four sess ons of 28 meetings each and the las 
meeting m each session was considered a terminal meeting with no transition to the nc* 
session 
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lies should depend upon pre%'ious choices, rather than simply on the state 
existing before the encounter. It docs appear this way at first glance, be- 
cauje of the strong tendency not to change which is in evidence. Such an 
elaboration would make the model somewhat difficult mathematirally, and 
Lceman does not attempt to construct such a model which will lit his 

'"if one lakes another tack, however, It appears that a rather simple 
model may account better for the data. Rather than postulate that an 
individual has a certain probability of uiuJmf a particular 5-- “ 

encounter, it seems reasonable to .mstulate that he has a p'« 

ofrliuejmi his choice from what it was before the a 

postuhmes a different psychological mechanism: 

sumed to have his chome fully de^ndMon^^eenco^^^ ^ 

tendency to choose the person he whoever it was before to 

rh^rV-omS °f tTrSihVoUhange of I ffi is assumed, then the 
predicted transition matrix can be shown to e. 

( 4 . 47 ) 


■ .69 
.11 


31 ■ 
.89 


The experimental estimate 


13/19 

9/89 


25/36 11/36 1 ^ 

1/9 8/9 ] 

of the transition matrix is, as before: 


6/9 1 = 




.68 

.10 


.32 ■ 
.90 


( 4 . 46 ) 


Thus, such a mechanism as the P;” XeuTh » 

close to the one found in the expenm ,„,ll,,o«p.,MlTopn>”'"'" 

..llnestemiveespenm-w,^-" 

found that the lo.umption which „ble buu f" Thsl u. inil'*'' 

between al.cmslive f T iL "" 

pencvcrance aMuroplion (perw . n,e«agei to the » B 

duals had a tendency simply to * of choice f»),5, (®)) ■= (-^i 0)- 

^Ttr^ic'cnmhb™™ “”r ? 

would li. Ihce d... belter ■> hn. » he gt».et th" 

interaction partner if one has 
of change toward him. 
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theorizing, but it does suggest that this alternative mechanism one in 
which the probabilities are probabilities of change of ^ 

simply probabilities of choice, may be more nearly correct than the omer 
Suc^a use of experiments, to rerise one’s prior notiom about how p^plc 
behave, seems at least as important as what is often their p Vf * 
vmfy what one already hypothesizes to be true. Another procedure wh ch 
it seems should be standard practice in carrying out experiments, an 
would have benefited the development of Lceman’s model, is the ^ e 
of detailed data which can test directly some of the assumptions, o 
example, if Leeraan had tabulated the choices made after each encoun er, 
determining whether they were made to the encounter partner or no , 
would have had 224 observations hy which to test directly his 
and E. Tor if the postulates are true, then about .75 of the 224 c oic« 
should have been made toward the encounter partner, .25 of them J®" 
the third man. By testing this, postulates D and E arc directly testab c, ^ 
raising a question as to why the superstructure of deductions js necessaty 
all. For it is only postulates D and E which are tested by the deductions. 
A, B, C, are predetermined by experimental conditions. If the postu 
under investigation are directly testable, then why bother to add the ot cr 
postulates and construct a complicated model which provides only an 


oblique test anyhow? 

Not only could these postulates be directly tested, but by examining the 
patterning of the choices with an open mind about how these choices 
made, it might be possible to decide on just what basis the choices are ma c, 
and let this knowledge direct one to the use of a particular stochastic 
mechanism. The lack of such examination in this and other models suggests 
what one often suspects in examirung mathematical models. Many model 
builders seem less concerned vrith the behavioral problems themselves (that 
is, the problem of what is an adequate mathematical representation for a 
given psychological or social phenomenon) than in the construction of ^ 
model for the model’s sake alone. There b a certain fascination in postulat- 
ing a mathematical model and deducing consequences from it, a fascination 
akin to the delight one feels on constructing a mechanical toy with moring 
parts. Model-builders often seem captivated by that fascination, forgetting 
that their major problem b explaining why people or aggregates of people 
behave as they do. 

Probably few of us who have worked in thb field are guiltless in thb 
resect. Besides the fascination which a well-constructed model offers, 
which may dbtract us from the behavioral problems, there b the question 
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of just how the model will be of aid if it does adequately represent a be 
havioml phenomenon Social science is at the suge at svhieh it does not quite 
know how mathematical models will help even if they are successful in 
mirroring behav lor As a result there are seldom any great motivations to 
ward making them do so Until we see more clearly some of the uses to 
which successful behavioral models will be put we are likely to continue as 

at present I" HI somesuggestionsahouttheusmofbehavio^ 

be made, on the basis of the examinations made here in II, but by 

”Th®rth\"«mmonh?rminati„nofLeeman.n.odelItismuchIike 

the model, of status hierarchies, but it <>- j"” 
those did not a) it indicates how ^ ' bTconstructcd, b) it mdi 

tion, m contrast to the dominance re a i , experiment is 

cates the relation between model and experiment, where exp 

designed to test the model can hardly be used m 

^is model, like those of Rapoport and „ „„ 

conjunction \Mth actual groups, ^hich may serve at standards 
hke some of thestatie models presented 
of measurement for certain properties of a group 

Appendix 41, „„v,v index for characterizing the 

Landau has developed a useful w slructure The index 

hierarchization of a group as a person dominates relative y 

differentiates between groups in vv dominate many, w i e 

equal numbers of others and groups presented an alternative m ex 

others dominate few In this ^ , p„i,ble use of information 

Illustrating again (asm Appendix 3 I, P 65) 

theory in such problems as these measurements o 

Measurements of information a g ultem 

order or • uncertainty m n ” ™ppp„rs when each 

tives takes place Maximum one alternative u scleele 

seleetedequallyoftenmimmnmnneermmty 

to the exclusion of all ot ers j ^ group, say m >vi 

Now let us think -f ^enSe ^^“.shmem 

are ^people m the group . has an ' „,„fselee- 

nance structure m the mean beconsideredanactj^^^^^^ 

theX-1 others Each oft “ mg die mimi”"' 

t, on,"in which there are woat.^_^__^_,^„,,„PP„ceming 

pant in the encounter 1 
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of any single one of these eneounters is obviously least when individual i 
eitheJwins all or loses all. In either case, knowledge of one ““I™"’' 
tell knowledge of all the other .V-2 outcomes as well. On the J 

uncertainty about any given outcome is maximum when the -nd vidua 
wins half his encounters. In such a case, knowledge about any sing e 
come tells very little about the other outcomes. 

If we consider individual f as one alternative in a “selection procM 
which is repeated JV-1 times and all the others as a second alternative, the 
measure of uncertainty about the outcomes is: 

H, = p, In p, — (1— p,) in (1— p.) ^ 

vfhere /), = proportion of wins by individual * in the jV — 1 encounters and 


1 — p^ = proportion of losses by individual i in the N — 1 encounters. 

In this way, the uncertainty of outcomes for each of the N individuals in 
the group can bo computed. This will give K H,’s, each of which ^ 
value dependent upon the number of wins of individual i (/ = 1 » 2, • » • » 
Ifagroup of size three has a score structure (1, 1, 1), this means that eac 
individual has won one of the two encounters in which he has engag® 
The H*i would thus be 

H, = Hs=//j i Ini— } In^ = — Inf 


If, on the other hand, the score structure b (2,1,0), then 
//i = — lln 1 — 0 In 0 = 0 

In • In^ =-ln * 

^2 = — 0 In 0 — I In 1 =0, (4.52) 


The uncertainty or disorder in the system as a whole would seem to be 
simply the sum of these H’s. However, each encounter b counted twice 
once for each of the two persons playing a part in it. Thus the uncertaint) 
measure for the system as a whole b 
n 


or 


H= 


1-1 


(4.53) 


^ = Ain A- 

■ -1 


(4.54) 
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This, then, is the alternative ‘hierarchy index which mformatioii 
theory suggests It has its maximum when the score structure exhibits per 
feet equality (i f , maximum uncertainty), and its minimum when the 
score structure exhibits a perfect hierarchy (. r , minimum uncertainty) It 
thus varies inversely with the degree of hierarchization, for heurmic aid 
the inverse of H, or alternatively, might be a more desirable 
index Both of these would be maximum for the perfect hietarchy, minimum 

TluslrmuirL H looks like the usual equation for a measure of the 
disorder of a system f 

that the structure of this selection p _ , of this 

selection IS directly from ^ a tema i 

difference .s that the A’s m this formula do net sum 

situation,rathertheysumto f ThismeansthatforX > ..hemmimum 

disorder (perfect hierarchy) ^ t^'jrs'pmonfroup given 

that, increasing as increases In , ^ _ ]„ [, rather than 

above, where the perfect ^ ' larger than two, some 

aero The reason for this is simp y h „p and 

person, must both win and Ime, only two p 

bottom man) can win or ' correspond to the kind of index 

This increase of /Cn with ' ,^at m a perfect hierar 


This increase of //„„ true that m a perfect hierar 

one might want, as (persons who have lost some 

chy, the number of ,ta, .here are many more toir of 

and won some '"“"'’“‘’\'"h^ecarchired group than m a sma one 

position in a large ^bjccuve difference into one s index, 

might be desirable to incorporate tni 

or It might not be a ced to illustrate again the kind of uses to 

This simple example u ean be put C) In stme J 

which measure, of ■"^'“'‘1^ 


Information theory pfo 


which have been cxam.ne< 

!:dtrmturfv:hie"rd:rived from explicit as 


problems like those '•''Wh nave ^ „"„‘.b..cd by the struemre (t) 

Ld for measures of the degree o ^ 




(•) li can be snow.* 

Jogically related Landau icndenae* or ^ ' 

,,f „c„un-s to See .to Coleman [ronlie»«‘”«l f 

(,) A ” ,rf.nNehto,->Js.[W“l 


.e„denc.e.orpropemesrf* 


social .truetoteiuepr«» 

ter on Structural Sociology 
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sumpuons about the structure, to the degree that th«e J*" 

accepted as reasonable, the measure c less arbitrary than many of 
hoc indices commonl> used in social research 


5 MODELS OF GROUP ACTIOS 

David Hays and Robert Bush [1954] have developed a model «> <^hame- 
tenze group learning m a situation where the group is repetitive y a 
with a choice between two alternatives The situation is analogom o 
learning situation for individuals, in which one alternative is more likely 
be correct, and as time goes on, the individual becomes more an mo 
likely to choose this more probable alternative For the analogous 
learmng” situation. Hays and Bush develop two alternative models b«ea 
on different assumptions about the influence of individual mem ers 
choices upon the group’s choice (•) 

A quite different kind of model, but also one which attempts to 
for group problem soUing behavior, is dcs eloped b> Irving Lorge an o' 
bert Solomon [1955] Lorge and Solomon use two altcmative models to 
account for the results of a classic experiment which compared the a i 
of groups and individuals to solve eureka»t>’pe problems These results a 
been interpreted to indicate that people performed better on such problems 
when the> were in groups than when alone Lorge and Solomon show a 
simple assumptions can account for the apparently better results of t e 
group writhout postulating any effect due to the group context itself 

These two approaches to model construction are similar m that they 
attempt to account for some single unitary action of the group as a whole 
In the liar's Bush case, the action is choice between two alternatives, m 
the Lorge Solomon case, it is solution of a eureka-type problem The two 
models are not at all alike mathematically, but hav e only this substantive 
similant) Yet in a second way as well they arc similar they each postulate 
altcmative models, and use the cxpcnmental results to select between the 
two alternatives Because of these similarities, the two models will be exa 
mmed in this one section, though neither will be treated exhaustively 

Hay s-Bush Stochastic Model of Group Learning* Bush and hfc^tel 
Icr, among others, have developed stochastic models to account for indivi- 
dual learning behavior [1955] In the simplest situation the subject is faced 

( )V B Ccrvui [19a7] has very recenllydocloped a model for processo ofpemtasK^ 

m groups, using reinforcement theory His n»del appears to be a promising direcuon ot 
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at each trial with the possibility of either of tiso events (such as the flashing 
of a light or its failure to flash) occurring, on the basis of his experience from 
preceding trials, he must choose which of these events svill occur on the 
next trial Ordinarily the experiment is so set up that one event is some- 
what more probable than the other For example, in some experiments, the 
probability of the light's flashing (esent 1) on any trial is 75, and the 

probability of Its not flashing (event 2) IS 25 „ , . . , 

The stochastic learning model of Bush and Mosteller for this situation 
postulates that the occurrence of event 1 on one trial 
probability of choosing event 2 on the next tria bysome — 
non That IS, if,, is the probabilit, of choosing alternative 2 on mal a, then 
when event 1 occurs on trial », 




(5 1) 


Where u, varying between ^ 

reduced A similar equation ho , _ ,-,ai a -p 1 is reduced by the 

the probability o^cho«ing «eml^on^^^^ 

same proportion, o, fromf, I „a„t which 

bihty of choice, if u u zf". 'J"'" A,„ between these two Btremes, 

occurred on the last Inal If “ “ “ „b,c), occurs mfre 

then the subject chooses less and alternatively, p) is 

quently until finally some eqiiilibnum va 

reached describe adequately an individual s 

This model has been ^ obove But what happens when a 

choice behavior in the situation ,o „ake a single choice as 

greup of two, three, or more „ „,„aUy instructed to make 

a group on each trial, just a alternative hypotheses ) 

hu choice’ Hays and Bush su^. fleserte 

the group acts like a single indiv ,he groups 

t Lgle individual s behavior wi^d- independent y ^ 

behavior, and 2) the ,hen these choices are combined by 

have in these ways, 



j-j The himhernalical Studj of Small Grcups 

dtcUion. Th«= two allcrnativo models represent differing hypotheses about 

the way in which the decision was reached. th, Bush- 

in the first model (which they call the “group actor model , tho Both 
Mosteller procedures can be directly used for fittmg the model to he da • 
Twenty-one three-man groups were used in the experiment. «ch tested 
100 trials. From the resulting data, and svith .75 as the probab.hty of occur 
rence of event 1 throughout these 100 trials, two parameters utc “mputeo^ 
p, and a. ■With these two parameters, U is possible to calculate the expe 

probability of choice at each trial. ^ , xr » \Ur 

The voting model requires a modification of the basic Bush-Mw e 
equations. If the probability of choice of altcmativc 1 at trial n is p, or t c 
Bush-Mostellcr model, the group’s choice is as follows: assuming ^ 

the same for all three group members, the probability of group choice^, is 
Pt [all three choosing alternative 1] + Pr [two choosing alternative an 
one choosing alternative. 2], or p* + 3pl (1 — P,)- \Vith this as a starting 
point, the Bush-Mostellcr model can be used to establish equations or 
this voting model, to solve for the two parameters, p, and a, and to n 
the expected probability of choice at any trial. 

The equations by which these results arc found will not be reproduce 
here; they are complicated and not essential for understanding the intent 
of the model and related experimenu. But the graph which shows e 
actual results together with the fit of the two models is shovm below: 



Fig. 5.1* 

(•) At intervals of ten trials arc plotted the proportion of choices of event 1 by twenty 
gre^ for the bloclc of ten trials. The honzonul dashed line u the asymptote for the vouog 
el, and the solid Ime is the asymptote for the group actor model. 
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As the graph suggests, the rcsulte he squarely bet\veen the two models 
Neither model can be rejected by the statistical tests applied by the author, 
and m Tact, each provides about the same goodness of fit to the data 

The results, then, arc inconclusive As the authors point out a test might 
have been possible if the groups had been earned beyond their 100 trials 
According to the group actor model, the groups had already reached their 
asymptote (at 75), while the voting model indicates that they are still some 


trials away from the asymptote 

Because the data he between the group actor model and the voting 
model, the authom consider the possibtlity of some intermediate model 
This opens up a whole range of models, for, as it tnrm 
model IS equivalent to assuming that one person decide, and Ac other two 
members are fully tuBuenced by him. the voting model * 

member acts independently, after which a vote n 

incorporates degree of support w ““"’'‘‘^deh nd a pport 

cxtreL. the authors propose a -"ge of such modeh and PP 

parameter to determine which of the 

Hays and Bush indicate t „orl the interaction 

point for interaction mode , an^ ?heir experiment, indicated that inter- 

should be more rigidly contr for different groups with 

aetton among the group /oTp 

obvious consequences for the rB g g p|,„ at the be 

report that most of the groups ' plan 

ginning of the experiment nature of the inter- 

throughout the experiment bmcc ,(,c leader” is majont) 

action which was under ""““f;""" afn.r. Ihcvcrymaltet, 

rule), such conscious P>a” unplanned relalionships aramg 

which were intended to be the that the 

from the interaction Howe«r, ® ^ completely override the 

rntrdla"^^^^ "“'y" 

■’“parontheueally, it might ^ "t 

model ts upon this decision „udel, buum.»a 

to carry along the excess bagg g ,|,e learning 

focus directly on the deemon proc®^ *e group arom? 

already confirmed "^^^fi^ed n thegroup deemon procB 
model ^vhich remai follow the leader fas * circum 

one really desirB to investigate th 
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stances in which the data test more directly which of these two procedures — 

ifpither — the pcroup uses? , « 

A possible answer to thU question is that the stochastic learning si ua lo 
provides the hind of setting ^«thin which “naturaF’ or “unconscious or 
"fundamental” modes of group decision-making occur. As a conscquc , 
the model will detect in a way that a more direct experiment w-ould not, 
what is the nature of this “fundamental” decision-making process. 

\Vhether or not this is the authors* answer, it is nevertheless true t at a 
clear-cut situation is constructed: two alternative models are deve ope , 
with alternative predictions about the resulting group choice, and wit an 
experiment to differentiate between them. 

One of the authors [Hays, 1956] has extended these initial expenments 
by restricting the interaction among participants so that their only ^ interac 
tion” is in seeing the choice made by the other person; by having cac 
subject, rather than the groups as a unit, make choices; and by posing a 
reward at the end of each trial. However, to date these further experiments 
have not been amenable to a simple mathematical model. Because of t is, 
these further experiments will not be discussed here. However, one interest- 
ing tentative result has been found: in such a situation, pairs of persons in 
interaction de\’elop “patterns" of responses which are peculiar to them as a 
pair but lead lo a high proportion of rewards, because they mutually learn 
to anticipate what the other will do. The pattern is not something 
mined by the reward structure, for it differs from pair to pair. It is a nonn 
which develops as it leads to mutually rewarding outcomes. This result is 
reminiscent in many ways of ShcriTs autokinetic experiments, and it may 
be that the theoretical relationship between the two is a close one. 

This model will be mentioned again in HI, where questions are raised 
regarding the direction in which various work is leading. Any questions 
about the purpose and goals of this model-building will be deferred until 
that point. 


The Torge-Solomoxx Group Problem-solving ^lodel. In 1932, a set of 
experiments were carried out in which groups and individuals were com- 
pared with respect to their ability to solve certain mental puzzles (Shaw, 
[1932]). The results, which have generally tended to be confirmed through- 
out the two decades since Shaw’s time (Taylor and Faust [1952]), showed 
fairly conclusively that groups performed better than individuals. Though 
one recent experiment (Moore and Anderson [1954]) has shown groups 
and individuals to be alike in their ability to solve certain problems 
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(Mcept that groups showed a lower sarmbihty in successful performance) 
the earlier result of Shaw has been generally accepted The better perfor- 
mance of the group has been attributed to the effect of group interaction 
both by Shaw and by later writers Lorge and Solomon accept the results 
but raise a question of interpretation is « really necessary to postulate that 
group interaction — or any other unanalyzcd “group effect — causes the 
differences Ibund^ Might not the results be explained simply by the 
added number of individuals available in the group, so that without any 
interaction at all and assuming the average level of ability was the same, 
the groups would show better performance? Or if this explanation docs not 
sufBce, suggest Lorge and Solomon, perhaps a slightly more complex one 
will the solution proceeds in stages, and there is no “interaction effect” or 
any other group effect within each stage, however, if one member solves 
one stage of the problem, then the group is freed to work on the second 
stage Thus m the extreme case, suppose thero were two kinds of individuals 
those who could solve the first stage of a problem but not the second , and 
those who could solve the second, but not the first Then no individuals 


could solve the problem alone, but any group with at least one person of 
each kind m it could solve the problem 

With this as their genera! onentation, Lorge and Solomon reanalyze 
Shaw’s data, using first the single stage model, then a multi-stage model 
assuming all individuals to be alike, and finally a two stage model assuming 
complementarity of ability among group members The problems Shaw 
used m her experiment arc classic problems of transport, such as the pro- 
blctn of how three jealous husbands and their w ivcs can all be transported 
across the river in a boat which will carry only three at a time, with only 
husbands doing the rowing, and no woman allowed m the presence of 
another man unless her husband is also present Three individuals out of 
twenty-one solved this problem, while three (four membered) groups out 
of five solved it Thus on the surface, the groups are far better than indivi- 
duals, since only 3/21, or 14%, of individuals solved the problem, and 3/5, 


or 60%, of groups solved It 

But perhaps the data can be viewed a little differently Suppose each 
individual has a probability F, of solving the problem Then, snppMing no 
interaction at all, the group probabthty ofsolv.ng the pmblem n as folloiet 


^ f group of k members 
1 solve problem 


} = ._f.r[ 


f no member solves I 
[ problem f 

[ member I p fn 

[Ifailj / ^ 1* 
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(5 3) 
(5 3a) 
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_ 1 _ (1 — p,) (1 — P/) (1 — ^/) 


The best estimate of P, from the data on individual performance is 14 
since 14% of the individuals solved the problem Substituting this value 
equation (5 3a), 


[ group of four j 

Pr I members soKes f ^ 

[ problem ) 

= 46 


(5 4) 

(5 4a) 


This \alue of 46 compares with the actual lvalue for groups of 60 us 
the simple one stage model does not fit, nevertheless, the use of this simp e 
model shows that groups and individuals arc much more alike than the ravs- 
data indicated Or, to put it differently, a great deal of the apparent supc 
nont) of groups ( 60 compared to 14) can be accounted for simpl> by t c 
individual abilities, without postulating any sort of effect of group member- 
ship 

A more complicated model supposes that there are multiple stages o 
the solution of the problem, and that an individual or group may falter at 
any stage m the solution In this case, the fact that people are m a group 
allows one person to build upon another’s work, without himself solving the 
first stage, he can contnbute to the solution b> beginning with the solution 
to the first stage and going on to solve the later stages 

With this assumption, the relation between group and indmdual proba 
bihties of solution is found as follows 


Pl = P, P; , , P,^ 

where Pj^ is the individual’s probability of solution of stage i, and s is the 
number of stages Then 

^” 0 = [1 - (1 - P ,)*] [1 — (1 — P /.)*]. . [1 — (1 — 

where Pq is the probability of group solution An analysis of this equation 
shows, as did equation (5 3), that simply on logical grounds alone, w^lh no 
psychological differences at all due to group membership, the group 
more likely solve the problem than will the mdivndual, if the problem is of 
this multi stage form And an examination of equation (5 6) w ould show that 
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model, just as it was not possible to test the previous multi-stage model. The 
logic of this model remains clear, however, and it is similar to that under- 
lying the previous multi-stage model: The group may perform better 
because its members can build on one another’s work, sometimes having 
complementary skills. The lone individual, in contrast, is kept from solution 
if he lacks the ability to solve any single stage of the problem. 

This model will not be developed in full here; the above comments 
should suffice to indicate its intent. Further remarks concerning Lorge and 
Solomon’s models will be made in III. 



CONCLUSION 


6 SUMSfARY AND EVALUATION 

Introduction Probably ihc most remarkable fact about these approaches 
to mathematjca} social science is their wide ditmity What is clearly evident 
IS that thevariousmodel buildershavc begun svithquitcdifTercntpurposesm 
mind \VhiIe this is ob\ lous upon examinauon of these models, it u a fact 
■whicb IS often not recognised We often forget that mathematical models 
are used for diverse purposes and cannot at all be judged from a single 
point of view Stephan, developing a generalization about relative participa- 
tion rates on the basis of quantitative data, certainly has a di/ferent goal in 
mind than does Simon, formalizing the qualitative and discursive hypo- 
theses of Homans Rapoport's purpose m dcieloping a model of status 
hierarchies is no less different 

Because this diversity of purpose is one of the most important generaliza- 
tions to derive Irom the juxtaposition of small group models, part of this 
section will be devoted to an examination of these purposes and their implica 
tions for the Cuture of theory and research in this area There will be no at 
tempt to infer what the various motivations were in each case of model 
building, but rather a concentration on the fonts which might legitimately 
be expected from each approach, and the general direction in which each 
appears to lead In summary, the several approaches are 

1 Pormalization of existing verbal prop<»Jtjons which relate a set of 
interdependent variables, and which specify only the direction of the rela 
tion (r g increases with an increase in ) The example of this is 
Simon’s formalization of Homans’ hypotheses about sentiment, interaction, 
and activity in a group 

2 Development of a quantitative relationship between various attri- 
butes ofagroup {oritsmcmbcre) based on generalizations from quantitative 
data The examples of this were the models based on relativ e rates of parti 
cpation among raomber^ of a d.icUB.on group as dovoloprd by Siephan, 
Bales, and others 
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3 Models ba,.dons.mpIe,alUor.non.bmaryrcla..ons.«h.chord.n^^^^^^ 

correspond to soc-ome.nc relations, commun.cat.on relations, or dominan 
relations These models were of several kinds 

a Randommodels.insvhieh an expected netssorkof relations IS 

from the assumption of random outcome of choice. 

doimnance The expected numbers of cicles of various siz , > 

chls of a given iLgth. etc were calculated b> authors who used this 

^'’‘TModification of these models, which involved changing the assump- 
tion of randomness m one direction or another to characterize 
denc> {eg, toward clique formation, toward mutual choice, 
choosing “upward,’ to\%ard status hicrarchization) 

c Models which essentially give a mathematical machinery for tracing 
out certam properties of a neusork, f cycles of \anous sizes, 
knows the relational structure in matrix form 

d Models which introduce a mechanism of change so that an mi la 
structure could be modified through time b> mcelmgs and subsequen 
changes in single relations 

4 Models of group action, which were developed to account lor, 
predict, the behavior of groups in some simple situation These models were 
of ttvo kinds , 

a A stochastic learning model designed to account for “group learning 
in a simple choice situation constructed around a probabilistic occurrence 
(f 5 , a light which flashes with a probability of 75) The model discusse 
was that of Hays and Bush 

b Models designed to account for a group’s problem solving abilit> 
in terms of the abilities of individuals and the wa> they combine to solve 
the problem. Lorge and Solomon developed the models which vNcre discus 
sed here 

These approaches wall be examined in order, m each case attempting 
to sec in what direction the work is Icadmg, and speculating on the imme 
diate and ultimate fruitfulness of the approach 


Formalization of Interrelated Qualitative Propositions. The trans- 
lations of Homans’ and Festmger’s qualitative hypotheses into mathema 
tical models represent the most ambitious attempts >et to formalize 
existing verbal theory in sociology or social psychology There has been 
much discussion about formalizing existing theories, from grand scale sys- 
tems like that of \farx to the much more modest sets of propositions like 
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.h«= of Homans and F«.m,or Aimos. mvanaU,, these verbal , heor.es ,„ 
socia science hate the follotvmg properties they specif, a set of relerant 
vanab es (though the, seldom give prescriptions for measurement of the 
tariables), they specify the causal relations existing between these variables 
and they indicate the direction of vamtion {eg,' ihe more T, the more 
A’ ) Bc>ond this the) seldom go, Itmaing the theory to qualitative rather 
thin quantitative stuements 


Despite much discussion there has been little actual work m formalizing 
such tlieones, so until now it has been difHcult to know what the fruits of 
such formalization might be The papers b> Simon, and Simon and Guetz- 
kow , allow for the first time an evaluation of the possibilities of thisapproach 
In one sense, both Homans and Festmger carry out a formalization 
themselves The) each take generalizations based on a large body of data 
and develop a set of propositions using a limited number of variables They 
state these propositions qualitatively, but rather precisely and unam 
biguousl) The propositions consequently represent probably the limit to 
winch one can go m the verbal development of such qualitative theories 


What was done beyond this m Simon’s mathematization’ Primarily 
two things First, a translation from words to mathematical symbols, simply 
a restatement in another language, and second, making deductions from 


the translated propositions, using tools of mathematics These seem rather 
simple and innocuous changes introducing nothing which should lead to 
controversy, and adding little of value \et attempts like this have both led 
to controversy and have added value to the verbal statements What are 
some of the sources of controversy and of added valued 

Probably the most serious charge that has been leveled at these formaliza 
lions IS that they arc based on a superficial understanding of the hypotheses 
themselves Homans feels the CarmaUzation, while consistent with Ins hypo 
theses, does not capture all that is said in them (Simon [1952], p 204, 
fn 4) Fesiinger has expressed similar beliefs about the formalization of his 


hypotheses 

Leaving aside the question of just how accurately and fully the sub 
stance of these hypotheses is reflected in these specific cases ofmathemattcal 
translation, it should be recognized that a fundamental problem does exist 
If one attempts to develop a set oftnlerrelated equations from which deduc 
ttons can be made, these requirements must be met I) All the suggestne 
and rtchl, deser.pl.ve aid. to the tmaginatton wh.eh exist m the verbal 
discussion must be shed, reduemg the model to a skeleton "I''* ““y I-' “ 
bare that the resulting model may seem soaolog.eally trn lal , 2) the num 
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.h.n just u set orequat.ons ssUh a S^‘ “tndcpcndcnf 
few endogenous ones That ts. \ana cs fleeted b> the dependent 

vamble tn one relat.on must m turn be md.rectly affect > P 

vanable of .bat same relat.on Unless .h« 

uons do not form a ' system” . they remain a senes of discre p P 

each snth Its oivn independent and dependent vanabte, b“‘ 

relation between the propositions 3) In order to ma e 

either the geometne method presented in I or t c ana > . ^ and 

ented m Appendix 2 2, all but two of the equaU^ must be ^ 

the other two must be differential equations 

be reducible to two simultaneous differential equations rj.duc- 

ation of this sort ideally, but because the mathcmatiral methods o 
non do not exist, these requirements are necessary (•) . i, 

These requirements seserely restrict the kind of propositions w ic 
amenable to neatment m this fashion They mean that whateser t = 
non described by the serhal postulates, it must be forced into this ra 
work, which may be artificial For example, a scry rigorous translauon 

Festinger’s hypotheses Viould introduce numerous Other \anab CS, i er 

tiating bctNNeen perceived de^nation of opinion and actual de^^atlon, a 
letting some of the \anables refer to the indmdual rather than to the group 

as an aggregate „ , rase 

\Miether such simplifications as a model builder must make i _ 

like this are justified is a question which can only be decided in indivi ua 
cases But it depends in part on one’s aims is it better to sacrifice som 
nehness of meaning in order to investigate fully the interrelations between 
the \ anables, or is it better to keep the richness but lea\ c unexplored t c 
dymanucs of the sj'stcm and the effects of vanous feedbacks’ For elaborating 
a theory to encompass a w^der range of behavior, it is probably best to 
the nehness, together w^th all its suggestiveness for vanous avenues 
elaboration For testing the theory, it is probably best to simplify to t e 
extent necessary for cxplonng all the feedbacks of the sy’stera Otherw’ise, as 
Simon and Guetzkow sho>v, supposed tests may not at all test the hypotheses 
for which they are designed 

Probably one reason for the resistance among social scientists against 
formalizations like the two discussed here is that social scientists are more 

(•) One vi-aj of treating itui problem suggested by Simon u to smele out ihc 
flevxs -arlutg processes to be treated as difTercnlial equations svhilc the processes v*bichreac 
an equilibrium more quickly can be repr ese nted simply b> equations of state, i < » 
gebraic cquauons 
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concerned with elaborating theory than \Mth testing it Theories like Ho 
mans and Festmger’s are believed to be true by many social scientists on 
the basts of introspection and experience, >ct are not believed to be true m 
any ultimate sense That w, white these propositions are conceded to be 
generally true, questions arise about their future usefulness are the parti 
cuhr concepts and relations in terms of which the gcnerahzauons are stated 
a frmtfuf way of organizing the phenomena under consideration’ It is at 
this point that many social scientisU balk, and instead of taking these 
theories scnouslj, as a theoretical underpinning for their work, use them 
only as generalizations which can help m finding the right way to orga 
nize the same phenomena The question of just how such theories are best 
used, and what really is their value, is a fundamental one, and, as the discus 
sion above suggests, one which has important implications for their formal 
jzation into a mathematical model 


This question cannot be arntrered here, however, an analog} may give 
some insight mio the answer Suppose one were investigating the motion of 
metal balls, and suppose that there was no theory of mechanics, or even a 
concept of iveight Then it would be possible to develop numerous qualita 
ti\e generalizations on the basis of observation, somewhat as follosvs 


“A ball will roll down a board if the board is tilted up 
‘ The smoother the board and the ball, the faster it will roll ’ 

' The faster the ball is rolling when it reaches level ground the farther it 
will roll ’ 

‘ The higher the board is lilted, the faster the ball will roll ’ 

‘ It takes more work to raise the board and ball, the steeper the angle to 
which It is raised 


These and many more such qualiUtive propositions could be derived 
from observation It is obvious, however, that they do not constitute a 
‘ theory which can serve as the basis for elaborate deductions But what 
role u.mU they play m the development of the science of mechanics' Pro 

babl) this along wilb numerous othccsuchproposmons.theywouldgisc 

more and more insight into the underlying processes at nork, and the 
variables by which the ball s behavior could best he described In other 
words, they would stand as evidence which would aid m developing an 
explanatory theory, once such a theory were developed, this quantitative 
evidence would all be deduciblc from it 

It may be that most of our qualitative generalizations m social sciwce 
will have a similar function , rather than serving as the postulates of a dedue- 
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refined turn out to hat c the status that mass has in the theor> 

thtug. tfthe, turn out to be onU roughh -related suth the 
frutlfuUanables, as'stre’ of an object is correlated st.lh mass, th. 

“ '* Brp"umngl.de thn fundamental problem, sshat are some of the l.m.ta 
J a:d "alul of a formahratton .the S.mon's^ Perhaps the m«-bs,o. 
himtatton of all is that it cannot be used to g.sc quantita is p 
about group behas.or nm u of course mherent m the nature of such 
models based on quahlatise propositions, thej can gise no 
quahtatise predictions To some ssho equate numbers ssith 
this means thej are not realls “mathematicar . the modeU ssrll 
pointment bs not gisnng numcncal predictions Ccrtainl) this is a i 
on a model’s usefulness , bui it is simpl> a reflection of the limitations o 
qualitatne \crbal propositions on \\hich the model is based 

Another linulation of such models relates to the measurement problem, 
s^hich \^as discussed in deuil m the examination of the Simon Homans 
model There the conclusion was reached that the \-anablcs of that mode 
s%cre 50 \aguel> speciBcd that the model’s predictions would hardh 
\alid That ts, without some directions concerning measurement of t e 
s-anahles, the measurements themscKcs are likel> to differ so widely as to 
disrupt the model’s predictions In the model constructed from Festmger 
hs'pothcscs, the problem is even more acute, for the \anables of that mode 
arc more difbcult to measure than Homan’s friendliness, interaction, an 
actisntv Thus unless some solution to this problem of measurement is made. 
It appears that the accuraev of the predictions of the model is contingent 
upon the particular measurement whims of the imcsligator engaged in test 
mg the model The problem could be partially solsed b^ one or another 
method, one partial solution is suggested b> Simon and Guetzkow The> 
suggest that the model’s scope be limited to those situations in which each 
mmibcr of the group changes in the same direction on each v’anable from 
time 1 to time 2 This soUcs the aggregation problem, since under this 
condition an\ two measurements on the indmdual level which are mono- 

tonicallj rclatedwallgiveaggrcgatc\anableswhicharemonoticall> related 

But this IS onl) one aspect of the problem the more general difficulties of 
measurement of such variables, discussed in II, remain. 



Both Ihrse last two hmitatiom and somt of the ddBcnllra rancd pres.- 
ouslj are really quest, ons not about the formahaaton, but about the role of 
qualttaltve propostt.ons or generahrattons which form the basn of much 
social science If we take the usefulness of such propositions as given, and if 
sve assume that at least one part of their role « to trace out the causal struc 
lure, positing particular concepts and rcUtions, then the following kinds of 
values appear to arise from a /brmalization 

I A major value of formalization lies m bringing assumptions and proli 
lems out into the open Some of these arc 

a The formalization makes one face tlie question of whether a particular 
verbal statement (‘A increases with increase in ?* ) is meant to represent 
CO variation or a structural relation That is, does a statement that \ vanes 
directly with T mean that both A and T arc affected in the same direction 
by changes m a third vanablc, or docs it mean that an increase m 7 causes 
an increase in A ’ The ambiguity of words allov« the statement to be inter 
preted in cither way, and it is only upon formalization that one is required 
to make clear what is meant 


b It removes othersorts of ambiguity from the postulates Theveryfact 
that It IS possible to make alternativ e formalizations of a set of verbal postu 
lates (thus leading to different predictions) indicates that the words carrj 
much ambiguity Resulting disagreements about which formalization is cor 
rece are nothing more than latent differences in interpretation brought into 
the open by the formalizations Once out in the open, these differences may 
be resolved b) empirical test, and knowledge is thereby gained 

Both the above v-alucs of a formalization derive simply from the transla 
tion into mathematics, without the operation of drawing deductions Thus 
if one wants primarily to clarify a set of relations m the ways suggested 
above, a model can be developed with no intent to draw deductions This 
removes man> of the constraints mentioned earlier which a formalization 
like Simon’s must meet The translated postulates in such a model could be 
elaborated and enriched as much as desired to reflect the complcxit> of the 
situation, so long as no deductions are desired 

2 However, the added values arising when one docs make deductions 


may be important as well Some of these are 

a The lack of independence of postulates or inconsistency between 
postulates is made apparent b) relating the formabzed postulates with one 
another For example Homans and Festinger each mUodme as an inde 

pendent postulate one which IS dcductble from the others 

b The formalization brings out the various feedbacks in the system, and 
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« .tTxp— It rw .hat .he respnger. Schae.ee. and 

rorotri^™ ve.ha, .hennes ,^chJo™ .he 

bulk of social science is that one can go just so far and ’^,at,ons 

JUS. no. able to handle mentally more than a certain """’'’er of relatiom 
(which are often ambiguous to begin wath) ^Ve simply are 
Ihe implications of related hypotheses, and we thus limit our 
to the most proximate of the implications This may be an 
bling block m social science, if so, a formalization of some o 
theories which exist at present might allow a break through in 
aspects of theory Whether such major gams as this would actually 
or not. It IS nesertheless true that a formalization such as the one examm 
allows deducuons to be made which ate far from obvious upon a careiu 


cxaminauon of the verbal h>'potheses 

3 Finally, there is at least one important gam which does not occ 
unid several competing theories m the same area arc formalized Forma iM- 
Uon should allow rigorous comparison of theories in place of vague is 
agreements which are never settled It should be possible in many cases to 
design crucial tests which isould give results confirming one of the theories 
and disconfirming the other In general, the specific areas of disagreemimt 
between the theories could be brought into the open, with all the bene ts 
which would arise from this 

But I have written above m terms of* should”, this gam from formaliza 
tion of theories is onlj a potential one, for such formalization of competmg 
verbal theory or sets of propositions simply docs not exist Homans an 
Festmger’s hypotheses, for example, deal wath subject matters just slightly 
loo far apart to allow comparison between models developed from them 
Before lea\nng the examination of limitations and values of the approach 
to model buildmg represented by Simon’s and Simon and Guetzkow s ^vork, 
one further point should be mentioned There may be a distinct “ps> cholog 
ical” disadvantage to such an approach as this Most social scientists who 
develop verbal thcones are men whose imagination and creative abilit> 
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o^tmn thcr mafcmat,„l sfall Even ,hn n no. p^^blv 

prefer to relax mathematieal precBton m developing theory or braL gene- 
ralieations of a qualitative nature Given the general aura of prett.ge sur- 
rounding the use of mathematics in socia} science — at least m some 
circles — substantive investigators may be inhibited from subjecting their 
early resulu and gcneralizauora, suggestive and stimulating though they 
may be. to the cold scroliny of mathematics This is probably particularly 
the case when such scrutiny requires that some of the richness of ihe resulu 
be sacrificed If a substantive investigator is bedeviled by the feeling lhat 
any attempts of his to state his results with precision and generality will be 
pounced upon by the every-ready formalizcr, he may be less eager to make 
the attempt This is extremely unfortunate, for formalization of a theory or 
set of propositions is a second step depending completely on the creative 
step of building the verbal theory Whether such theories arc perfect or not 
IS less important than that they exist at all 

In contrast, a psychological advantage of quite a different sort may 
begin to accrue from such formalizations It begins to set men thtnUmg m 
terms of differential equations and the like, rather than discursive and am 
biguous words It may easily be that the major contnbuuon of today’s 
mathematical models to tomorrow’s social science will be that they began 
some social scientists thinking in mathematical terms 

Developmeat of Quaodtative GeaeralizatSoas ConcrniingBeliavior 
in a Group. The work examined mSection 3 iscertainly a different approach 
from the one just discussed Stephan and the others who have worked in this 
area are concerned with ^uonti/atnx gznrrtfhcetwnr, not with ^abtaliie syjUms 
There is nothing dynamic m the ‘ modeb they have developed Instead, 
there arc simply equations which account for a great deal of data using 
only a few parameters 

This approach is at once more modest and more ambitious than the 
"qualitative system ’ approach discussed above It attempts to account for 
only a single kind of behavior — relative rales of participation among group 
members — rather than an mierlocking system of dispositions, behavior, 
and external conditions Thus it is in one sense a modest approach But it 
attempts to account for this behavior quite precisel), and m this sense it is 
an ambitious one There have been extremely few generalization, in social 
research which have any claim to quantitative precision, and it would 
indeed be an accomplishment if qnanniative generalizations which w«e 
non-mvial and valid over a reamnably wide range of groups were de- 



[ 134 ] 


Thi MclhrmiUial Sunil of Small Gimps 


v^loped The data and the de.cr.pt.ve model, of Stephan and other, may 

’''p:rp::hr;et:f.— eva^^^ 

lanty rema.ns a puzahng one. and offer, a problem for «P'"^ ^ 

A, the model stands, .ts usefulneK ., not great, for the g V 
starnttcal one. not meant to hold for any s.ngle group meet.ng But once 
adequate explanat.on ., offered, then th., explanat.on .tself m.ght 
some real advances m our knowledge about behas.or .n group, 
ample, an explanatory model m.ght .nd.ca.e that 
estabhshed on the has., of frequency of .nteract.on, then .nd.s .duals ha 
certa.n probab.l.ty of reply. ng to someone above them .n the order, 
lower probab.l.ty of reply.ng to someone below them .n the order 
would then tell somethtng about the dynam.cs of dtscuss.ons tn groups, 
matter about wh.ch l.ttle systematic knowledge exists In any case, a 
adequate explanation of the data would give quite useful information 
about discussion groups, for it would postulate certain behavior ten 
on the part of group members, and from this allow deductions correspon 
mg to the data to be demed These behavior tendencies would essentially 
be hypotheses about the way people behave m group discussions 

Just what IS the next step m the development of this approach’ That is, 
given the generalization and the descriptive model which summarizes it, 
what arc the paths which would make this result a more useful one both or 
the further development of theory and for immediate practical uses’ Pro 
ably the most pressing need is for more data to test \ anous possible explana 
tions of the regularity, and to give further insights into the processes whic 
are occurring For example, m any attempt to build a stochastic model to 
account for the regularity, one important kind of data is relative rates at 
difTcrcnt points of lime in the session If the data as presented by Stephan 
were split, to give relative rales for the first half and the second half of each 
session separately, the question about equilibrium and when it becomes 
established could be answered 

More generally, there are a number of possible hypotheses — like those 
which Stephan and Mischler test m their paper — which could be tested by 
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latortad to (he development ofan adequate model of the process involved 
This approach of Stephan and otheia to the development of a maihema 
tieal model is in direct contrast to the approach ivhich is most in voeue at 
present in mathematical social science That is, much mathematical model- 
building begins bj setting up postulates which are not based on eaperimenls 
or experience, but are merely reamuable, and constructing from ihcm a 
model (•) Deductions are drawn, then there is an attempt to test the deduc 
tions through experiment or observation, hut ordinarily experiment Of 
the models examined in this paper, Leeman’s, Hays and Bush's and to a 
lesser extent Rapoport’s and Landau’s dynamic status hierarchy models 
exemplify this approach In these models, postulates arc set up, deductions 
derived, and the deductions compared with (a) experimental results (m 
the Lceman and Hays Bush case) or (b) data gathered from non cxpcri 
menial observation (m the Rapoport and Landau case) The approach may 
be loosely characterized as deductive, that is, setting up a priori postulates, 
developing a model, then testing its t.alidity These models will be discussed 
171 more detail below, but these commtnis suffice to illustrate the difference 
m approach In contrast, the approach of Stephan and others may be 
loosely characterized as inductive, that u, beginning with an empirical 
result and investigating further until the underlying process which produces 
It 13 discovered 


Relational Models The relational models represent no clear ‘philosophy 
of model building as do the first two approaches, simply because there are 
a number of different approaches under this heading However, it may be 
useful to comment upon the one element they have in common the mvcsti 
gallon of structures composed of all or none pairwise relations Tins area 
of in%cstigation holds a special appeal to the mathematician or mathema 
tically inclined social scientist, for at least two reasons 

First, it presents him with numerical data, which he can feel are not so 
subject to the vicissitudes of measurement as are many numerical data in 
social science (f) That is, even though two different sociometric questions 


(•) I do not mean lo include here those modek which are expUculy based on the pnn 
cple of rational behavior such as game theory IT. s model serves the 

stowing rmpj cation, of a set ofpostulate* which correspond m what we think rauo"*! 

behavior Therefore the model at least car, as a noi^t.ve one 

do in various circumstances given certain a««inpt«^ aboht the 

ft) This is not to say that different methods of measurement will not give d ff^ 
v HxttoH Jxnnw,, (‘«I 

and nlaving wtth ) elicited not onl> tliiierem re 

of sociometric questions ( living v,iia ano s 

sjJOiuia ftom individuals but quite dilfenii gnuP si™:t'»« 
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generate different structures, a structure based on one ^ 

.. Ill particular meaning, and is " r a 


.11 designed measurement procedure What we generally object to in social 
saence measurement is the fact that the measurement process often sets up 
equivalence classes of questionable validity To give an example from a 
different area of measurement, a certain method of attitude scaling (t e 
Likert technique) has multiple response categories (varying from something 
like “very strongly agree’ to “very strongly disagree ’) These are weighte 
from -1-2 to —2, and the scores from several questions added to give a total 
score This then establishes an equivalence class between, for example, 
responses of (-1-2, -2, -}-2, —2) and (0. 0. 0, 0) m a four-question scale 
Both of these sum to zero, and individuals with these different response 
patterns would be classed together Clearly, individuals giving these two dd^ 
ferent patterns of response have different attitudes, not equivalent ones ( ) 
Relational models largely by pass this difficulty because there is only count- 
ing, no weighting, no “scaling" or measurement problem as exists in the 
charactenzation of individuals according to vanous attributes 

From a more substantive point of vicis, these relational structures are 
appealing to the social scientist because he sees in them a rare chance to 
characterize with precision social configurations General experience tells 
us that there are radical \ariations m group structures, and that these vari- 
ations ha%c important consequences for the behavior of people within them 
For example, an early sociologist concerned wth the effects of social con- 
figurations on individuals, Georg Simmel, said in discussing social isolation, 
“The question of whether a group favors or even permits such loneliness in 
Its midst IS an essential trail of the group structure itself Close and intimate 
communities often allow no such intercellular vacuuxns” (Kurt Wolff (ed) 

[1950], p 119) Simmcl’s \cry language suggests the importance of charac 

tenzmg a group m terms of its structural properties But without mathema 
tical tools, Simmel was unable to do more than speculate upon the effects 
of these properties 

Our facility in this direction is not much improved even now Wc know 
\cr> hide about wa^^ to compare group structures, except in the grossest 
fashion (for example, bj the number of in-group choices the group members 
give, or by the number of mutual choices m the group), and as a result wc 
are hardly able to imcstigatc the effects of social configurations Yet the 
possibilities arc CMdcnt, they arc exciting ones because of the numerous 
kinds of in>esiigations they facilitate 


(•) It M bmuse in GutUrunt scale anal^-iu a particular scale position includes only 
ore pattern of responie, not diverse pattena clajsified together that social psychologun 
concerned wiUi amtude meaiuretnent are generally more satisfied with it than they «« 
with a technique hie Ltken’s 
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■nus became rdal.cnal modeb by-pas, the mual problems of measure- 
men , and because thej ailosv soaologists to study important structural 
problems in sociology, and perhaps for other reasons, they have consider- 
able appeal The promise, which sound modeb bold, tbeir poniWe value for 
future investigations, appear to rest at least in some degree upon the above 
two reasons, the first entphasieing the clear outlines of the problem and data 
for mathematical treatment, and the second emphasiemg its importance 
for social science 


Below are some specific comments on each of the approaches which 
came under the general heading of relational models 

1. The approach taken b) Rapoport and others in constructing random 
models appears to be a basic step necessary for the general development of 
relational models These random models are similar to many others m 
probability theory, except that it is far from obvious m these cases what 
relational structure is the expected one on the assumption of random out- 
come of relations Jf a com is unbiased, subject only to random influence 
when tossed, everyone knoivs that it will turn up heads very nearly 50 per 
cent of (he time The parameter 0 5, which characterizes an unbiased com, 


w a very important one for any work winch investigates the amount and 


t>pe of bias of a coin But it is a parameter which is so evident that it is 
almost taken for granted The expected configurations (assuming random 
outcome of pair relations) in relational structures, on the other hand, are 
not JO evident Much work needs to be done in investigating the expected 


configurations and their variances, so (hat some standard can be set for 
indicating in which direction and how much the group structure is ‘ biased ” 
Knowledge of these expected stales is just as important for the development 
of relational models as is the knovkledge that an unbiased com will turn 
heads about 50 per cent of the time for the investigation of bias in coins, 
yet there have been only a few steps in this direction 

The work by Rapoport and others shows some of the complexity which 
occurs in working with these proWeros, yet even this work is largely con 
fined to expected states, with no investigation of variances Rigorous statist; 
cal tests for indicating the direction and amount of deviation from random- 
ness are badly needed Without these, u » hardly possible to say that a 
group has one or another tendency, eg,z tendency toward clique forma- 


tion , . 

2 The extension of these modeb to incorpomte behavior tendencies 
deviating in one direction or another tom random eho.cc is a sKond step 
m the direction of developing adequate ways of charactering these stnic- 
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tur« To go beyond the de%elopment of random models to the.r 
tion which allows them to measure certain hehasior tendencies, see 
important step in characterising relational structures In one sense, infor- 
mation theory is one such deselopment, for it offers a means or charactenz- 
mg the degree of ‘ disorder ’ or ‘ uncertainty " or randomness of a set of el^ 
ments distributed oser some space Whether information theory can be 
widely applied to these structures is an open question, hut in any case some 
means of charactenzing their delation from complete randomness would 
be an important addition The few examples mentioned m 11 do little more 
than point the way for future deselopment, and are crude instruments, bu 
the> begin to suggest some of the \alucs of this approach 

3 The next bod> of N\orl:, including that b> Luce and Pcrr> and others, 
deals wth an almost pnor problem to those discussed in 1 and 2, gnen a 
matrix of choices or communication links or dominance relations, what can 


one sa> about the structures’ How man> cliques docs it have, or how man> 
n cliques, for example’ What this approach docs, then, is to take 
data, and process it to discos er certain properties of the structure This 
seems quite as important a step as the others discussed, though it is in a 
somewhat different direction While the second approach discussed abo\^ 
the ' modified random” approach, takes as gi\cn a particular structure an 
attempts to infer from it the tendencies which influenced the choices or the 
dominance relations, this approach simply asks what arc some of the proper- 
ties of the structure’ The fact that a mathematical operation is needed to 
determine even the relatively elemcnlarv properties of the structure is an 


indication of just how complex these relational structures can be 

4 The approach illustrated b> the several dynamic relational models 
presented m Section 4 is more nearly what is usuallj meant b> ‘ mathema- 
tical models” than arc the other types of relational models These models 
incorporate a process through which structures ma^ change over time, 
thereb) representing a further stage of development than those of t^qies 1 , 2, 
and 3 above The) begin where tjqies 1 or 2 leave off, and attempt to de- 
senbe processes over a period of time in a group, considering the group as a 
dj'namic s^'stem which generates its own equilibrium states The advantage 
which these models hold over their static counterparts is evident, and will 
not be elaborated here Instead, I shall make a few comments about the 
general approach to model-buildmg which these models represent This is 
best done m the context of a discussion including the other approaches as 
well But first, the group action modeb require some comment 
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Group Aerion Model, The Hay, Bo,h «ceha,.,c model ofgroup learmoe 
requires comments of several kinds Fir,, of all, i, is niher uiiiqlie amour 
these model, m that two alternative hypotheses are set dot™, Bi'inv rise to 
alternative models (i e , the ‘group sclor” model and the ' voting model) 
which arc then confronted with experiniemal data for choosing belMeen 
them The fact that the experiments do not allow a clear-cut choice should 
not obscure the nature and value of this approach ilself The approach of 
setting down two (or more) alUrnalne models which make explicit the difTcr- 
ent consequences of different hypotheses about behavior, is useful m itself, 
quite without experimental confirmation about how groups actually do 
behave One hypothesis is based on certain assumptions about interaction 
and influence m a group, a second is based on other assumptions Because 
each of these assumptions is sometimes met in practice, it is useful to know 
what their consequences are for the group’s behavior 

To test between such alternative hypotheses b} testing bctucen their 
consequences is an approach which seems considerabJj better than the 
usual one of simply testing the fit of a model If the meisure of fit uere not 
intrinsically bmit into this model, then it would be even more useful to 
have the (wo alternative' In such a case the alternatives would allow a 
better judgment than would otherwise exist of just how closely either alter 
native fits the model 


On the other side of the fence, some sei lous quesiions can be raised about 
certain aspects of this model, that is, one might ask just what is learned 
even if it is found that the model does prcciseK fit the dau’ Apparenll>, 
such a result would tell that the group decision is arrived at through one 
kind of group decision function (e g , the majority rule voting model) But 
would this really have an) usefulness^ It is obvious that under various 
conditions groups reach decisions in various wa)’s, so that such a result 
could not be given the status of “the decision function b> which groups 
generally take action The fact that such a decision function is not some 
fundumeiital and immulable propsrty of groups is furlhcr emphasized by 
results found by Hays and Bush in their e-xperimenls the expenmenlal 
groups consciously planned ahead of lime how they would arrive at a de- 
cision Thus It seems unrealistic even to hope thal through such experiments 
one might get at some underlying, fundamental process of group decision- 


"°Finally. even taking such a goal as a lealnhc one, why overlay ihe basic 
,uestion (how groups come to reach a decision) wilh a complex slocha.l 
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„>odel of learning’ Would U no. be more produC.ve “ 
snuanon ..h.ch ^^ould clearly dlummate the decu.on 

seems, m other uords. that the overlay of the learning model unnecessan > 
complicates the basic question which is under inv cstigation 

Ihe Lorge Solomon problemsolving models constitute an 
somewhat different from any of the others examined here 
men ask themselves, in effect, “ IN hat are the simples, and most ^<=asonaWe 
assumptions which wall account for the differences between group perfonn- 
ances and individual ones’ ’ The models which they set up in answer to 
thu question show clearly the logical consequences of cert^ very simp 
assumptions about the wav people relate to one another The rui u n 
of such an approach seems evident if data on group performance and mU - 
vidual performance are compared, then these models serve as reasona e 
sundards by which comparisons can be made For example, these mo e 
mdicate that under the simplest hyqiothesis of a single-stage problem wit 
no ‘ group effect," the proportion of groups which solve the problem s ou 
be higher by a certain specifiable amount than the proportion of loim indi- 
viduals who solve It Thus perhaps the major usefulness of these models is 
much like that of the "random choice’ relational models they indicate 
what results one could expect when there is "no effect" of certain socio- 
psychological factors They give a basis of comparison or a base line or 
tncasmemenL 


Strategies in Model-btdlding Having discussed each of the different 
approaches separalel) , it is useful to examine generall> se\ eral strategies of 
modcl-building, and sec just ■VN.hxch strategies are represented b\ the various 
models 

"Mathematical models, as all formal theories, have certain attributes 
first, they are constructs built as analogies or “models” of some phenomenon 
in the real v, orld The model can be said to consist of four parts, essential!) 

a) The v’anablcs or concepts of the model (including both pnnutivc 
terms and defined terms) ,(•) 

b) The postulates, which relate these v’anables m some fashion, 

c) The mathematical operations performed on the postulates to obtain 
deductions, 

d) The deductions or theorems which derive from the postulates These 

(•) Pnmiu^e lemu zre those not defined within the theory but only outside, m re 
Izucg It to the real world. Defined terms art simply logical denvaUNCs of prmuuve terms 
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are essent.ally relatiem between Ute ^anabte ether than these pestehted 
but nevertheless logically implied by the postulates (*} ’ 

Thes^e four attributes represent the formal system of the theory In order 
for the theory to be a theory about real phenomena, u must be so constructed 
that Its structure reflects the structure ofrelauons betneen actual events At 
certain points there is a correspondence established between parts of the 

theory~i ,, certain of Its variables — and the real world This is vanously 

Jviiown as measurement, identification, or interpretation 

Different model builders operate in quite different waj-s m their handling 
of these parts of the model and the correspondence to real phenomena The 
one difference m operation which secnw mtat important m assessing the 
potential fmitfulness of models concerns the points at which correspondence 
IS made between the model and the real world There arc two extreme 
methods of making this correspondence 


I ) The postulates arc venfied on the basis of observation or experiment , 
that IS, there is correspondence between the model and the real world at the 
level of the postulates The model is then used to predict phenomena which 
are not yet known or which are thought to be unrelated to (that a, not 
derivable from) those which served to verify the postulates Theories like 
that of Malthus (who postulated a simple mechanism of birth frequency, 
which general experience told him was largely justified, and on the basis 
cf this, predicted population growth curves) are of this sort If we consider 
not only purely descriptive theoncs, but normative ones as tielJ, the theory 
of games is an excellent example of this kind of theory It sets up postulates 
corresponding as closely as possible to what we feel rational bchav lor under 
risk should be, and then deduces the outcome of games in which two or 
more such rational players oppose one another 

2) Certain phenomena m the real world correspond to theorems of a 
model, though the postulates are unverified Thus the correspondence is on 
the level of the theorems, and the underlying structure of events is hy'poth* 
esized to correspond to the model’s postulates Such theories as the atomic 
theory of matter, with atoms and electrons acting only as hy-poihesizcd 


(*) There u no sharp line bclv^rro theorems and postulate, nor between pnm.nvr 
lerms and defined terms for a theory may begin with one set of 
other proposmon as a theorem, a second formulaemn may use ih.s P;^' ^ 
ofthe^Sdates leaving one of the fint set to be theorem 

or.» ocevn , hough tee .. no log.eol one I. nu, be ,«.e i 

ofn model ae eoneuCmg of one«t of pminb.e. pedeeU, n.mmi .0 tek of „ „ e«o....»g 
of an aiieroatwe set 
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constructs hav.ng consequences cons.tent tvtth the observable phys.cal 
mre dltm utodel, the ntodels of relat.ve P-t-Pabon rat« the 

dynanucrelattonalmodels, and the models of group actmn =‘and'«th “pe 

to thts duuncuon’ It ts important to locate them m this way, ? 

considerable insight into just what these models propose “ do 
Simon’s model-building is clearly of the 6rst 
confirmed and the model’s aim is to denve a number of other phenomen 
from these postulates The goal in Simon’s model and others like it « P“ 
ably to show that a number of phenomena concerning behavior “f 8 P ; 
which were previously not recognized as related, canbe f "^ed fron^ kno^ 
edge about only a few factors Thus by making a limited number “fobse^ 
ations It IS possible, given the theory, to predict that certain other events i 


occur ^ rpL- 

The particjpation-raie models are of precisely the opposite sor 
imesligators are presented with a regulanty produced by some under ying 
process occurring m the group Thus the task of a model here is to postu 
the kind of process which will have as a consequence the same rcgulan y 
as IS actuallj found The ' statistical model which gav e a partial explanation 
of the regulant> \>as an attempt to mirror the structure of actual events an 
thus give the same regularity as Stephan found But of course an adequate 
model would be a dynamic one, which shows how the events occur throug 
time In any case, it is the consequences, not the postulates, to whic a 
correspondence is made Thus if postulates can be found which give as a 
theorem or consequence this same regularity, it can be hypothesized that 
these postulates correspond to the actual process Ordinarily, however, suc^^ 
postulates must meet a second criterion as well they must be reasonable 
or “understandable explanations not inconsistent with all one’s intuitions 
The dynamic relational models arc not quite like either of these extreme 
ty pcs of theories Rapoporl’s and Landau’s status hierarchy models start from 
the observation that (a) there arc “peck orders’ among chickens, in which 
a peck relation exists between each pair of chickens, (b) these peck-orders 
are relatively stable, but sometimes change, (c) small flocks of about ten 
hens established peck-orders which were near to perfect hierarchies 

Thus Rapoport and Landau did not liave precise knowledge about the 
group siructure, that is, the consequences of meetings betw een hens, but they 
did have the above qualitative knowledge In this sense, their model con- 
struction was like that of type 2, for they each experimcnied with a number 
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ofscts ofposlublH, al.cmpiing to fiod a ,««h,ch would generate a domm- 
ante siroclure agreeing w,l|, the qualitative information they had 

At the uame lime, Rapoport and Undau had certain infonnation about 
the postulates themseUes The, W that the strueture ims established 
111 rough pairivise pedt-relaliora, and that meeting, hept occurring and would 
sometimes result in reversals, although the peek relation was usually mam- 
tamed 


Thus ihe> knew enoutjh aboui the underlying process involved to be 
raibcr certain ihai a stochastic process of some sort could scr\e as a model 
M a svho?e, ho\NC\cr, the approach of Rapoport and Landau can be 
considered of type 2, for only certain of the postulates uerc known, their 
mam goal was to find a set of postulates from sshich they could derive the 
empirically found result The approach ts thus not too far different from the 


participation rate models of Stephan and others, except that Rapoport and 
Landau were somewhat less concerned that the consequences of these postu 
lates fit the empirical data This was probably in part because the data they 
had were not precise, nor abundant, nor systematically gathered Imo^arai 
they were not concerned VMth fitting empmeat regularities, nor with con 
firmation of the postulates, Rapoport's and Landau’s approach loses touch 
with reality Tlie models become “playthings’ whose value is hard to deter 


mine But this tendency is discussed m more detail below 

Leernan’s dynimic model ofsociometnc choice is not of type 2, because 
Lccman begins with postulates, not with a result to be 'explained “ On the 
other hand, Lccman has no cmpincal regularity on the level of the postulates 
either He starts out neither with a regularity on the level of the model’s 
consequences, as do the participation rate people and, to a lesser degree, 
Rapoport and Landau, nor with regularities from which he builds a set of 
postulates, as does Simon In this respect Lceman’s model is like numerous 
others in social science which are “models” only in a very special sense, for 
they are not models of anything which exists in reality (*) 

Afost of Rashevsky’s [1951] models are good examples of this, for they 
hardly begin to correspond to any real behavior, they are confirmed at 
neither the postulate level nor the consequence level Suggestive and inter- 


(•) r cerumty do mf wane tounghmit Urman* work for cnueunv hwe m bemg of 
I«» value than chat oToihrr mode] bmWm It « amply that h« model exempl.fi« an 
aeero<Kh which I M to be relatively onfmiiful For other examples of this same 
^Jf^p^rmlazarsfeldllSM (p ^ 

'nirse m^eUv.eremteresi.ng to construct « “ which lead, one 
forget to ask just how - at best - they might be useful 
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’’"’yr, hough Leeman-s model « dmdoped without any ctnp.ncal refer- 

x;;:^^r;=;.r.v,sr;=ra= 

to phenomena in the real world . 

Ho^^e^er, closer examination gives one httlc re^on o 
mate the model more a model of reality, for the “reality which it at^pts 
to mirror is itself a completely constructed and artificial situatio 
model IS not being constructed to correspond to certain 
real world, but. comersely, phenomena are constructed to 
the model In such a situation, it u. difficult to know where the ingenuity 

lies in construction of the model, or in manipulation of pcop e so 

they will behave m accordance with it It is hard to see just what the goal is 
m such a model Is it to confirm some postulate about choice behavior, 
appears to be the case m Leeman’s cxpcnmenl’ If so, construction o 
model IS superfluous, for the postulate could be better tested directly an 
It seems a rather trivial postulate anywa>, having to do not with relations 
m a group, but with the determinants of choice between two objects w cn 
there is no real reason for choosing one rather than another It would seem 
that models having to do with group structures should do more than test a 
postulate about the psjchology of choice behavior It would be one thing 
to use a postulate about choice behavior which had been already con 
firmed, and to show the consequences of this for group structure, but to 
attempt to validate a postulate about choice behavior through constructing 
a model having to do with group structure seems a rather roundabout 


procedure 

Lceman’s model appears to exemplify well the dangers inherent m 
model construction followed b> experiment It may be that this approach 
will be ultimately one of great value But until model builders and expen 
menters are more able to smglc out just what it is they are testing, and 
what they will hav e if they do succeed, they may be better off dealing with 
cmpincal regulanties which they arc forced to treat as given, whether these 
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regularities derive from experiment or field observation {•) If they succeed 
in incorporating such regularities in a model, cither as postulates or as 
consequences, they will at least have constructed a model which is tied to 
phenomena in the real world 

The two group action models, the stochastic model of Hays and Bush, 
and the problem solving model of Lorge and Solomon arc obviously of 
type 2, m which postulate systems arc hypothesized to explain or account 
for certain observed consequences Hays and Bush set up a simple stimulus 
response situation for the group, observe the group’s behavior and then 
attempt to account for it with one of two alternative sets of postulates nie 
fKwtuJates constitute the h)'pofhesized ‘imdcrfjmg mechanisms of indi- 
vidual and group decision making, and it was these proposed mechanisms 
which were tested by the experiments 

The Lorge Solomon models arc similar, for they took experimental 
results and posed alternative problem solving processes or the postulates of 
models designed to account for these results Their work is probabl> more 
unambiguously of this approach than any other, for they began with results 
of previous expenmenters, and thus there was no possibility of their forcing 
experimental conditions so as to fit their model, u was clearly a model built 
to account parsimoniousl) and reasonably for results which were otherwise 
not so easily explained 


^ .r. rarried out cithw for lh«f intrinsic subslant ve interest 

P^r^eToacks Bales) or prior locoMtfuctwci of* model to discover the effect 

r g, Festingers Back s ^les ) ^ earned out with Bavelas contmum 

f certain group stmciure, ^ ^ sh^Tfficulty Such expenmenb have vafue apart 

iiions 10 fit the model 
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1 INTRODUCTION 


BernoulLan Ut.I.ty lh= 0 T(‘) &lk mw th. general category of theor.et 
or individual preferences and deasjons. All of these theoncs deal m one 
or another wub the behavior of individuals (usually, though not always, 
human beings) confronted with the problem of choosing among various 
alternative courses of action on the basis of the results they expect to follow 
from these actions and their preferences among the results The present 
theory is speafically concerned with decision situations m which the out- 
comes of the actions are not known with certainty m advance, but only with 
certain degrees of probability Such a situation arises, for example, where a 
person has to decide whether to accept a ‘double ormothing’ olfer on a 
debt owed to hun Here he cannot know in advance of taking if what the 
result of accepting the bet will be, since he may either end up with twice 
what was onginally owed him, or with nothing Bernoullian Utility theory 
provides an hypothesis which relates the individual's preferences among the 
possible outcomes together with the probabilities with which each outcome 
will occur to the individual’s ultimate decision as to which action to take 
Although the present interest m Bernoullian Uti!it> theory and more 
generally in theories of decisions involving nsks is of comparatively recent 
origin, this field is now the focus of intense mterest, and is undergoing rapid 
evolution Present interest in Bernoullian Utility dates from the publication 


in 1947 of the Thmy of Games and Economte BtluivxoT,by}o'hn von Neumann 
and Oskar Morgenstern In this book, which is a)read)'a classic, von Neu 
mann and Morgenstern modernized and made logically precise a theorj 
more than two hundred years old, and used it as a foundation on which to 
erect their theory of games The theory of utility plays a relatively minor 
role m the Theory of Games and Economic Behavtor, since its pnncipal function 
there IS to support the theory of which u the central subject of the 


(•} AVhat we have chosen to call Bernoullian UtiUly theory” has no stanclard name in 
the literature of decision theory \Vard Edwanfe (ISMal rer«i to .t« the exiled uldny 
theory and the expected utility iTU«n»«r.oo theory Oyda Coomb* calh u the von 

Utility, and BemouU an Uuliiy hypothec and R D Luce calb it the 1 near utd.ty 


theory fl957J 
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SuTuy of BtmouUian UtilUj Thn^J 


Ho^vr^•.r it ts-a, immediately recognized that utility theory in von 

N>umann’sand\lorgenstern’relegantfo.™^ationnnran^m^r^^^^^^^^ 

in i« ctsm right. Since 1947 Bemoullian Utthty h^d 

career, one which has been largely mdependent of the game theory 
sThich it was originally created. Our object will Ik to sketch the 
developments in Bemoullian Utility theory and its apphcat.om 

The general plan of the surs ey is as follows. In Section 2 ^ 

intuitive discussion of the general area of utility theory. ^ 

theories besides the Bemoullian. and attempt to indicate ■'““S!’'' ^'Jn d 4 
tionship among the various theories ssnthin this area. In Seen 
we describe the theoretical framework of Bemoullian Utility, starting 
the fundamental postulates, and ending with the derivation of some dire > 
testable consequences which follow from them. Some extensions and rnodin- 
cations of the basic or “classical” Bemoullian Utility m^cl are n 
described in Section 5. Applications of Bemoullian Utility theory 
dUcussed in Sections 6 and 7. These applications are of two kinds: one 
as an underpinning of the theory* of games, and certain aspects o 
decision theory- (Section 6), and the other U to the explanation and prcfli - 
tion of choice behavior in experimental situations. . 

The theory' of Bemoulltan Utility must inc\'itably be formulated m 
mathematical terms, and therefore this sur\'ey contains a fairly high con 
centration of mathematical statements. Throughout, howc\'er, an c 
fort has been made to keep the mathematical aspects of the theory to ^ 
minimum consonant with an adequate presentation of the theory'. In pai^ 
cular, the reader should be familiar with such notions as class members 
the elementary' set operations, functions, and relations, and the sian ar 
notations for these concepts. 

The over-all objective of this survey is to present a relatively non-technic 
al introduciion to the fidd of Bemoullian Utility theory which will sers ^ ^ 
to acquaint the sodal scientist with a new and growing discipline w 
touches on more than one of the traditional fields of the social sciences, an 
to acquaint mathematically trained non-social scientists with an important 
application of mathematics in an area which has traditionally been some 
what bare of such applications. In our exposition of the concepts and as- 
sumptions of Bemoullian Utility and its applications we shall attempt not 
only to explain them but also to criticize them, belies'ing that a critical cx 
position may lead the reader to a deeper insight into these assumptions an 
the problems which thej* attempt to solve. 

As a sxirvcy', this paper does not contain the results of original invesuga 
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Mvsari, [I9,4bj im pvtn a bnrfbul .horovgh account ofapphcattom of 
scncral utility theory, .ncluAng our theory, to decision problems m econo 
mies and psjchology Savage has given a detailed exposition and critique of 
the assumptions m the \anous formulations of utility theory and its ap- 
plication to statistical decision theory and the thcorj of games in TheFoun 
dalions of Statistics [1954], hu discussion m many >\ays paralleling that of 
Sections 3, 4, and 6 Other papers too numerous to mention present brief, 
o\cr-aU views of the entire field in its relation to neighboring fields in the 
social sciences Houetcr, ue hope that the present survc> will serve a use- 
ful purpose in drawing together the many aspects of Bernoullian Utility 
theory m a unified and relatncly non technical presentation, so that the 
reader may without loo much difficulty gam an integrated and fairly de- 
tailed picture of the present status and important trends within this field 


2 UTILITY AND ITS MEASUREMENT THE PROBLEM 
OF SCA.L1SO SVBJECTl\ E PREFERENCES 

2<1 The Basic Concepts of Utility 

The fundamental concepts of utility theory, which includes Bernoullian 
Utility, can best be introduced by way of an example Consider the situation 
of a buy erm a market faced with the problem ofdeciding which of a number 
of possible Items to buy For definiteness, we can let our buyer be a house 
wife, and the market be a grocery store where she is buying groceries Among 
the things she may buy are such items as meat, vegetables, bread, milk pro 
ducts, etc , and she can buy these in varying quantities and combinations 
^Ve can think of her in the process of making her decision as mentally rc 
viewing the different possible combinations which she might buy, and 
weighing these against each other in order to determine which is the best 
The alternalwcs which she can choose among arc limited in two ways, first 
by the stock actually carried by the grocery store and second bytheamount 
of money the housewife has with which to pay for her purchases Given the 
amount of money she has and the stock of the store, however, the alternative 
purchases are perfectly definite, and it remains for her to assess their relative 
merits in order to decide which one to take Thu assessment will generally 

depend on nvo factors In evaluating a parUcular combination of items the 

housewife must take mto account the * uitnmic worth of them to her or her 
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fa^yandaU. the price .hcV-costorthca^um^ 

.0 obuln d.=:n. Hc.cr ,u.ma.H. 

.hich of a oumber of p<«!blo purchasos to mako bnngs cut ^ 

ostontial concepts of derision theon,-. A ^ 

dtree dtings- (1) an individual faced wtth O’' "'T^^J^.ata^nfust 
choice; (2) a certain set of altemames among ssh.ch the rnd.vtd 
choose; and (3) the sjatem of subjective preference 
the individual ranks the altemame, choosing that one s% 
highest according to hU value. These three conepts are proba 
most fundamental in the theorv- of ‘>'*'“'’•'“’”'’2 ^’‘"O 
they represent elemenu vvhich are present m almost all kinds of 

sttuation5.(*) . , 

Keedless to sa>, the three elements of decision situations broug 
the preceding paragraph can \'ary grcatl> from situation to situation. » 
the indi-v-idual may be almost any sort of thing, \^hich can be interprc ^ 
making choices. For example, he may not be a person at all, but a socia 
economic institution faced v.-ith some sort of policy' decision, or he 
animal such as a rat in a maze. The alicmatn cs too may be of a ■ 

possible “baskets” of groceries in a market, possible amounts v.hich a nation 
can choose to spend on armaments, or different turnings vihich a rat can 
TTiaVp in a maze. E\cn \%hat appear to be the same sets of altemativ es mrn 
out to be different sshen interpreted in different SN-ays. The hous ^ 

alternatives may either be thought ofas possible combinations of items rom 

the grocery store, or as the “acts” of obtaining these items, vv here the act m 

(•) Som'' \%TitOT have ai^cd, with much jtsuce, that our picture of an 
following a Jiq>-wBe process of first mesitall) rangmg all the altcrnauves before 
asvrtang thci r mmts, then selecting the most p t efer red one, then acting, is false, 
mental processes in most deemons are not earned on with any such quasi-logical 
In reply to this cnticam two pomts may be made. First, it is almost imperative at e 
in developing any thway <£ comp lex phenomena to simplify the picture to the point 
the c o mp o nents <f it berotne manageable. Second, from the pomt of view of bchavi 
psychology, it a irrelevant whether or not unobservable subjectn e behavior such as 
emons" really tabes place as we have supposed, since any theory is to be tested on . 
servable consequences only It will seen that even though the concepts of decision 
preference denote seemmglj unobservable acU and states, theories bu3t on these coo^P^ 
do have observable consequences. From the behavioristic point of «ew, the analj'sis 
mental procoses involved in decision simply funcuom as a bcunstic guide to the consiructM*^ 
cf theceies whose scientific meanings lie cntirdy m their observable consequcnco 
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chdK both the paying ot er the money to buy the groceries and the receiving 
of them Finally, as is obvious, possible preference patterns can van greatly 
Ttio different housewives with the same amount of money in the same store 
may end up buying entirely different things Even the mechanism of prefer- 
ence formation may be radically different m different situations The prefer- 
ences of a single individual are dictated m many instances by physical and 
emotional needs to which preferences are eclated m very complicated and 
lillle-understood ways, while the “preferences" or choices of a social group 
may be determined by an artificial foimal mechanism, such as a voting 
procedure 


It should be noted too that the three concepts so far isolated do not ap- 
pear to appl) to some situations which arc ordinarily regarded as decision 
situations Where an individual is engaged in deciding on what are usually 
called ‘ objective matters of fact it appears that his personal preferences 
arc not involved If a person is presented with two weights and asked to pick 
the heavier of them, it would seem that his choice does not depend on his 
preferences Even here, however, it can be argued that the person actually 
picks the weight m what he hopes is the way which will have the most bene- 
ficial results for him Pressing this argument to its logical conclusion, how 


ev er, leads to an extreme form of psychological relativism which it is difficult 


to maintain (at least it would appear to invalidate the very theories we are 
proposing if they were to imply that their authors simply propounded them 
as the ones which they expected would have the most beneficial consequences 


for themselves) 

One final concept of ulibty theory is still to be introduced that of utili 
ty” itsclt The utility of an alternative may be roughly characterized as a 
measure of the strength of an individual’s preference for it In the case of the 
housewife, the utility of a particular collection of groceries for her is a nu- 
merical measure of its dcsirabihf) to her Clearly, the concepts of utility and 
preference are closely connected, in that the diHerencc in the utility of two 
alternatives determines which one is preferred to the other It is usual to 


speak of an indidual’s utility fanction, denoted ' ii," where ji(z) is a numer- 
ical measure of the value or utility of altername jr to the individual The 
utility of an alternative can be thought of by analogy to the weight of an 
object just as the weight of an object gives a mimeneal measure of the 
strength of the earth's gras italional poll on tt. can be thought of as a 
numerical measure of the strength of the individual's desire for the alter- 
native * The fundamental assumption relating unlit) and preference can 
be stated as follows ifs and j are two nitemalives, then the individual 
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This a^mpuon .5 on= of the central assumpttons of the ° 

n.dndmgBemoulhanUol.t> ^Ve shall refer to tt as the 

The ordinal assumpUon b\ itself does not te us sery 
an u.d.ridual ’5 preferences and the decision behavior ^ 

(ne shaU see, hones er, in Secuon 4 that the ordinal 

•ome testable consequences) If ne suppose oursdses in the P“‘P°" ^ 

cctemal observer of human behavior nho can onl> witness a 

acu. such as his actual choices, then the strengths of the subject s prrf 

are not accessible to duect observation and can onl> he inferre ro 

choices he is actually obsers ed to make It is possible to infer that 

prefers one altemaUse to another by observing that he actuaUy choo^ « 

when forced to choose betneen the two, and this observation m turn allow 

us to infer that the utdity of the chosen altemame is higher than that oltn 

other But how much higher’ If the only thmg w e know about uulity is a 
It u related to preference as postulated m the ordinal assumption, an 
can obiene direclU u preference, then it is east to show that there is m 
feet no ohjeem e way for determimng utility magmtudes, as opposed “ 
ity differences For example, suppose an indisudual is observed to p cr 

altemauve X to alternative y, and altemame y to altemame e This or 

mauon tells us that 


“W > “W > “(4) 


but does not tell us whether the difference between the utility of x andy is 
greater than, equal to, or less than the difference between the utihues ofy 
and z- Either of the following hypotheses about the unhty \ alues of the three 
altcmamcs IS consistent with observed facts u(x) = 3, u(y) = 2, u(e) = 
or ii(x) = 1,000,000, ii(y) = 1,000, and u(e) = 1, and there is apparenUy 


no objective way of dccidmg which of these is correct. 

tjnul the recent rcsisal ofBemouUian Utility theory, it was commonly 
held that the onl) “law” of utility theory is simpU the ordinal assumption 


This \nev., coupled wth the opinion that the only observable “facts arc 


preferences, as revealed by actual choices, leads to the conclusion that state 
ments about utility magmtudes arc objectiv ely or empirically meaningless* 
since there is no way of \ enfying them This is the view of the “ordinalist 


school" of utilitv theorists which largcK came to dominate utility theory 
before the nsc of the Ecmoullian theory They held that utility is an ordinal 
concept, since only statements about utility orders (i e , statements as to 
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whether the utility of one altemattve is greater than that of another or not) 
were thought to be meaningful ' 

If one grants the ordinalisfs thesis, that the only law of utility theory ,s 
the fundamental ordinal assumption, then it does follow that utility is an 
ordmal concept, and only utihty orderings arc objectively significant Ber- 
noulhan Utility theory, however, introduces further hypotheses about the 
relations between utilities, preferences, and alternatives which can be thought 
of as yielding more information about utility values, making it possible to 
determine more about them than simpl> their ordinal relations The rise of 
Bernoullian Utility theory has also revived interest m other h>'pothescs 
about utilities, and each of these h>pothescs, or theories, leads to a different 
way of measuring, or scaling, utilities In the following two sections we shall 
discuss the genera! problem of scaling utilities and outline briefly thefunda- 
mental ideas that underlie four of the modern approaches to the problem 


2.2 Methods of Determiaiag Utility Measures : The Scaling Problem 
We have just seen that the ordinal assumption by itself implies that only 
the ordering of utility \ alues can be inferred from observable phenomena 
Another way of putting this is to say that according to the ordmal hypothesis 
utility is only determined as an ordmal scale ”(*) In order to obtain a 
more complete measure of utility, it is therefore necessary to find further 
observable consequences which follow from a subject’s utility values beyond 
Simply the prediction of the ordering of his preferences In this section we 
shall briefly outline four such hypotheses about utility, each of which leads 
to a more unique determination of utihty values than docs the ordinal hy- 
pothesis by Itself 


2.2.1 Utility Difference as a Function of Difficulty of Choice. 

The first hypothesis about utility which leads to a stronger scale of 
utility measurement is the assumption that the subjective difficulty of 
making a decision between two alternatives depends on the difference in 
utility between them The theory is that the closer two alternatives arc 
together m utility, the greater will be the difficulty experienced by the 
subject m choosing between them This difficulty may be measured either 
by the subject’s verbal report, or else by observing the length of tunc it 
takes him to make his choices This hypothesis was actually used by Coombs 

(•) The ten™ ‘ordmal scale.' and linear scale 
theoVof measurement VS e shall not a»ume any femil.arU,. ihu th«ty 
and Sail not be concerned wi.h i» roncepu ^te c2SS 

summaries of some of the basic elements of lbs theory m Guilford [19M] and O>om«. 
RatfTa, and Thrall [1954] 



of Uliltif 

^ T. ^ W ri9Ml in detcrmmmg a measure of the marginal uUl.t> of 
and Beardslee [19 J hs-pothesis could not be mamtained 

inone> Itisclear, of , fprtors ina\ enter into a decision situauon 

jobs, ishere the utiht, differences mjght be f^d that hetould prefer 

he Mould hare no ddficuln in malimg up hu mind 
SI 10 to SI 00 men though the difference in utihtj betiicen th 
!i™r;rohahlj lei^ small tS 

nared are all roushl\ comparable in their complexity, this y^) 

L method fordeterminmgameasurecf 

““‘'•^hat the obiers-auon of the subject's difficulty in 

altemames does lead toamoreumquedeterminationofhismbj.^ tJ ^ 

values ffian does the simple observauon of hu 

aliemames is easdy -een Suppose, for example, that the subjec p 
altemame x to altemame^, and^ to c It then foUoi« that the utffi^ 
IS greater than that ofj, which is m turn greater than that of^ If it is 
detemuned that the subject’s dilBculty in choosmg x o\er/ is greater 
the difficultv m choosings o\er z, this implies (if the hy-pothesis a ou 
relauon bc^seen difhcultv of choice and utility differences is correct; 
the utility dificrencc bctisecn x and^ is less than that bet\>cen j and z 
information about the relative magnitudes of utility dxffererues is essen 
new, because it is impossible to deduce it simplv from knowledge o 


subject’s preference ordering . 

The cxpcnraental procedure followed by Coombs and Beardslee invo 

observnng only direct preferences among altemaiiv cs, and relativ e d cu ty 
of choices Thus, m addition to obscrvmg which of two altemativ cs a subject 
preferred among given pairs of altemativ cs, he determmed for certain 
of choices A and B whether cho cc A was harder or less hard than choice 
These observations lead to two kinds of information about utilitv values 
ordering of uuhtv values, inferred from choices , and ordermg of difference 
of utility value inferred from the relative dilBculuo of choice This m 
of informauon, which is not in general sufficient to give a unique dete 
minalion of uuhtv value, leads to what Coombs [19 d 1] has termed an 
“ordecd ireinc*’ scale of uulity It is perhaps mtuiuvcly clear that simpb 
the knovbledgcofthe orderings of utilitv value and uulitv difference woi* 
not sufficieni as a rule to give a complete dctemunation of uulity, for the 
same reason that one w ould not expect this kind of information about, sav , 
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comparative length measurements and length difTercnces to )acld as much 
information about length as would be given from measurement ssith a 
calibrated measuring rod What is surpnsing u that, under certain special 
circumstances, this information is sujfiaent to give a complete determination 
of utility values 


2 2 2 Utility Difiference as a Function of Inconsistency of Choice. 

Another hypothesis about the relation between utility magnitudes and 
observed choices, very similar to the one just described, » the folIoMing In 
many experiments on subjective prererences, srhere the subject is required 
to repeat hts deetstons between ceru.n pa.ta of alternatives on many occa- 
sions; It IS observed that the subject av.ll exhibit a large amount of .neons, 
stcncy’ in his choices between certain pans Thus, for certain pairs, ih 
subject will not consistently choose one oser the other, but will 
a certain percentage of the ttme and the other the 
It ,s then postulated that the degree of mcomistency 
several cho.ces between a single pair 

nearness tn utility value If the subject ' eent of 

time and,overv40 per centofth^m^ndc^^^^^ 

the time he is presented svith be interpreted as 

only 20 per cent of the time on ^ d.irerence m unlit) 

showing that he prefers *“>,)' s' ’ j Mosleller and Nogee 
between a and^ ts less than that da,a they oh 

[1951] made an . t^avior m gambling situations 

tamed m their experiment on subj snuslical 

There are a "ss^ these daU can 

data of the kind described fbove „rthe util.l) 'aloes of 

actually be used to obtain a u ^ assumptions, howe'er, 

the alternatives Even “t* uubl) differences, 

these data provide information “ ^ ^ , rehoices Hence these dan 

similar to that gt'cn b> observtng the d.raeu X 
lead to at least an ordered meme scale of unlit, 


>.2J Additive Utihties. „„,„j magnn“t"» and 

A third assumption about ai,„„ati'es are combined so as to 
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“ tte’sul of thc ununes of these .ten. separately The -umpf on th^ the 

“trs ‘.iri:r™L“rS;i« s. ... j 

recogniuon of the lact that it . obsaously false if applied m full genera . 
led dneetl) to the nse of the 0,J,nalul School of economie theomts and t 
behef that the only observable consequences of statements about utd y 
simple preferences The hypothesis has been revus ed recent y. 

has been used marcstnetedformb, Ward Eduards [ISMb], and by Robert 

Fagot and the author (Adams and Fagot [19d6]). to obtain measures 


■utility independent of nsk . „ -re 

The assumption that utihty values add when composite altema v 
formed can be shown to yield information about uUhty values whic oe 
not follow from the utility ordenngs alone The observation of preferenc 
among composite altemauves implies relations among sums of utihty va u 
comparable to the relations among differences between uuhty values vv c 
can be inferred from the difficulty of the choices As in the case of the orderea 
metric scales, these relations among the sums are usually not sufficient to 
give a unique dctcrmmauon of the utdity values of the altemanvcs, thoug 
under special circumstances these rclaUons may be sufficient to determine 
the values uniqucl) 


2.2.4 Expected Utility. 

The Izal hypothesis to be discussed about relationships between su jec 
tivc utihty and observed choices involves the assumption that the utility 
values of altemauves which arc in a sense “certain” arc related in a definite 
way to the uulily values of probability combinations, or “mixtures, o 
these altemativ cs The intuitive idea undcrlyang this hypothesis is illustrate 
in the followang example Suppose that a man A is offered a bet by another 
man B in which A wans $10 from B ifa fair coin falls heads when flipped* 
and if the com falls tails, A pays B $10 This is a decision situation in which 
A has two altemauves to accept the bet, or to rqect it If A rejects the bet, 
the outcome is certain he keeps the money he had before the decision, 
neither winning nor losing If A accepts the bet, the outcome is uncertain 
if the com falls heads, he wins $10, and if it falls tails he loses $10, but he 
cannot be sure before making his decision which of these two uncertain out 
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comes II occur According ,o U.e classical “ordmul theory of udiily ^ 
will choose whichever alternative has the higher utility, and hence must 
compare the utility of the sure outcome of not belling and neither winning 
nor losing, with the utility of the uncertain alternative in wt ich the possible 
outcomes are winning $10 and losmg §10 It » reisonablc to assume that 
the utility of the uncertain alternative of accepting the bet will depend m 
some May on the utilities of the possible outcomes of choosing this altematis c 
~t e, on thcutiht) of wnnmg §10 and the utility of losing §10 — as well 
as on (he relative probabilities with which these outcomes will occur ^VhaN 
®vcr relationship is assumed to hold between the utility of the uncertain 
alternative of accepting the bet and the utilities of its two possible outcomes 
and their relative probabilities, »l is easily seen that the utility of accepting 
the bet will depend on the utility magnitudes of the possible outcomes, and 
not solely on their ordering Thus, m determining whether A accepts the 
bet, It is not sufficient to know that he would prefer winning ten dollars to 
getting nothing, and prefer getting nothing to losing ten dollars, since 
clearly his choice will depend on AoiemaeAmorrheprcfers gaming ten dollars 
to getting nothing, and how much more he prefers to hold on to what he 
has than to lose ten dollars 


Although there are several conceivable hypotheses about the relation 
between the utility of an alternative with uncertain outcomes and the 
utilities of those outcomes and their probabilities, probably the most mtu* 
nivcly acceptable, and certainly the simplest is that the utility of an uncer* 
tain alternative is the statistical expected lalue of the utilities of its possible 
outcomes This is the BernouUian f//;///i' hypothesis advanced over two ccn« 
tunes ago by Daniel Bernoulli fl954] and recently revived and mathema- 
tically reformulated b> von Neumann and Morgenstem [1947], and with 
which we shall be concerned throughout the remainder of this survey In 
the situation described above, the Bcmoullian Utility h)'potbesis asserts 
that if the utility to A of winning fen dollars is «{10), and the utility oflosmg 
ten dollars is u{-~l0), then the uaJity of (he alternative of accepting the bet 
and taking a 50 50 chance of winning ten dollars and losing ten dollars is 
0 5u{10) 4- 0 5u(— 10) , I < , the utiht> of the gamble is the expected value 

ofthe utilities ofits possible outcomes If the theory is correct, then^shoud 

accept the bet ir0 5u(10) + 0 5«(— 10) o greater than «(0). and should 


reject the bet if it is less than tt(0) 

If the Bernoulhan Utility hypothecs is coneet, then it u 
possible to determine a unique measure of utility, once an arbitrary u 
uttlity measurement and aero on the uuhty scale are fixed Suppose, for 
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example, that the ^^0^5 I’dltamt 

arbitranly as having zero utility, measurement It is thus 

"ted\;araW=l'-dK" 

cepPng or rejeetmg the be. have equal u.th^ to ^ then n follotvs th 

thn value ofp.pa(lO) + (iZ = 0, or 

= —1, the above equation implies that pii(lO) + (1— P)"( ‘dJ 
u^lO) = (1 — p)jp, and hence u(10) is determined 


2.3 Risk, ProbablUty, and Uncertainty. 

The idea of nsk is not involved in the concepts of genera V 
which we have been discussing, however, it is of the utmost 
the theory of Bemoulhan Utility Risk or probability enters in deanon 
situations in which the subject is required to choose among 
courses of action, the outcomes of which he cannot predict with 
The simplest and most clear cut situations of this kind arise in gam 
In a game of poker, for example, a player may be required at P 

to decide whether or not to “call” his opponent (for non-poker play , 
"call” an opponent means to bet an amount of money equal ^ 
opponent has already bet) If the man who “calls” has a better han t a^ 
the opponent, then he wins, and otherssise he loses, but he cannot ^ 

advance of deciding on the altematne of calling whether his hand is bet c 
or not Gambling games furnish obvious examples of alternatives 
risk, but such altcmatncs arc common in decision situations of all m 
The man buying life insurance does so against the risk that he may die ^ 
fore reaching old age, but he doesn’t know when his death will occur 
military commander must often decide on a strategy or tactic without know 
mg Vihat the opposing commander’s plans arc, and hence without knowing 
ccrum factors which tvould enable him to predict the result of his maneuver 
with certainty A little reflection convinces one that in actuality most dcci 
sions must m\ol\c an element of risk, even though these risks arc o 


practical certainties Since BemouUian Utility theory recognizes 


this nsk 


factor in decisions explicitly, and seeks to specify how the risks involved m 
an alternative affect its subjective value, it is well to examine this concept 
To get closer to the concept of nsk, we may begin with an alternative 
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action” A, which has several possible consequences, G,, C, C nnn,^ 
of which can be elimmated as impossible m advance of actual/; t,hns Z 
tion A For example, action A might be the act of rolling a single die. the 
possible consequences would be the vanous uay^ m which the die m.ght 
come to r«t — 1 f , there would be six possible outcomes of this action, and 
the actual outcome cannot be Anown m advance of rolling the die Now 
several cases arise First, it might happen that it is possible to specify definite 
probabilities for the outcomes C„ C,, Cj. . without being able to state 
which one will happen The example of rolling the die falls into this category, 
since the probability for any given face coming up is 1/6 (at least if the die 
is "fair”) The term ‘ nsk' a usually reserved to be applied to situations m 
which the outcomes of the alternatives have definite probabilities A second 
type of situation occurs where it is not possible to define probabilities for the 
possible outcomes of^ in any clear cut way Suppose that a subject is told 


to put his hand into a bag and draw forth a ball, which he is told in advance 
will be cither black or white The possible outcomes here are just drawing a 
white ball and drawing a black ball, but the subject is gi\ en no information as 
to the relative probabilities of the two In this situation the true probabibltes 
are unknown (tn some theones it is argued that the “probability ’ of draw- 
ing a white ball given no advance information is 1/2), and hence this would 
not be regarded as a "risk situation ' in the narrow sense of that term In- 
stances in which the subject is unaware of the actual probabilities are called 
'’uncertainly' situations 

The above dichotomy of alternatives m Vvhich the outcomes arc not 
known with certainty into "risks” and “uncertamiies must be complicated 


in two ways In the first place, there may be alternatives in which the 
subject does not know what the probabilities of the outcomes arc, but acts 
as though he believed that they had certain definite probabilities In such 
a case it would be said that the person making the decision had a suijeclice 
probabihy" even though there were no objective probabilities, or the person 
was unaware of them Secondly, there are situations in which not only 
does the person deciding not know the probabilities of the outcomes of Ins 
actions, but which are further complicated by the fact that the final out- 
come will depend on another decision whicli may be made after the Tint 
one, and m which the person making th« second decision knows what the 
first person decided on Instances of diM type occur frequently m compcti- 
tion Competition situations arc distinguished from ordinary uncertainty 
situations by the fact that in ordinary uncertainties (such as in the case 
the man drawing the ball from the bag), the outcome depends only on the 
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.nvolve this element of compeufon, smce the Bnal r««lt of hts 
aenends on other decisions {b> the enem> commander) as ivell 
Vmoulhan Utility theory as onginaUy 
only to risk sitnations. and not to uncertainties Thns, this theory PP 

onll to choices among alternatives with pt«ible outcomes whose rjec 
probabilities are known to the decider That *»= restriction to nsk alte 
Ltives IS extremely narrow is probably obvious, because, 
highly artificial situations arising in gambling games, ve^ fe P 
kinds of actions have outcomes \shose probabilities can be spcci 
reasonable exactness Recent opinion on expenmcntal applications o 
noulhan Utility theory has tended to favor applying it ^ 

situations in which it is reasonable to assume that the subject subjecm 
probabihties Even in instances m which there is a definite set of o je 
probabilities for the outcomes of an aUemative, it would seem some 
to be more plausible to interpret the probabilities involved as su jcc i 


rather than objective . 

Readers familiar with the philosophical controversies surrounding ^ 
concept of probability may wonder at our cursory exposition of it in view o 
the fact that it is central to the theory of Bemoulhan Utility It can on y 
be replied that Bemoulhan Utility theory, like other theories involving 
statistical or probablisuc hypotheses, cannot clear up the problems un er 
lying the definition of probability, but must make do wath the vague an 
ill-dcfmcd conceptions current at present It will be noticed further on that 
m applying the theory experimentally to situations in\olving subjeclive pro 
ability, the problem of defining probability is by’passed, smce the deter 
minalion of real or objective probabihties is not involved In our initia 
explanation of the assumptions of Bemoulhan Utility theory, however, wc 
shall simply assume numcncal values for the probabilities of the outcomes 
of an action to be defined in some way, and proceed from that point with 


out deeper inquiry into the meaning of probability 



Sunej 4>f Bermullian Theorj 


[169] 


3 dervouluan imury THEORv 

3.1 The Set of Alternatives t Mixture Spaces 

As prcMously noted, there is a ^t variety of siiuabojis which can be 
subsumed under the theory of utihi> \Vhat » common to them all is the set 
of fundamental concepts m terms of which they are described, and what is 
needed now is a systematic notation for these concepts One clement m all 
decision situations is a set of alternatnes among which the decider must 
choose These ahcmaiues may be of all bnds — from possible bundles of 
groceries to political officials chosen b> an electorate In the general utility 
theory no special assumption « made about the nature of the alternauves, 
and the only thing that is presumed is that the possible alternatives arc 
clearly specified and constitute a precisely defined set A For many purposes 
m utility theory jt is not necessary to inquire further into the nature of the 
members of A*, and the assumptions of the theory are stated simply m terms 
of the members of an aijstract set A*, called for convenience the ‘set of 
oUtmalaes " 

The theory of Bernoullian Utility is concerned specifically with decisions 
among alternatives of a special kind namely, alternative actions of which 
the outcomes can only be known with definite probabilities One such 
alternative was discussed previously, m which a man has the option of bet* 
tingSlO on the lall ofa com, to wjn$J0 if itJands heads and toIoseSlO ifit 
lands (ails This alternative may be thought ofas one in nhich thereisa 0 5 
probability of getting the outcome $10 and a 0 5 probability of getting the 


outcome of losing SIO 

Such an alternative is called a probability mixture ' of its possible out 
comes of winning and losing SIO, which arc called the pure outcomes 
In this section we shall describe a systematic notation for probability mix 


tures, and probability mixtures of other probability mixtures 

Suppose that r and^ are two possible outcomes or alternatives (it may 
help to think of them ot thts point as bong pure altcmamcs, though thu u 

not nccossary), and we wish torepromt thculttmativo of tatinga chunco 

with probability p of getting x or othenvise gelting> If this alternative iJ 
chosen by some person A, then A will receive exactly one of r or^, an t c 
probability he will get xtip and the probability he will getj is \—p (1—/ 
being simply the probability he mil not get x) 
represented by an ordered pair or “vector, <p^f ( P)-V> ( ) 

{.y 11,= notauon use for ..xluies “ 

irnung the alternative of getting x >iy lo probabJ.ty imx 

notation because it can be generalaed in a more strsig 


tures with more than two pure outcomes 
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out most of what follows it will be assumed that the set of alternatives K 
satisfies the condition that if it contains two alternatives x and_v, then it 
contains aU probabihtj mixtures </ix, {\—p)}> (where /* is a probability, 
hence satisfies the condition 1) 

In interpreting a probability mixture K.px, (I — it must be kept 
in mmd that this represents the alternative of ‘ gambling” with a probability 
p of getting some outcome x, and probability {1 — p) of getting^ In parti- 
cular, the combination /ix in the symbol <.px, must not be thought 

of as an arithmetical product of two numbers p and x 

Consideration of the interpretation of probability mixtures leads to the 
postulation of certain laws relating them In general, two probability mix- 
tures <px, {\’—P)y> and <qa, (1 — g)b> arc interpreted as being the same 
if both )7eld the same outcomes with the same probabilities An obvious 
example of two mixtures that yield the same outcomes with the same prob- 
abilities are the two alternatives <px, (I — p)y> and <(I — p)},px> The 
first of these is the alternative which yields alternative x with probability p 
and y with probability (1 — ^), while the second is the alternative which 
yields^ with probability (I— and x with probability p Hence, wc can 
immediately assert that for all x and^ in the set K, and probabilities p, 

<px,(l—p)y> = x> (I) 

Similarly, if wc consider the two altematives <px, (I — ^)x>, and x, we see 
that the first yields a probability p of getting x and (1 — p) of getting x, 
hence yields a certainty of getting x Therefore <px, (1 — P)x> is regarded 
as being the same as x 

<px, (1— ^)x> = X (2) 

Besides the two rather obvious law's stated abov’C, there arc tvso others 
of importance Consider the ahcmative <px, (1—^) < qy, {\—p)z»f 
which IS a probability mixture of x with probability p and the mixture 
(1 with probability 1 — >p The three possible outcomes of this 

alternative are simply x,y, and z, and the laws of probability indicate that x 
has probability p,y has probability (!■ — p')q^ and z has probability (1 — p) 
Now, if It IS supposed that not both p and q are equal to zero, then 
It IS easily seen that the alternative 

- tT7=s) '(rSSsV 

yields the probabilities p for x, (1— for,, and (I— p) (1— j) for J, and 

hence IS the same as the altematue <,x,(I^) <?,. (1— ^)j>> There- 
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fore It can be asserted that for all alternatives 
probabilities p and q not both zero. 


>(,y, and « m A, and for all 


<px,{]~p)<qy, {\—q)z» = 

< (/i + ] j:, >, 

XP+q—Pq/ 


(3) 


Finally, suppose that for some probability pz^Q, the two alternatives 
<px, (I— />)>> and <pz, (I— /);i> ate equal If both of these two alter* 
natives yield the same outcomes with the same probabilities, and there is 
some chance that jr and z can occur {since p:^ 0), it can onl) be that ^and c 
are equal Therefore another law of probabihtj mixtures is that if 


<px, (1 — p)y>~<Pz^{^ — P)y>, and /> T*0, then X =4 (4) 

The four laws of probability mixtures given above which follow from 
the rule that two probability mixtures of outcomes arc equal if each of them 
gives the same outcomes with the same probabilities may be taken as 
axioms for systems of alternatives which include probability mixtures of 
outcomes Such a system of alternatives is an example of what is called a 
"mixture space," the notion of a mixture space being simply a mathematical 
formalization of the mtuiuve notion of probability mixtures of alternatives 
as described above, and satisfying the four laws given A mixture space » 
formally defined as follows 


Definition 1. (*] (Mixture Spaces) A set A which satisfies the following 
five axioms is a mixture space 

AfJ For all x and ymh and probabibtia/ e , real number/ such that 
<px, {l^p)y> » a member of A 
M2 For all X and m A*and 

<px,{\^}y> = <{^-H’)y’P^^ 

M3 For all x.y, and j m A, and all <;1 and all OSTfSO.soch rha< 
not both p and q are zero, 
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M4 For all x in K and all 0^ p <1, 

</>*, (1-P)*> = * 


M5 


For all x,y, and £ m /f, and 0< /i ^1, if 

<px, {}—P)y> = <P^> 


In Ihr systems of alternatives diseussed above each alternative can have 
at most tno outcomes, though each of these outcomes may itself be anothe 
mixture tvith tivo possible outcomes Thus, the ttvo possible 

the alternative <px. {\-p)<V. ^ ; 

though the second of these is itself a mixture with possible outcomes^ and ^ 
For some purposes it is useful to generalize the notion 

elude alternatives with more than two possible outcomes Sue ana 

might anse in betting on a horse race, in which the bettor wins a certain 
amount A in case his horse wins, an amount B, if his horse comes in s . 
and loses the amount C of his bet if his horse finisheds third or later In tnis 
case there are three possible outcomes, A, B, and C, and logical y exac 

one of these three must occur Assuming that it is possible to assign pro a 

limes to the outcomes A, S, and C, then the nsk alternative of making tn 
bet can be represented as a probability mixture <pA, qB, rC >, m whic p 
IS the probability the horse will win, q is the probability that he wiU P 
second, and r is the probability that he will place third or later The on y 
requirement which must be met by the three probabilities p, q, and r is t at 
ihcir sum must be one, since they represent the probabilities of three mutu 
all) exclusive events, one of which is bound to happen 

It IS possible to generalize the notion of a mixture space defined above 


) include all probability mixtures of two or more alternatives, or even 


of 

would 


an infinite number of alternatives The axioms for such mixture spaces v 
be slraighlfoiw ard generalizations of the axioms given for mixtures with two 
outcomes Generally speaking, two mixtures would be construed as the same 
if each one yielded the same possible outcomes with the same probabilities 
Tlie extension to mixtures of an arbitrary finite number of alternative 
actuall) docs not increase the number of possibilities beyond those inclu c 
in mixtures of just two possible outcomes Thus, the mixture <pA, qB, rC> 
of three possible outcomes can be represented as the two-outcome alternative 


<pA, (I— A)< 


\—p ' \~-p 


-C». 
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providccl/)5t I,and,r/.= l,th,saltHMt,ieiscq„,ralertto^ Hcshall 

not dCTdop the law ofimxtums of arbitrary numbers of possible outcomes 
lere, but defera more extended disoussion to a later section m which we cive 
some arcioms for Bemoullian Utility theory as applied to such alternatives 
In concluding this section on probability mixtures and mixture spaces, 
Vfc shall discuss brief!) a variation on the mixture concept, in which in place 
of the probability/ m the imxiurc <px, (\~p)j>>, we put theevent of which 
/ IS the probability To illustrate this idea, we can return to the example in 
which a man is considering betting SlO on the fall of a com, to wm SlO if 
It falls heads, and lose SlO if it falls tails In the ordinary mixture notation, 
this alternative might be represented <5 (SlO), 5(*-S10)>, since the 
probability of the coin’s falling heads IS 5 This notation has what might be 
thought of as the ‘ defect of concealing the actual event on which the out* 
come of the bet depends, and exhibiting only its probability This defect can 
be repaired by replacing theprobabihties/and l—pby the actual events of 
which/and 1—/ are the probabiliticsof occurring In the example, the event 
on which the outcome of the bet depends is the fall of the com, which may 
happen m one of two wa)$ it may fall heads, which we shall denote H, 


or It may fall tails, which will be denoted * T Now, a way of denoting the 
ahemative of belting which exhibits explicitly the event determining the 
outcome u simply to replace the probabilities in the probability mixture b> 
H and T, thus </f(S10), r(-$10)> In this example, the event T is 
simply the event of fj’s not happening, which can be denoted by writing a 
honzonul bar over H In this notation, the alternative of betting is denoted 


<//(SI0), f/(-S10)> In the general case of a probability mixture <pr, 
(1 — /)^>-, in which/ IS the probabilityofsomccvent and 1 — /is the prob 
ability of the non occurrence of E (denoted E), the mixture alternative may 


be denoted <Ex,Ey> 

The advantage of this second method at representing matures js that it 
avoids some of the very serious difficulties often inherent in assigning a 
numerical probability to the occurrence of an event In the case of betting 
on the fall of a com, there is a little difficulty m assigning a probability to 
us falling beads, but there are many events (eg the outcome of the I960 
presidential elections) in which there o by no means a dear cut solulion to 
the problem Even where object, ve pmhabibbes can be assigned, it is often 
not reasonable to assume that the person making Ihe decision is aware of 


what they are and acts in accordance with them 

A disadvantageof replacing theprobabdities/land 1-^ b, 
and £ u that m formnlatmg and jnsldymg die assumption, of ihe theory 
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nauon. If the probabilities are ^ habilits for events Nevertheless, 

.f any, there are analogous to those °;"“rri954]),vihich 

there are some decision theories (notably ‘hatof L J Savage (19 Jb 

are founded on this second conception of a probability mixture 
examine one of these bnefly m Section o 


3 2 Preference Relations Among the Alternatives. 

Let us non suppose a subject confronted with some set A “f 

among which he will have certain preferences The subject s pr ' 

represented mathematicaUy by a >e/ermre rrfc.ies P m the “ 

if the subject prefers an alternative r to another alternative jv, we 


xPy 


As far as the subject’s preferences among two alternatives x an y 
cemed, there are only three possibiliues cither he prefers x toj-, “ P 

j to X, or he has no preference between them In the first two cases, we 

either xPy or yPx If the subject neither prefers x toji nor^ to x, we wt - 
sume that this means that the two altemativ es are equally preferable to . 
or that he ts “indiRercnt” between them ^Ve ma> represent the case i 
\vhich the subject is indifferent between x and^ by writing 


xly 

The relation / will be called the subject’s “%ndxjrrenu relation " 

For some purposes it is more comcnient to define both the preference 
relation P and the indifference relation I in terms of a single relation 
called the **preference-OT~indtffeTence relation ” The relation 


xRy 

between tw o altcmatw cs x and jr is defined to hold if and only if the subject 
cither prefers x toy, or feels indifferent between them Both the relations 

and I can be expressed or defined m terms of the prefercnce-or-indifferencc 

relation R Thus, if xRy holds, then the subject either prefers x to J of ** 
indifferent between them, hence he does not prefer to x Therefore it must 
be the case that the subject prefers jr to x if and only if the relation xRy docs 
not hold This means that the preference relation can be “defined m terms 
of the prcfercncc-or indifference relation Similarly, if the subject is m 
ferent between X and then both xi?y and jrRx must hold, and consersclyi 
both xRy and yRx hold, then the subject must be mdiffercnt between x and/ 
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These observauons lead to the following two definitions(*) of P and I m 
terms of R 

DeJinUton of the preference relahon For all xand^ m A', holds if and only 

jf^yAr does not hold 

Defmlion of ike indifference relation For all x and> m K, xly holds if and 
only if both xRy andj-Px hold 


3.3 Utility Functions. 

The one important concept remaining to be introduced is that of utility 
Itself Intuitively, utility is thought of as some sort of numencal measum of 
the strength of a subject's preference for an alternative Mathematically, 
Ity IS Represented y a u If .u ' 

then « IS a function whose domain is A i , ir, « anv cle- 

. . Its values arc real numbers Ux is any cie 

rytrarTe'lfdX‘«n' of the empirical interpretation of the 
Utility function to later sections 

3 4 The Ba.!c Assumption. theory u based 

The intuitive assumptiom on w h^B^ formulated 

were discussed bneily m S«.ion ^ and the 

mathemaucally in terms of the s " pKuliar to Bemoullian 

function s The firs. '"trail ^0111 of utility I. s.-P'V 

Utility theory, but u common ordering of the alternatives 

specifics that the uulity function alternative » is preferred to 

preference Thus, one would , 

altemativejr, then die ° * „R,hu assumption is formulate 

of the preference relations and the function 
for all X andy m IC, i^xPy, t en 

a(«) >«ly) • 

Similarly, one would 

really a«c« equivalences of meaning. 
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equal, then the> should he rndtlTetent .n the subject's esuntahon for all r 
andj-mA'.tf 

SoLhat more queshonable assumpUons are the converses of the two 
a r These arc that if the utility of one alternative is greater than 

These assumpUons are doubtful if the preference relation are to P 
straightforward empirical interpretations, since they imply thjt i 

IS perfectly sensmve to uulity differences, and should be ah > 

eitample, that he prefers i: toj. when u{x) > uCt) no matter ow 
^ are to each other m utility value These conveise assumptions imply tha 

there IS no “just noticeable.i.frerence'' level, such that dtsso alte^ativ^d^^ 

fcr m utility by an amount smaller than the j n d , then t e su j 
declare them to be indifferent Nevertheless, as an approximation, 
assumptions may be accepuble 

All of the four assumptions about the relation between the “ ^ 

tion and the preference relations can be condensed into a single h^t 
about the relation between u and the preference-or-indifference rdauon 
We shall call this assumption the “ordinal assumption,” smee it is the prm 
ipal hypothesis of the theory of ordmal utility 

AssTunption 1 (ordinal assumption). 

For all X and y m K, xRy if and only if 

u{x) ^ u{y) . 

That the ordinal assumption impbes the four hypotheses stated previous 
ly about the relation bet\vcen the utility function and the relations P an 
folloiA-s from the definitions gi% cn in Section 3 of f* and 1 m terms of R ° 
shoiA that xPy implies that a(i:) > \se make use of the fact that x y 
holds if and only i^yRx does not hold Therefore, if xPjy then yRx does not 
hold, u{y) IS not greater than or equal to a{x), and hence 
xly, then according to the defimtton of J, both xRy and yRx hold, an 
hence, according to the ordmal assumption, u(r)^u{^) and u{y) ^ “W 
arc both true, and therefore «(*) =s u{y) 

The postulate or assumption peculiar to Bemoullian Utility 
that the utility s'alue of a probability mixture of alternatives is the . 

vTilue of the utilities of the alternatives \\c shall call this the “expect 
uubty asiumpuon ” 
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Assumption 2 (expected utility assumption). 

Let K be a mixture space For all x and y m K, and all 0 ^ ^ 1, 

u(< /ir, {\—p)y> ) = “ W 

This assumption may, of course, be generalized to apply to mixture 
spaces in ^shlch it is possible to form mixtures of arbitrar) finite numbers of 
altcmatiNCs Ifx„ , x, are ahcmaiives, and pi, ,/>, are probabilities 
which sumto 1 (i « ~ »n. 2 nd Pj-|*^ 2 + +A~0> 

then the assumption is that the utility of the mixture , />A> 


It may not be clear on immediate impcction what the empinca: mean- 
mgs or AHumplmm 1 and 2 arc. since nolhing has so far 

re^ir/nstT^I^amenulconcep^^^^^^^ 

be developed m Section 4 

r the Concepts and Assumprions of 

3.5 Possible Interprelalionn of tb P 

BernoolUao Utility 7'‘“7- „f Bemoull.an Utility - the set 

Each of the basic elements of the ^ ^ ^ .n.erpreted in 

A', the relations P, I, and 7?. an combinations of inlerpre 

several ways, and hence the M ^ indicate 

tations IS extremely large Wb f ,hc basic concepts and assump- 

some of the major Am* of ■"''n’s' „ ^ „,blo variations Man) of 

tmns, without attempting to enome^ l„crpre.at.on which cannot be 

these variations, and certain p ™,cnt in later sections m whic w 

entered on to this seetton will '-""I Utility theory, both a. - 
describe some of the applt«'»,» of designed 

adjunct to other theories ofbehav , 
the hypothesis of this theory 
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give a precise definition of the elements of the set of 

pmblem is to determine just wha. is to ^“'"Iba'bihties 

the second arises in connection svith the interpretation of the proh 

which are involved in the mixture alternatives ..tuation in 

In any particular application of utility theory to a eci usually 

which a subject is required to choose among a set of 

possible to describe the alternatives in more than J fu„d 

give rise to ambiguity m their definition For example, i 
by the man who must decide whether or not to accept a be m vth mh h^ 
wins ten dollars or loses ten dollars, each with a probability of 
to describe the possible outcomes in several ways Suppose, o P . 

that the man has at that time a total of SlOO in cash Is the 
winning ten dollars to be described as “ga'n'tg dollars, or as 
a total of one hundred and ten dollars’ This distinction may seem unimp 
tant, but m fact it becomes critical in many applications In mos P 
mental applications of utility thcor>. »t must be assumed that the utiu y 
‘ the same alternative is the same or nearly constant throughout the pc 
m which the experiment is earned out But the assumption that t ® ^ * 
to a subject of having SllO is substantially constant during an expenm 
IS entirely different from the assumption that gaming ten dollars wi a w 

represent the same gam in utility In applications, then, in which it mus 

assumed that the utilities of certain kinds of alternatives remain near 
constant, the idcntihcation of certain alternatives as “the same’ may pose 
problem In a given experiment, it may be possible to specify identity in mo 
than one way, and each such way actually represents a different mterpre 
tation of the set K, and hence dcBnes a different meaning for the fundament 
assumptions 

Once the notion of identity has been defined, the problem of interpret 
mg the probabilities involved in the mixture alternative arises One mig 
expect that the dependence of the set A on probability would lead to i ^ 
Acuities in interpretation, since the logical and philosophical question 
the meaning of probability is m a very unsatisfactory state (see, for examp > 
Harold Jeffnes [1957]) We cannot go into the vanous interpretations of t e 
logical notion of probability here, but it is clear that each definition 
probability leads to a different interpretation of the probability mixtures, 
and ultimately to a different interpretation of the expected utility assump 
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Beyond the various logical interpretations of probability, the question 
arises as to whether the probabilities involved in the mixtures should be 
interpreted as logical probabilities at all It is argued that if BemouUian 
Utility theory is to describe actual behavior, then the numbers p and 1— ^ 
in a mixture alternative <px, [}—P)y> shauM represent what might 
be called “objective probabilities, but should represent what the subject 
thinks Ihc objective probabiliues arc i e . p and 1— p should represent 
subjective probabilities Iff and 1-p arc interpreted as subjective proba- 
bilities, then the dimcultics of applying the theory to a particular situation 
are increased It becomes necessary to determine not only the utility values 
of the nltematives, which represenl subjective magnitudes, but also the 
subjeclive probabilities Nevertheless, « u clear that m a situation ofay 
co4l«..y, Ihe subject wtll be largely unaware of what the objybve Pmba- 
b.l,t”es of the outcome, of the alternative cou.es o! ^ 

theory to be applied al all, some provmon must be made for 

3 5 2 Interpretations of the ,he preference 

Of the three basic elements of uti 1 y ^ _„rerence relations 

relations, and the function u — the substantial differences in 

offers the least difficulty Neyrtheles , discussed if 

the interpretations of the preference re assumptions is to be 

a clear uudeislanding of the "■“"“e “pLerts that rf> holds if 

gained The simplest whenever he 1, offered a 

and only if the subject chooses x in p interpretation is simple m 

choice between .hose “'■"J„?jde.erminmg whether or not r 
that It gives a efear cut objective ,,,5 „|ation F ts for many 

n preferred to,r happen that the subject is never 

applications unsatisfactory First, tt h PP „„non 

presented w.th a choice belween , and ^ mde.erminam 

which must hold between X andj „„„|d ntan> msla"' 

according to thts theory which allow the possibihO h^ 

contradict the assumptions o u ' can be inferred from 

the subjeefs preference '^^^r^^sented with a choice be ween 

choices, though he may never of Assumpuou 1 u thal 

them alone For example, one of the conseg 
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as holding if and only ^ „ that he chooses a: over;. 

presented ™th a choice between it and j-, he “""''“ff ^ according to the 
Les^ In such a situation, neithecP^nor^Pa would hold, j 

defimnon, and hence, if the fundamental 

follow that a IS indifferent to^ But if a were chosen ? .ndifferent 

time. It would seem unreasonable to assert that the subjee 

'^'^'one final objection to the suggested interpretation of the P'''*’""" 

relation P is that there is no simple interpretation of the 

corresponding to this interpretation of P It is “ 'h° .hat 

svhich the only alternatives are x andj. does not permit the p 

neither of the alternatives are chosen, but if one is chosen, then, 

to the definition of P, that alternative is preferred to the one , 

chosen Hence, the relation I cannot be defined in terms o o 

choices j Kv the 

Another way of interpreting the relations P, I, and R is sugges e y 
fact that the choice between two alternatives x and;' may not alwa^-s e 
same on different occasions when those alternatives arc presented x y ^ 
be defined to mean that x is chosen over y more than 50 per cent of the 
m decisions m\ol\'ing those two alternatives only The relation / is an 
ogously defined such that xly means that x and y are each chosen 50 per ce 
of the time m a decision bet\\ecn those two This interpretation gets arou 
the difficulty raised against the former interpretation of P m which xPy 
defined to mean that x is alitays preferred to;’ It is, however, subject to 
same logical difficulty alluded to previously m the case in which no choic 
between certain pairs of alternatives arc observed Another important 
tion to this interpretation is that the strong a pnon reasons svhich can 
advanced as to why a subject should behave m accordance wth Assump 
tions 1 and 2 (to be discussed in Section 5 on axioms for Bemoulh®^ 
Utility theory) do not apply, or apply with less force, with this second inter 
prctation of the preference relations 

A third way of interpreting the relations P, I, and /J is as representing 
subjective preferences at a given time This interpretation of course makes 
the theory useless as a description of overt behavior m decision situations, 
unless further h^'poihcses are added specifymg the relation between s^kjcc 
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live preference and observable behavior biany appheanom do, honever, 
appear to make this interpretation of preference, and such a theory depends 
on certain additional assumpnons as to bon subjective preference can be 
inferred from observed actions These observations may he of several kinds, 
such as choices m deasion sitoatiom, verbal reporp, inferences from other 
choice data, etc We shall see below that this interpretation is the natural 
one to take if utility theory is interpreted mmettuly, that is, not as a descrip, 
tjon of actual behavior, but as a description of behavior which in a senseis 
raltortal, and which one ought to conform to ifone hopes to achicveone’saims 


3.5.3 Interpretations of the Utility Function, 

Since utility v alues arc thought of as representing strengths of preferences, 
and preference strengths are inaccessible to direct observation, the problem 
of giving utility an cmpincal significance is particularly important, if this 
theory is to be applied In the interpretation of utilit), there are two major 
approaches The usual approachisto take Assumptions 2 and2as(/^/f/K/wn/ 
of utility or, rather, to regard them as asserting that there twU a function u 
which has the relations to the set A and the relation R postulated in the 
assumptions The assumption then is that there cjusu a function u with 
domain A' such that for all x and y m A, xRy if and only if 

and far all 0 ^ I, 

ti(<px, 0~fb>) ” f«W + (1— 

Once the intcrprelalions of iT and X arc defined, the queslim of whelhcr 
there is some funclion u which satisfies Ihc above condilions is perfectly 
definite, and it becomes possible m some cases to state certain observable 
critena which are necessary and sofficent to assure that the assumption is 
true It ,s thts interpretation of nlihty which is tacitly assumed in most 
applications of utility theory We shall tu.ll any funcl.on u salisfying these 
conditions a '‘BernouUtan Utility/unctxon 


Definition of .<BernonUi.n Utility Fnnetion.” A real 
u wilh domain IT which salisfies condittom 1 and 2 below is a 
Utility iunction 

<l) For all V andy ui h,xRy if and only if 
u(») S «Cy) 
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(2) For all x and j in K, and all 0 ^/i ^ 1. 

n(<px, (l-f);’>) = /■“« + 

Notice that this not n«ha Nothin! 


Notice that this definition does not naaae re.e. j^„,hing 

five, except insofar as the relation R may be defin'd p„. 

Is said here about uW being a numer.cal ^„„difions 

ference; all that is required is that the the conditions 

above. Utility is then interpreted as “"Y a BeLullian Utility 

of the definition; i. r., a utility function « defined to b 

function. Corresponding to this interpretation, o ^ formulated it is 
assumptions must be modified. As Assump ions 

tautological to assert that a utility functio^atisfies the , ; „ 

functioL are defined in terms of them. They can be m da em^_^^^^ J 
meaningful by reformulating them to assert that there 
■Utility function: 


Assumption A. There exists a BernouUian Utility ''“"“'n"’ 
Assumption A may be thought of as a weak form 
assumpUons. What it amounts to is using these two assumpti 
the utility function which in turn determines the meaning o 


tions. 


If the values of the utility function could be determined Y 
pendent method of measurement (say, one of the aUernative met o , ^ 

sed briefly in Section 2), the hypotheses of Bcmoullian 
be stronger in predictive content than they are in the weak 
Assumption A. The reason for this fact is that under Assumption A, i 
necessary to observe some choices in order to gain some 
the utility values before these values can be used in predicting other c 
whereas if the values are already available through some other 
ment, then predictions can be made immediately about preferences. 
however, the interest in utility measurement is comparatively 
arc in most cases no independent measures of the utility values o s 
alternatives available, and Bcmoullian Utility theory must be given 
weak interpretation if it is to be applied at all. 


3.5.4 Descriptive vs. Normative Interpretations of Bernoulli 


Utility Theory. ^ 

We have discussed the concepts of Bemoullian Utility primari y 
a theory of actual individual behavior in decision situations. As ongm 
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rormulated by von Neumann and Morgenstcrn, however, the theory was 
meant to be taken as nomaUvi, descnbing the behavior of a rauonal 
man in decision situations The contrast bctsvecn a scientific or descrip- 
tive theory and a normative theory can be illustrated b> the example of 
the discipline of logic The aim in logic is to desenhe correct, or rational, 
reasoning processes, not aetual reasoning processes, which belong to the 
province of psychology From the point of vicsv of psychology, the distinc 
tton between correct and incorrect reasoning is not of primary importance 
(except as incorrect reasoning may have consequences adiersely alTecling 
the organism), svhercas this distincuon is all important in logic Analogously, 
in a normative theory of decision making the aim is to determine what are 
intelligent sva, s of acting whether or not people do m fact act J 

The important distinction between the normative and ^ 

pretations of Bernoullian Utility theory is in the 

Lumptions, since the mterpretations of the baste ^ ” 

both the normative and descriptive theories In “ 

theory, the assumptions are tested by the >el *e rump^^ 

on them with observed choices In the constitutes rational 

are tested by their conformity to some critert assumptions of 

behavior It will be seen in later sections „’’„h.ch a 

Utility theory can be strongly justified in som jj ^hy a person 

rational person should conform, though hera^ 

among which he must choose 

3.6 Uniqueness preferences satisfies the as 

We shall show in this section that 1 ^ ^ Bernoullian 

sumptions of Bernoullian function is uniquely determined 

Utility for these P"*''"'” f arbitrarily chosen Th' 

once a zero point and u alternatives Xo arid 

way to show thts is simpIy es 0 "^1. respecuvely (it must, of 

picked and arbitrarily assigned un^« population fixes .he zero 

clrse, be assumed that x. “ P f x. and the uni. of ut ih a 

point of utility as being the “-'''y J;;”novv, .0 determine the u.i ity of 
L difference m ut.bq Be considered (1) x is P^ 

an arbitrary g'n-eran. tn x and X « '"j Tere 

:::;;(‘3i;::p’:t::d.oxincase(.).x>ohavexPx.andx.Fx., 
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ex., so™ probab.My ^ soch .hat x. . .nd-fTeren. to the n..x.uro 
<px, (l-f’)x<,> I" case. 

u(x,) = u{</>*. {'— /’)*»>) 


Since u(xi) 
to yield 


= pu{x) + 

1 and u(xo) = 0. the above equation can be solved for u{,x) 



In case (2). xRx, and xRx,, and therefore there is some probability /• such 
that X IS indifferent to the mixture <px„ (1— />)xo> 


u(x) = u(<px„ (1 — p)xc>) 

= pii(x,) + (1— f)v(Xo) 

= p 

In the last case, XjPx, and there is some probability p such that Xt, » “td 
ferent to the mmture <px, (1— p)x> In this case, then. 


ii(i,) = u(<px„ (1— p)x>) 
0 = pa(x,) + (1— f)v(x) 

0 = p + (1— P)v(x) 


Therefore, 


“W = 


— /» 


\—p 


\ the 


The foregoing proof shows in general that Bcmoullian Utility is, 

classical terminology, a “cardinal utility measure ’ In more technical te 

utility (m this theory) is shown to be a linear scale (see Guilford, [ » 

Coombs, Raiffa, and Thrall [19o43) 

It IS worthwhile to observe one rather unrealistic assumption inheren 

this proof It IS assumed that a unique probability /J can be found w ic ^ 

make a certain mixture indifferent to another alternative The exis e ^ 
and uniqueness of this probability follows, of course, from the Bemou 


Utility assumptions, but is unrealistic from an experimental point 


of view 


Thus, there is likely to be a range of probabilities p such that a subject ^ 


ould 
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judge an allemative <px„ indifTerent to ;r The width of this 

range can be regarded as a measure of the subject's ab.l.tg to d.scrimmate 
between probabilities 


4 OBSERVABLE CONSEQUENCES OF THE ASSUMPTIONS 
OF BERNOULLfAN UTILITY THEORY 

4.1 Consequences of the Ordinal Assumption 

The object of this section is to derive some of the consequences which 
follow from the assumption that an individual has a Bcrnoullian Utility 
function (Assumption A) The consequences determine the empirical signifi 
cance of the fundamental hypotheses formulated m the previous section It 
would be impossible to derive all of the possible observable consequences 
of these assumptions, hence it is necessary to introduce some method of 
selection The consequences to be discussed will be selected with two aims 
m view first, they should reveal directly observable implicauons of the 
baste hypotheses, and second, they should be as stTong as possible m the 
sense that all, or nearly all, of the implications of the fundamental hypo* 
theses could also be denved from these consequences of the basic hypothe- 
ses With the usual interpretation of the fundamental concepts of utility 
theor), only acts of choosing are directly observable, and preferences can 
be directly inferred from these choices whereas utilities cannot Therefore, 
in order to reveal the empirical significance of the basic assumptions, it is 
necessary to determine what they imply for the individual s preferences 
In this part, we shall derive the most important empirical consequences of 
the Ordinal Assumption (or rather, the weak form of the assumption that 
the individual has an ordinal utility function) 

The Ordinal Assumption can be stated there cxisu a real valued func- 
non » over the domain K such that for all » oi.d> m H. tRy if and only if 

»W S aW 

Consequence 1, below, is the most important of the empirical consequences 

of the Ordinal Assumption, in that most of the observable consequences of 
the Ordinal Assumption also follow from Consequence 1 

Consequence 1. ff is a umf wc’rrt.g of Iheset Jl , . r , fi satisfies the follow 
ing two conditions, 
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,..o..mcuU.see.Hauran — 

..on, then h.s “""f " "ll^LfxTnd^ are t«o alterna- 

two condmons of Consequence i . it must be that either 

tives in the set A' Then, if a ts a “f ^Xh y ts admitted by 

^ „W or a(y) ^ aW (or possibly Atmmp- 

ditions of Consequence 1 is proven ,f 

implies xRi, and the second condition b proven 

Now we may examine more closely the sigm j „ easier 

sumption by seeing what Consequence 1 says about P " „ 

to do this by translating this Consequence into condmons vvh.eh^ PPJ 

the preference and indifference relatiom P and / dire y, ^ 

the preference or-inditference relation These condi 10 ^ 

quence 1 and the definitions given in Section 3 of P and / 


Corollaries to Consequence 1. 

1 1 For all X and^ m K, exactly one ofxP^, xJy, oryPx holds 
1 2 For all x, y, and z m K", if xFy and yPZt then xVz 
1 3 For all x in /f, xlx 
1 4 For all x and^ in K, if x/y, Xhmylx 
1 5 For all x,y, and z m A, if xly znd ylz, then xlz 
1 6 For all x,y, and ^ in K, lixPy ^ndylz, then xPz, and ifxPy and x 
zPy 


then 


The intuitive significance of these conditions can be divide mt 
parts First, the relation of preference must be (ranniii'c and rc 

individual prefers x toj’ and to z, then he must prefer x to z, an 
fers X to^, then he must not prefer _y to x This is what one wou 
simply from a pnon considerations, particularly if his choices are 
during a short interval of time, so that his preferences remain substan ^ ^ 
fixed in the interval These assertions follow from conditions 1 ^ 
Conditions 13 — 16 imply that, for the purposes of comparisons o pt 
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ence, two alternatives which arc indifferent are regarded as identical If x is 
indilTereni to>, and^ has any relation of preference to z, then conditions 
13 — 16 imply that x has the same relation to z 

Certain of conditions 13—15, appl)ing to the indifference relation, 
would not be expected on a pnon grounds If 4 :^ is interpreted to mean that 
X IS not nouccabl) different from^ in subjcctiv e value, one would not expect 
conditions 1 5 and 1 6 to hold It might well be that is not noticeably dif 


ferent from and > is not noticeably different from z, but nevertheless x is 
preftrred to z, which would contradict condition 1 5 requiring that * be 
indifTcrent to g A similar argument shows that a case might ansc m which 
a would be preferred to and,, would be indifferent to g, but r would not 
be preferred to z, contradicting condition 16 , ^ , 

The counter mtuitwe nature of conditions I 5 and 1 6, and the fac 
that It IS usually found that when a subject does not satisf, the Ordinal 
Assumption (it is conditions 1 5 and 1 6 which are violated), have led many 
authors to suggest the need for a revision of the theoty (or tha part of 
conutned tn the Ordinal AssumpUon) to bring it tnto '7 ™ 

Zen ed behavior Against this demand for revision it is argued that Cons 

quences of the Ordinal Assumption, sinceaho ’ that if these! A 

derived from Consequence 1 a denumerable in 

contains only a finite number o a e ' ^ a, red off with the 

fi„.ty(asettsdenumcrablymfin.te.r.tsmemb=-“;;P^ 

integers) of altcmativra, then i^q consequences which fol 

Ordinal Assumption, but Consequence 1 The Ordinal 

low from the Ordinal Assumption Moj f™- ^ A eonUi.ns a 

Assumption and Consequence , p „ there will be consequences 

larger number -f *=h are not derivable from 
derivable from the Ordinal A»n^ ha general theorj of 

Consequence 1 for such sets ** ^ a alternatives ji an , a 

Bemoullian Utility it « possible > Par each real number/, he 

different miature alternative "arable infinity of alternatives m 

tweenOandl, there is more 

any mixture space, and thereio 



van, nv 

I luOj Y T n-l -I* 

1 are not eqnhrJent for seU 

„..nocneb.asyet;nv«u^-^~^ 

tion beyond Consequence * , j rc%'ealcd in non- 

sigruficance such implication mrght have ^^gated 


4.2 Consequences of the Mhtture Space A-io^. 

In the previous section we derived the conseq . ,vluch 

hvpotheses alone. These consequences are p^ of all utd.ty 
irirrporate the Ordinal .Assumption, hence belong to fU P 
dieories isith die exception of Luce's theorv- of 
The mixture space axioms (in some insunces weakened , 

likeudse common to most theories of the utility of '7r! " „ 

Therefore it is wordiwhOe to develop the consequence o ^ ^ 

section. In the deduction of these consequences, vc shall 
Ordinal h>-pothesis as well, and hcncc make use of Consequence 


coToUanes. . . . assert 

The essential significance of the mixture space axioms is that 
identities bcwecn \-ariom mixture aUemath-es. For example, ^ 
asserts that the tvso alternatives <px, and P* ^ 

equal. If the concept of “equality” b to have its usual logical sense, ^ 
should be the case that if any alternative x is equal to another ^ 

and y an^' preference relation to a third alternative z,j then x sho 

the same relation to z~ Since Consequence 1 implies that any two te 
th-cs which are indifferent must have the same preference relation to a^ 
third alternative, the essential content of the mixture space axioms c^ 
expressed in the assumption that any two altemath'cs which are cq ^ ^ 

cording to the mixture space axioms) arc indifferent- This conclusion 
formulated in Consequence 2. 


Consequence 2. For all x and y \n K (assumed to be a mixture space), 
if X =s j, then xly. 

The important corollaries of Consequence 2 can be obtained irnmedi 
atdy from the Axioim M2, M2, and M4 given in Section 3 for mixtor 
spaces. 
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Corollarle* to Contequtnce 2. 

2 1 For all X and j/ tn h and 0 ^ ^ I, 

2 2 For all x, y, and ^ in A and 0 ^ 1 and 0 ^ j ^ I such ihai/J 

and f arc not both rcro, 

< f'. [1 —t) < V- (‘—1) i > > ^ 

< («+,_«) < — t — ». >. 0 -f) ('-«)' >• 

2 3 For all x in A and nil 0 iS/* •• 

<pr, (!-/>)<> 

*n.oe corollaries to Consrqiitncc 2 shoiv thni the Axioms for mixture 
.pacn nrc nc. InM^I n. fu n- tl.c.r tmp.r.cal .mptol.om 

0. rnlUnri 2 I and 2 3 arc hnl) mnocuom it is Irut Corollary 2 1 

an indisidnal mil lio mdiircrcnt Utnran the allcinalivc of gttl.nga md, 

pro, .ability p or ehe nShe ro’^ « 

«me. mtuimtU mident it saya 

::t m: -r rr:rrc:X’i = 

sslth probability p. or else getting i. ^ g„ample. suppose 

cannot, bosseser. be dismissed as ms jal To 
that the probabilities p and g are both 0 5, then 

< 5t, 5 < 5r. 5;» 

It regarded as indilTerent to the miatore 

<75 <M7a. 333 j’>. 250 

1, IS mie that eompoting the P'^^^'os^^VgXiro^orgetnngP. 

and g in both mixture, give, a P7'«'’^'^ [,“,,;;„Lses yield the same out 
and 0 25 of getting g, and ,„ay very well guesnon 

=t'"s:::heeTat::app«r^ 



nfBmmiUum Vlihl} 

^ 1 , the same A second ddficult> arises sshen the 

rari: oT.n » -hmed Accordm. to . . the aUematit e 


must be indifferent to 


<5r, < hx, 5ji» 

; 75 < 667x. 333x>, 25j» 


, ecT iwne', 15 enual to the alternative x, 

Aceordmg to Axiom M4, < 667x. 333x> « equal 
and therefore it foUoivs that 

<5x. <5x, 57 »f <75x, 25ji> 

In dm case the probabilities of the outcome 

are the same, but one alternative invo^ the ^ ^ ,hat 

the other mvclves taVing onll one Therefore ■' /"f ‘ 
subjects who reacted either positivelj or negativelj 

„ would not regard the two alternative as «l“''j is 

Against these objecuons to Corollarj 2 2 it maj P uUjities 

develop a thecn of choices among nsk al.emames "he u 

ofthe alternatives depend onl> hat an> two 

probabihues, then that theory must automaticaUi P^““PP must have 

aUemam cs ith the same outcomes and the same pro^ ^ if one de- 
the same unlitj. and hence be regarded as indifferent Thor 
sires to de^ elop a theor> xsh.ch ^s.ll meet the objections raised a^^mt 
lar> 2 2, that theory %mU nccessanl> base to take into accoun 
m the subject’s judgment of ahematnes than 5impl> their poKi e 
and their probabiUties It is to be observed, hoivever, that while m 
experimental work which has so far been done has eithe pr ^ 
Bemoulhan Uuht> theor> (and hence the mixture space axioms an 
consequences) or else has been directed at testing the hjqxithese o ^ 

lianUtilit> thcor\,mostorthcsecxpcnraentaltestsha\ea\oid t 

ions raised above b) confining their observations to comparisons e 
alternatives in which the probabilities involved are simple and onl> on 
15 involved m a given alternative 

A3 Consequences of the General Hypotheses of Bemoullm** U 

The cmpincal content of the hypotheses of Bcmoullian 1-- ulity * , 

beyond what is contained m Consequences I and 2, can be 
three conditions on the rclauons P and I It can be shown that these c 
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tmm, together with Ojitsequenccs 1 and 2, are actually equivalent to As- 
sumption A, although the proof of this fact is too difficult to be included here 

Consequence 3. 

3 1 Tor all X,), and g in A and 0 £ p ej 1, ,UI>, then 

(1— /')i> I <A), (I— /i)g> 

3 2 For all x,y, and g in A and 0< 1, if then 

(1— /')g> P </!r, ll—PU> 

3 3 For all and g in A, if tfy andpP^, then for some 
0< /I < I and some 0< } < I, <pi, (l_^)e> JJ., and 
yP < qx, (1— 7)g> 

It 15 important to note the cases in the ahoic consequences in which the 
stncf inequilitj signs replace the usual ‘ ^ signs 

Consequences 3 1—33 foJIo\» immediaiclj from the definition ofa Bcr« 
nouUnn UtilU) function, and the assumption that there exists a BemoulUan 
Unlit) function for the set A (Assumption A) To prove 3 1, suppose that 
xh and u is a Bernoullian Utilit) function Then it follows that j/(x)=tt(>), 
and 

i<(< px, (l~pu>) =/»(r) + O—PMi) 

= + (1— ^)“W 

= »(<^. (I— /')g>)i 

and therefore < px, (l-pjg > I< py, (l~pk > ^o prove 3 2, suppose 
that xPy and 0 < p 1 Then 

»W > «(>) 

pxlx) >/i»W 

pi/(i) + (l-p)ii(g) >MJ’) + 
u(<px, (I—p)z>)> (1— Ak>)i 

and therefore < px, (l-p)z?- P < PP. l‘~Pk > Finally, to prove 3 3, 
suppose that and ^Fg, then afr) >«(J’) >«Cg) »■>"' “ 

u(x) _ B(g) > u(yl — «(g) > 0. 
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hence 
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■ “(7) — “(^) 

^ b(*) — tt(l) 


> 0 . 


Then it is possible to pick numbers p and q such that: 


\ >P> 


uiy) — 

“W — “(4 


> q >0. 


Now, if the mixtures < px, (I — p)z > and <gx, (I — q)z > urc formed, it 
follo>vs immediately that: 


u(< px, {\~p)z >) > Hy) > >)* 


Therefore <px, (1— > Pj and yP < qx, (1 — >t and 3.3 is proven. 

Consequence 3 is very important from the point of view of the observ- 
able behavior it implies. In order to get a better idea of its implications, we 
shall state some of its corollaries. 


Corollaries to Consequence 3. 

3.4 If then for all 0 < p < I, xP < px, (1 — p)y>, and 

<px, {l—p)y > Py. 

3.5 If and I ^ p > q 0, then 

< px, il--p)y> P < qx, (I~9)^>. 

3.6 If xPy and yPz , then there exists 1 > /» > 0 such that 

<px, ( 1-^)2 )> ly. 


Corollary 3.4 foUos^'s from 3.2 (setting z — y) and Irom 2.3 (since, 
according to 2.3, <py, {\~~p)y > ly). Corollary 3.5 follows from 3-4 
and Consequence 2, since 

<qx,{l — q)y> = <—<.px,{l—p)y>, (I -)yz>. 

p p 

According to 3.4, <px, {l_p)j-> Py, and therdhre 

< M (1— /■) > P <—px, Cl—p)y, (I — —)y >. 

P p 
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Corollary 3 6 follows from 3 3 The proof depends on the ordinal properties 
of real numbers and will be omitted here 

It might seem on superficial exaramation that Corollary 3 4is mtuilivcly 
evident since it represents what any rational person would do This corollary 
says that if a person prefers x loj, then he prefers x to any mixture <px, 

> m which there is some chance of getting^, and likewise he 
prefers this mixture in which there is some chance of getting x to the certain- 
ty of getting y This can be interpreted as a special case of what L J Savage 
[1954] has called the ‘ sure thing principle In this case, the mixture <^x, 

> ought to be preferred lo^, since the only possible outcomes of 
the mixture are x and y, either of which is at least as good as^, and one 


of which (the alternative x) is definitely preferred to^ Hence, no matter 
what the outcome of the risk altcrnatuc <pt, (l—p)y > be at 

least as good as the result for acceptingj. for eertam, and there ts a chance 
It will be better Similarly, r ought to be preferred to the tnutlure < pr, 

(l—t), > since no outcome of the mixture IS better than*, and there IS a 

chlTce that the outcome of the mixture will be>, which is definitely worse 


spite of the apparently conclusive arguments that a rauonal person 

this risk Here, .he al.ema.ive '^'“8 3d seem certain iha. x i. 

‘ being seriously injured correspo y Corollary 3 4, * should 

prefeL .o.,and Hence, if the su^l — - „ 

be preferred to an> mixture <fi .1 H— Ol V > (corresponding 

However, the mountain climber P'"’’ ' therefore violating 

climbing and raking a nsk l-f of being killed) X. 

Corollary 3 4 behavior violating 3 4 antes in the 

An even more extreme ex p . places a revolver with 

“game” of Russian ,he chamber until i. slops, and 

one chamber loaded .pVtbn chamber has stopped ivilh the 

then puUs the trigger, kdlmg shooter, the Russian Roulette 

bullet in firing position If the revosre ad, time he plays If* 

player rakes a chance of 1/6 of H --'f; „„.„n.e of 

represenrs .he outcome of sraying abvm. an ^ ^ re- 

bemg killed, then .he allemarivc pUpng^t 
presented by the mmtutc <5;6x, l/oj’-' . 
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,h= player would prefer the of ^to 'he mtxmre 

(bemg Wled), then he al P to pre- 

r::^ - .e mther .. .110.0^ 

-^:::;iesgnenah^.a-™;^ — 
a person seems to prefer takmg ^ p„„„p,e- ofCorollary 3 4 

can be explained in such a way certainly an oser-simplification 

In the case of the mountain c i , outcomes staying 

to view his alternatives as g ^ assumed that the x (staying 

unhurt, or being ^ ^ot going climbing is identical 

uninjured) invoKed in the altematne of nm g^^ g^ che 

with the X involved in going ^ avoids injury or 

same to a mountain climber whether he ^ assumed to 

goes climbing and avoids injury, yet t more bizarre case of the 

be the same m the above argument agaitis outcomes 

Russian Roulette player can be ’ ^ytcmativL of not playmg 

ofstaymg alive are involved m bmh the alters 

(alternative x) and playmg (alternative < i , ^ j be gamed 

lo him, since he presumably believes that „!= and lives 

(m the prestige accruing from takmg the nsk) 

which he would not have if he simply refused to mke th^ k apparently 
Two obseiv ations are to be drawn from the a o assumptions of 

contradicting Corollary 3 4 (and therefore the fundamenta 
Bemoullian 'Utility theory) and their explanations First 
that one may be led to absurdiues if the set A of alternati 
comes IS not carefully defined Thus, m the case of uninjured ’ 

the definition of K in terms solely of the two outcomes o ® ^ the 

and ‘ being seriously injured and probability mixtures o ,t,.ured ’ 

assumption that the two outcomes ‘ going climbing and bei g 
and “staying at home and being uninjured were the same, an 
the same subjectiv e v alue To avoid these absurdities one must s * 
the set K should be defined m such a way that no alternative s 
two different cases which have widely diffenng subjective va u« . the 
it becomes clear that Bemoullian Utility theory is not apphea Q^^coincs 
act of gambling in a probability mixture influences the value ° ^ ^ crease® 
of the nsk In the case of Russian Roulette, the act of taking the ns in ^ 
the %’aluc of the outcome of staymg alive, since the players believe t a 
blmg and vsanmng is more valuable than not gambling 
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A Strict ndhercnce to the proviso that Bcmoullian Utilit> theory cannot 
be applied in situations in which the act of taking a risk influences the value 
of the outcomes would logicall> rule out practically all applications of the 
theory, since almost any risk probably influences the subjects e values of its 
outcomes m some degree Like all psychological theories, BernouHian Util 
iiy theory is an approximation, and the important question is whether it is 
sufricicntly accurate to be useful m a particular situation 'What the above 
nrgumcnis show is tint the theory is likely to be more inaccurate in situations 
in nhich nil taking hit high intrinsic salue (or has a large elTect on the 
values or ns outcomes) than m situations in sshich its intrinsic value is Ion 
Therefore, rruitful appheattons are to be looked for in situations m nhich 
the act of taking a nsk has hlltc inllucnce on the salue of ns outcomes 
Corollary 3 6 Ins, like 3 4, some counter instances Bchas tor apparently 
siolaling 3 6 occurs sshcre the three alternatives x,}, and i are highly dis 

gC't'srp:: r: L^^’eri^'trert'wid^a: 

ld"os:r .Ts«n/reasonahlftosnppose .hats “ 

preferred to ;"^^ft„^"“aheire' Tm > 

rn7..r:r::uo,, , < , theahernartse of^e«.s.^.no^^^^^^^^ 

feel that if there stere an) chance at 

svould prefer to take the '““'"''L ® „ould be preferred to 

eludes rhts "'hose small the probabtlny l-> 

:,":s ni ^rLefthan'aen, Thi, hehas.or ssould contrad.ct Corel 
, ,.v,„i4.rf\eah the difficulty inherent 

Closer examination of the a vecx prababilitics invoUed in 

in attempting to give m the example such 

the probability mixtures I .^different to the sure alternative 

that the mixture < px, (I so that the probability I—/- of being 

y. It would certainly he very c > though whether any ps) chol 

hanged svould be sery small sa, one m.Ihonth of 

og,eal stgntficance can “^rh' w Iw sn.l prefer to take the 

hetng hung If a P'-" ""''C,, nt'rprohab.l.ly of one mtlhonth of 
smgle ptn rather than the nsk tnsoln^?^ P^ .^e nsk 

being hung, one could then go „ reduced to a tnllionlh 

alternattse tfthe probab.l.ty ofbetnghangss 
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1'9®1 , ,. .fit «erepomt.d out that th«. 

person might reject this nsk also, t oug^ hghtnmg at sun- 

,^ould be considerabb more ang ^ght change 

doM-n thanbeing hung at =“"^°'™^^|^^^eholog.cal nouon ofprobabd.^ 
nund What the example shorvs IS expect the theory to appl> 

r:er, haxy. and it u prohahl, ^^^e to zero, or .here the 

either .here the prohahdiues in ^ duparate 

^bjecuve salues of the “ ,o the difficulues rmsed 

It . possible to folio. Pso “ , 1 ., dieory is as i. stan^ 

.nthelast example Et*er U mai ^sume^^ ^ ^ 

a good enough approximation , , ^uves of disparate or non-corop- 

m«lifiedtoallo.forthepossibihtyofal ^eemed .nth the theory of 

arable subjectisesalues ' on A, and therefore shall as- 

Bemoullian Utihty as ” ^^^oor may contradict it m ce^m 

5umeCorollary3 6.esen though a . ^d by M Hausner and J G 

g,ye a brief desenphon of this theory m Secuon a 

4.4 Consenueuces of the General Be.-^ 
sumptions for Mixture Spaces of Arbitrary 

Alternatives. „r arbiuary numbers 

Assumpuon A is generalized to apply to mix 
of altemam es as follo.a 

Assumption A'. There emits a real valued function u over the set A 
that 


that 

(1) for all X and/ m A, xRj if and onl> if «(*) ^ “W » 

(2) for all x„ , x, in K and all non ncgati\ c pi, . 


. that 


“(<^1*1. 


Pi- pz-^ -r P. - 
,fA. > ) = fi“W + 


- fd-W 


Coruequences 1 and 2 folio, from Assumption A m the sarn^^^ ^ ^ 
they follow from Asiumpuon A, though the meanmg of n^nce 2 

somewhat different. The defimuon of equality, on which G°nse^^ 
depends, as generalized to apply to general fimte mixtures as 



Sumy of BmmUm Vtd»ty Theory 


[197] 


intuitive significance as applied to mixtures of tvko alternatives, but the 
axioms necessary to charactenze it are more complicated Intuitnely, two 
mixture alternatives arc defined to be equal if and onI> if each yields the 
same outcomes with the same probabilities 

DeGnition (Finite Mixture Spaces) A set h which statisfics Axioms 
M'l __ M'4 IS a finite mixture space 

Ml Forallr.. (Rarbilrar>)mA,and all non negative/.,, ,/>, 

such .hat /.. + + A. = I, .V. > “ 

M'2 For all »„ , ». ■" A. 

= <lv„0<, Or,, ,0«.> 

hF3 ForalU.. .a A and non negahve aumbe. A 

I = 1, ,nandj=l, , m such that A, + 
and 

?t 4- + ^ 

-in 

then ^ 

« <T^y^, rTmym>> 


M4 


where 

fy SB ^ip\^ 4* 4- J ^ ' * 1 r 

For all x,y, and z m A and for 0 < ^ ^ ‘ 

< A*, 


. »i I _ M4 imply the anginal auaturc 

It 1 ! caiy to show that Axioms M ' „,,Lb of two alternatives 

space axioms in the case m which P™ Coasequence 2 follows front 

only can be formed Now.ttcan cs o - generalized to apply 

Assumptton A' wt.h the notion of equality of mixture, g 

to arbitrary finite mixtures „ml finite mixture spaces, and wth 

Consequence 3 also applies to the .^e three conse- 

the same meaning as previously, and .. «n ^ „„„ A’ implies 

qnences are equivalent to the A»f"P"»^ J assumpnon The 

Oonsequenees 1 - 3, and .h«e , ^e, and so we stmply 

proof of this equivalence is difficult m ^ He to derive 

Le t. In the followmg section, we shall *nw ___ H.eni 

Assumption A' from its consequences >" ^ set of ‘ sure allema 

auve H equal to a probab.l.ty mtxWre of a fixe 
lives (this set being assumed finite) 
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. of BernoulUan UtiUty Theory: Representation 

4 5 Aaiomatirauon of Bernon 

Theorems. ..ilian Utility theoiy has been presente 

In many d-scnsnons f g.ven specdymg certain con- 

omancally Thn means that a set of and such that 

ditions which must be satisfied y P ,),£ existence 

these condiuons imply Atsnmpt'™ N^untann and Morgenstem [19«] 

of a Bernoulhan Utility function ^“"^' ^„fBemoulhan Utility, and 

teasetofaxiomsmtheiron^nal o™^ 

many other renters on utility [1950], Fried 

uons of other systems of axioms (see ,„port 

simply stated without justificauon classical 

"Je shall not examine the tfa. ^nsequ^ 1 

Bemoullian Utility theory here It has bee ° ^ oould be taken 

are actually equivalent to Assumption A- ^e that these 
as axioms for the theory ''^'.'^“rLumph A), h « 

axioms are actually suffcimt (that is. that th y PI __ representation 
necessary to prove what is called a /and ‘be relation 

theorem m this instance would have the form ,, Utiht> function 

ii satisfy the given axioms, then there exists a Bemoulhan UU t> 

for this sv-stem ^ shall add one 

To illustrate the idea of a representation theorem.^ ^ 

axiom to the conditions contained >" ‘^'“'= 9 ncncm 

finite mrsture spaces) , and show that if thee axio „ r^ents” the pre- 
exists a Bemoullian Utility function which so J alternatives are 

ferenee relation The axiom to be added specifies *at all al ern 
equal to mixtures of a fixed, finite set of basic sure altem 

Representation Theorem. Let if be a finite mixture j;,|. 

a relation o\ cr A' satisfying the conditions of Consequences 
lovking condition 

there exist elemenU a., .a, m Ksuch that for all x in K there exist non 

ati\ c numbers « /», such that 

X = < p^a^, , p^a, > 

Then there exists a Bemoullian Utility function for the set K 
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To prove the representation theorem itisncccss-ir> actuvll) toromiruct 
areal valued function u defined over A nnd then sho\% thit this function isa 
Bernoullian Utility function It ma> be assumed s^nhout orgenenhtj 
that the basic set of aliernatnes arearramjed in order of preference 

OfRof, , 

(the fvet that they can be so arranged foUou-s from the fact that the prefer, 
ence or indifrcrcncc reJaUon is a weal ordering) <No«, tno cases arc pos- 
sibic cither <T|/Vr, or Qila, IfoiAr,, then it tblloii-s from the /act tint R\\-\ 
weak ordering tint all of the altcmativcsa,, , a, are mdificrent, and hence 
by Consequences 2 and 3, all the aliemativm in A arc indilTcrcnt Tins case 
IS trivial, since the function tr cm be defined such tint u[x) — 0 for all j 
in A, and this is casilj seen to be a BcmouJban Uulitj function for this set 
of altermtives 

In the second case, a, Pc,, and for each a , 0|Pa. and a Pa, Now, we ssoh 
to show that for each i there exists a number 0 ^ 9, iS I such that 


a,/ <?a„ (l-s)a,>i (I) 

1 1 , each a, 1$ indifTerent to a mixture of the two altermtives aj and a. For 
an> given t there are three possibihites either Cifa and a Pa, a, Pa and 
c Po^, or Of Pa, and a la. If Oila, define 9, I > then, h) Axiom M 

< 9, ‘>1. (*— ^ 

and since a. was assumed mditrereni to a„ it futlow-i from Comequenre 2 
(that cquxl ahcniaiivcs arc mdilTerent) that 

a / < ?«i, (I— 9 K> 

In the case that a, Pa and a Pa„ it foHo»i from CorolJ m 3 G to Convequrnce 
3 that there exists n number 0 < < I such that 


aj <^a,, 

Finally, if tf, /a,, define — 0 Inlhwcmr, 

<9ai. 

and therefore 

a! <fi,. 0-r)‘^> 

tion (t), llic runclion a ran l>c ‘Iffi""! Il«-i<a>'nn' 

tiv c X, there are some nunilicn Pj * 
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(2) 


AT = <Piau tPffin> 
u{x) IS now defined by setting 

o ( j :)= gipi ~r gsPa-^ 

It be seen further on that if there were two sets of numbers pi, , p, 
which satisfied the equation m (2), the sum on thengbt band side of equation 
(3) would be the same for both, and therefore it would not make any differ- 
ence which one of these sets of numbers were picked in defining the value u(x) 
The function u having been defined, u remains to be shown that it is a 
Bemoulhan Utility function To show this, it is first necessary to prove that 
xRy if and only if u(x) ^ u{y) for any x SLndy m K Suppose that xRy, and 
suppose that the numbers p^, , are the ones by which u(x) is defined in 

cquauons (2) and (3) and that the numbers satisfy the analogous 

equations for the alternative te^ 



W 

y = <Vt. . v.>. 

(5) 

“W = hPi + 7e/'!+ + 9.P., 

(6) 

“W= J/l + ?ets+ + J.r. 

(7) 


Now, It ^s^U be recalled that the numbers were defined so that 

(1— 

It follows from Consequences 3 I (generalized to finite mixture spaces) that 
if the alicmalivcs <q a^, (1 — g)a^^are subslituted for the alternatives a^, 

which they are mdiffercnt to, in ,p.a,>and <riai, 

the resulting aliematives will be indifferent to x and_y, respectively i r , d* 

^ (I — gt)On>f (1 — g,)az» (®) 

and 

y = (I — 9i)fl,>, — 9,)ii,>>, (9) 

then Jtfc" and ,;y According to \*iom \I 3 m the definition of a finite 
mixture space, 

and 


y = <(ei7. -t- 


(/»i(I — ?i) — 
"‘■t«9«)‘ti, (r|(I — 7j) a- 


+A(I— 7.))‘’.>. 
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According to the definition of «(*) and n{j,), n is easily seen that 
two equations are the same as 
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the above 


*' = <u(*)as, (I— »(»))o.>, 

and 

y = (i— «(yK> 


( 12 ) 

(13) 


Noiv, if xRy and xlx' and^^ , then « follows from Consequence 1 tha t 
x'Ry To show that u{x) ^ {u)y, suppose that this is false, and uiy) > 
Then, according to Corollary 3 5 and equations (12) and (13), it would fol- 
low (hat ypx (since fliPa,), contradicting the supposition that xRy Con 
versely, if u(x) ^ u(^), then by the same corollary it follows that and 
hence xRy 

It has noiv been shown that the function u defined satisfies one of the two 
conditions necessary for a Bcmoullian Utility function This proof incident- 
ally shows that equation (3) is a definition, and that if there were two differ- 
ent sets of numbers Pi, ,p,satisf>ing equations (2) and (3), they would 
yield the same sum on the right of equation (3) If the sums )ielded were 
dilTerent, it would be possible to use the same argument to show that 
u(x) > ti(x} and hence xPx, contrary to Consequence 1 

It now remains to prove that «(*) satisfies the second entenon for a 
Bernoullian Utility function if 


Pi -h Pi -i- +/>«*=* 

and the p's arc non negative, then 

“(<Ml. tPmX„>) *= + PA^t) + 

For each of the x's there are numbers r{, , r, 

x,=<r\ai, 

Then, according to the definition of u, 

“(*i) = + ?» ^2+ 




such that 

(14) 

(15) 


According to axiom M 3, however, 

<A»i. ,p.x,>=<s,«u 

where 


(16) 


=pt'! +pi’f+ 


( 17 ) 
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u{<PiXi, (18) 

, e..lv be sbo«„ (b. ™.n8 .b. .ee.. .n .be ebo.e su.s, .be. 

= p,u^x,) +Pi‘‘(x^)+ +/’,"W 

Thus, .be proof .ha. a(v) .s a Bernou.ban U..h.v funC.on .s concluded 


5 MODinOATIOSS OF CLASS.CAL BER-NOULUAN UTILITY THEORY 

''^"ngXj-nceof.heT^^^^^ 

hamr. a number of rmporran. mod.ficauons of .he class. 

U..hl> .heory have been proposed, mos.l) mo.na.ed > 

bringing .he s.ruc.ure of .he classical model m.o closer confonn > 

aZl b^hal.or ivh.ch .. .s supposed .o d«enbe Le. - 

ivha. some of .he mos. obvious defecU of .he classical 

.heory are Perhaps .he mos. fundamemal defec. of .he O'' 

with all o.her u.il..y .heories namely, i. requ.rw per ec _ 

discnminanon of subjeC.ve values and allows no “margin of eiror 

idcabzalion this assumption of perfect discnmination is inno . ,n 

and IS no worse than comparable assumptions to be found ^1 

the physical sciences, but It IS faml when It comes to making an e p 

test of the theory, since subject almost never fit the theory exac y 

type of modification in the direction of empirical realism, there or 

replacement of the assumption of perfect discrimination (partly 

by the assumption that the indifiercncc relation is transitive) y som 

weaker Two more defects of the classical theory are closely 

are (1) that a subject is aware of what the true or objective P*"® ^ 

are in decision situations, and (2) that he is a ‘ perfect computer w basic 

to work out the probabilities of mixtures of mixtures in terms o t e 

probabilities of the component mixtures The first of these difficu ties 
be met in two wap in an experimental situation either by training 
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subjects so that in some sense they become atvarc” of uhat the true proba- 
bilities are, or b> assuming that the subjects do not necessarily react to the 
objective probabilities but instead to a subjective probability which might 
be thought of as what the subject “perceives’ the objective probabilitj to 
be The second difficulty may be overcome expenmentally by restricting 
the set of alternatives to mixtures of the liist order, and not including mix- 
tures of mixtures One last difficuUl mberent in the classical theoiy is that 
It takes no account of the “utility of gambling’ (such as occurred in the 
Russian Roulette example) 

In this section we shall ducuss several modifications which aim to o er- 
come the defects listed above Many of these modificauons 
and an adequate discussion of them would have to be a most -.ms v a 
our expositmn of the classical theory Limitations 
extensive treatment, and all that can be done h-'; .h 

each one what its fundamental assumptions are and how i. is 
classical iheory 

5.2 Multi-dlmensiooal Utilities. mre a relativclj minor 

The firs, modification to , ,„™p„on that probability 

“defect" m the classical assumption^ fCorollary 3 6) that for any 

mixtures satisfy the “Archimednn con . ^ be some prob 

three alternatives x,y, and e such tha J q counter-mstance 

ability p such that <pr. “ '"‘‘f' Xen mentioned in Section 4 

which apparently violates this u„l„j between X and> is 

This IS the situation m which the dilfe for example, 

“incomparably smaller" than the i getting one pm, and e is 

where xis the alternative of getting two [,95^4], see also 

being hanged a. sundown Melvm j o [1952]) has dc- 

Thrall, R M [1954], and Hausner, ‘ preference relation which 

veloped a theory of muv.urc formally die Archimedian 

does not satisfy Consequence 3 6, vvtiicn 

condition rRemoulhan Utility theory actua > 

We have stated that the hypotheses ” Section 4 If Bc- 

fcllow from the three empirica “"’^„eell,, then these consequence 

noulhan Utility theory is formulated a deduc ■ 

or those equivalent to them are ' theorem showing that 1 
from the axioms is the , my function exisu Na.ur.ll>, .f 

axioms are satisfied, then a Bc-^" 3 g dropped, then it o no 
the Arch.mcd.an assumption ofConseq 
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,o„,e. po..He to prove 

U can be shown that .f th.s f fjh.ch may be thought of 

cept.enteabyamom^^^ 

reC":" that m the 

r[ro«" 

resentation can be gamed from an «amp e medicine 

Suppose that a member of a man's family is ill 
The m" has a choice of several ™ c-ts Assuing 

degrees of effectiveness m curing the J ® man, it t 

that the costs of the medicines are not prohibitively ^ S 
reasonable to suppose that he will choose among the medic 
of their degrees of effectiveness in cunng .heir 

were equally effective m this respect, would he take 
relative costs m choosing between them Th^ is an «amp 
values of effectiveness and money are not comparable _,j,cmes 

which 15 very effective m curing the illness and y and ^ are w 
which are both less effective than x, but equal to each other m thi P 
although^ IS less expensive than z, it would be likely that x . j 

ferred to>, and^ to . However, if this is truly a case 
then there would be no probabilttyp > 0 such that^ would be pref ^ 

(1 — p)z>, since even ifp is very small, <px, (1— ^)«> wu 
probability mixture giving a higher probability of cunng the i ness ® 

In the above example, it seems reasonable to separate the bases p 
ference for the medicines into two components, the first component 

mg the effectiveness of the medicine, and the second, Its cost Likewise, o 

might assume that the man has two utilities for these alternatives, on^ 
utility for the effectiveness m cunng the illness, and the other for cos ^ 
this case, the man’s preferences are represented by a vector with two co ^ 
ponents In choosing between alternatives, the man chooses the me ic ^ 
with the highest utility in the first component (representing effectiveness^, 
ignonng the second component entirely unless the two alternatives are 
m the first component, in which case he chooses the alternative wit 
highest utility m the second component 

There is no reason to limit the number of possible components o pr^ 
fercnce to two, as m the above example, and, m fact, choice situations wit 
larger numbers of components arc conceivable In general, the number of non 
comparable components ivill determine the number of components m t e 
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utihty'Vectors’ representing the preferences ^VhatHausncr has shown is that 
for any system of preferences which satisfy essentially all of the Consequences 
of the Bernoulhan Utility hypotheses given m Section 4, with the exception 
of 3 6, It IS always possibleto represent the preferences by utilit> vectors (of 
unspecified dimension) If the dimension of the vectors (i f , the number of 
their components) is finite, say of order n, then they can be so chosen that 
the preferences are made according to the rule that an alternative represen- 
ted by the vector (r„ tt. . >.) » preferred to an altemat.ve represented 
by the vector .y.) -fand only .fat *e first enntponen. a. nh.eh 

these vectors differ, say the i* (m which case r, -y„ - A . ».-i = 

y the component of « ts greater than the eomponen. =>0 /" •>>' 
ttmple of the med.c.nes, the preferenc« wonid te b> tw 

represent.ngaprohah...ty nature 

f .l ,5 p^ulti dimensional theory, m 
interpreted as simply a special component 

which the preferences are represented by vecto J 

5 3 Theories of SobJecUve Jhatfere ate ts*o ways of 

We noted m the introduction to t is subjects may not 

dealing with the problem which obtain in decisions 

be aware of the true or "objeettve applieabon of the 

whteh they may face mvoly.ng probab.lmcs are simple 

theory to situations m which a procedure might seem 

(say %) and the subject are B„noull.an Unl.V “ 

unduly restrictive, but u quite re^na , before attempt 

desenpuve theory tn such -f c eompUeated dec 

tug to construct theories to d«l f„i,„wed thu course in 

sions Davidson, Siegel, and hypolhesu The second 

their erperimenu testing the ^Tthe objective pro^ 

approach is to assume .bat P"’P'' "°„d ^,gn ■subjeeliie" probab 

ablies, but nevertheless estmutte them, Such an assumption 

ihties on the basis **’'\"’* luch arc othcn'isc 

isa..hehcar.of.hreedilTeren.tl.»r.mwh, h am ^ j S,„ce 
One of these is due to Ward “';:“^ /'|”,;:b..heoryuasua.gh.- 

11954], and one to R Duncan Luce [1957] 
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no clmm to “rat.onal.tj” tn the sense 

fonvard descnpt.ve ^ gasage gises a set of axioms _ 

that It descnbes the beha ^ a, postu- 

vers much hke those described in describe 

lates of rational fo^^hsm svhich is too complicated to 

Savage’s theory, since it u indicate the central 

be described bnell> '\ha sve j ,g „ ^ simple framework 

Ideas of the theory of ^ Pirst fo^ulating the 

much like that ™^J;^„„„l,served functions utility and subjecme 
theory in terms of the important behavioral 

probability, and ^ d„.ve a behavioral pnnciple closely 

demand a separate discussion It will ®'“°^,,i,„res in the 

The altemauves in the subjective probab.l^ theory are mix ^ 
extended sense described bnedy m Section 3 That is. 8"'" " 

“ -complement” £ (the es ent which “th", th^.«- 

outeomes x and j/, we can form the mixtme • J ’ ^ ^ t) To 

native of getting x if E happens andj. if E happens (i r , if E doe n ; 

give a specific example, suppose that a ^n “ ““ rThTtlkm the action 
and visit a fnend, but is not sure the fnend is at home If he 
of going to the man’s house, this has two possible ^ 

fnimd, or not seeing him, and the actual outcome depends on who 
fnmd IS home when he gets there or not If w e let £ be the ^ 

fnend IS at home (and therefore £ is the event he is away ), and x be t 

come or visiling the fnend and j be the outcome of making a - 

then the altematue of going to the fnend's house is the 

In general, v.hat is assumed m an> decision situation is that the 

basiC5et5orcvents£Thesetisassumed to include, besidesan> e%ent , 

‘‘complement’ £, and for an> two events and £* their “unmn r 

which IS the ‘ e\ ent” of cither £i happening or £, happening One e V 
would be that the set S consists of all the possible ways a single die can 
^Vc might let the c\enl £., i ^ I, , 6 be the e\ent that the die ro 
^ IS the ev ent of rolling a three) But, it is assumed that S must 
tain besides E^, , £* all complements £„ and all unions £,w£,, unions 

unions, etc Thus,5must contain the event F^^-/£^w£e, which represents 
ling a 2 or 4 or a 6, 1 ^ , rolling an even number It is not difficult to s 
that in this case S must contain 64 separate ev ents Smee we shall alway'S 
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\>orkmg ^Mlh finite sets S, Jt can be shown that S can alwa)-? be taken as the 
set of nil subsets of some basis set V, which in the example is the set 

E„ F, F, . , u 

Now, ifwelct TT, be thesetofairpure or nsklcss alternatives theset 
A of mixture alternatives uiU include besides A, all mixtures <Ex, Ey> 
where F is in ^ and x and^ are in A., mixtures of mixtures, etc (the precise 
forauil dcfinilion of / m ttnm of X and h, offm no difficulty, and will be 

omitted here) . j av 

Besides the set K of alternatives, which has now been described, there 
rematn the preference relatmn, P. K. and I and the ut.l.ty funetton, nthteh 
play the came role ar m the ehrstcal theory, and one new funetton ff 
SefLd ocer the set i For any eren. f7(£) » f ■"7^''“;; 

,he eubjeertte or pereetred prnbabtlt^t of £ 77 ' " ‘L 

entred L haye eery rpectal propert.ea nantely, f7 tr 7“7 7 ' 

,ueh areuntplton. Tht. hypotheetr t. etntply for all » andy tn a 

»(<& o>) = w(£)«W + *** 

Thus fomiulaled, the baste hypotheso “ Tf die^ probabilities 

generalization of the BernouUian ^ 7_/7(£) and the right side 

n(E) and n(E) are analogous equaltou to the 

of equation (I) assumes the 

classical theory , ^ -nnation (1) it “ necessary to 

In assessing the theory meorporaled 
dense its directly testable “’ 7 “'"“! p, £ and / between the 

staled solely m terms of the obserra functions u and ff (recti' 

ahemalives, and do not insolve the ”"7' magnitude not accessible 

that in the subjective theory W(£) na Sf^^^ form 

to direct inspection) Even without “ F follow from equation (I) 

of f7(sueh as Savago niahes, certam P-''"'“ 7 r 7 

which are immediately ° „„ 5 , also be transilive 7 5“ 

transitive Unfortunately, '"‘‘'77,hn defccVo°rthe classical theory An 

theory sulfen from at least some of .he del 
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other not qutte so obvtous <1, 

IS preferred to <Ez, Ey>, ' mthout any 

foregotng formulated tn equat.on (1) has 

specal hypotheses ^ refutable It would be .nteresbng .f 

empincal content, and empirical consequences of equation 

someone ^vere to deriveaset ors#«m.emp.nca ^ 

(» ^'Hich. dthey were -“f this has not yet 
and u satisfying the equation To becomes much more 

been done ^or As noted above, m 

interesting if 17 is assumed to have a sped ^„„dit.ons U must 

Savage’s theory U is a probability follows for oH 

satisfy in order to be a probability measure can be stated 

Esand£sm5, 

if E.rsEs = 0, then /7(£,w/£,) = 77(£,) + 77(£s), 

7I(n = I 

(In the above equations E,^E, is the “■"‘'"'“‘7” "Ttfe nuU 

£„ the event of both £. and £, happening ’ ° ^ 

event, and £. n £, = 0 simply says that £, and ore S' “7^^^ 
atible, 1 r , if one happens, the other does not V is the umve 
one which IS sure to happen ) One very important consequence of equ 
(2), (3). and (4), is that for all E m S, 

_ - 


One immediate consequence of equations (1) (3) « a simple ki 

sure thing principle as follow 

if xRz and^iic, then <Ex, Ey> Ez ^ ^ 

This sa^-s that if x and _j' are both at least as good as z, then any 
them IS at least as good as It is obtious why such a consequence « 
a“surc-thing principle”, the alternative <Ex, is a sure-thing 

panson to altcmamc s, since no matter which outcome x ory resu ts 
taking alternative <Ex, £y>, this is at least as good as z 

The important problem w ith this theory, as w ith other theories in% o 
unobser\cd functions, is to derive a set of behavioral consequences v 
(•) Sa\*age formulato hu theory directly in terms of the behaviomlic 
and ihen derni a the exmence of the functions 17 and u, rather than, as vfc o p 
the existence of these functions, and then dense their empincal consequences 
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are equivalent to the ongmil assumptions Oneway to do this is to arrive at 
definitions of the unobserved functions fl and u in terms of observations, 
since with 11 and u observationally defined, the fundamental h>pothcses 
become observationally testable Unfortunately, it is not possible to give the 
required definitions in this case without making further assumptions It is 
also impossible to formulate any simple set of obscrv-able consequences 
which are logically equivalent to the original assumptions Hence, the best 
that can be hoped for is to give sets of behavioral consequences which are 
intuitively significant and test them It turns out that for molt of these 
consequences there arc strong arguments as to wh) a rational person should 
act in accordance with them (the simple sure thing principle mcnlioned 
above IS an example), and therefore this ihcorj orsubjecliie probability 
can be defended as a theory of rationality 


5 4 Theories of Imperfect DiscriminaUon 

The problem raised by the fact tfia. individuals are 
to compare utility differences with perfect accuraq, and h'"'' 
ference judgmenu are liUly to be in.ransi.iie is 
Utility theory has in common wath any otlier iheoq ^ 

the fundamental assumptmn that , is mdifferen ^ 

ii(;.) As a result, most of the „„h,„ ,hc framework of 

account imperfect discrimination restricted scope of 

utility theory m general rather ^ ,i.scrimination has Us 

Bernoullian Utility In fact the teory oHm^r 

ongin outside utility Ihcoq comp ofienmliotis of lone The 

physical measurement, particu > carries us considerably outside 

Stalled discussion of these theoriratheraf -car^^ ^ 

the scope of this survey, and we sha 

remarks „,,w« of approarl""? P"'*''"" 

Tradilionall), there are two ^lublcs that rather than indif- 

fect discrimination The first o ihii relation should 

fcrence being equivalent to cqoa ) ,hin jml rclirraJ/r di/riral m 

hold if the two alternatnes “""I” allemames to differ in 

utility value Specificall) . “ '^„j,n<.,ent beeauie tliq are not nonce 

utility salue and yet be wa" iheotelic apphcinoiii thii 

ably different in utility "“P '^,, 9,6] and Cerlaeh (IM7) A second 
approach has been followed oy pteference jodBroenli 

approach to ihe ptoWejn u 1 .nlmm.tiiities of preference or 

arc subject to random Hue u 



xnd.frerence are not due to rfassumpt.on has 

fluctuations in the under ying pre „\chological scaling, and has been 
.Uo a long hrstor, ut ~ Suppes [1957] and 

9?7]:ihrtheor, - a.sc„m.naUon 

usoined>Osueh that for alUandjrm . 
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xVy if and onl> if “(*) > “0) 
xly if and only if \ «(*) — “C>) 

X, r. and to tn 7f, 

not xPx, 

iSxPf and zPw, then either xPw or zP^ , 
i!xPy and zPx, then either ttP> or zPu 

Indifference is defined by the condition 

xly if and only if not xPy and not^Px 


( 2 ) 


( 3 ) 

W 

( 5 ) 

(6) 


Scott and Suppes prosed that for finite seu of o„ns 

order aaioms gisen abose eahaust the empincal “[ ^ by 

(1) and (2) It might be thought that an essential ‘ P ^ 

k’e assumpuon that the number d. ishich defines the internal ^o^^^ 

ference, IS constant and docs not depend on either ii(*) U „ier the 

one might think that the accuracy of dncnmmation might van 
uuhty scale, possibly becoming less for larger and larger utdity . 

therefore admit the possibility that d should be vanab e I 
though, that, at least for finite systems, the only behav loral conseq 
ihis assumption are just the semi-order axioms, and hence t e t eo . ^ 
the x-anablc j n d (just noticeable diflerencc A) is equn-alent m 
bchasior it implies, wth the theory based on a constant j n > 
further conditions are imposed on the utilit> functions besides { j *s 

then It can be 5ho\%-n that the assumptions of constant and ^Gerlach 

arc difTercnt- Some of these problems ha\e been imestigatc 

tl9571 
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The stochastic approach to the phenomenon of imperfect discrimination 
involves a somewhat more radical reformulation of the underlying concept 
ual apparatus than dees thejnd formulaticn Here the relations /’and / 
are replaced by probabilities p and i, where is taken to be thc/rui 
abiUly that on any given occasion a person will choose x in preference to^, 
and is the probability that they will be regarded as indifferent If on 

any given occasion the person must do exactly one of the following three 
things - choose » over y, declare hinoelf indiffereot between j: and/, or 
choose/ over * - then it follows that the three probabthtin ;(*,/), t(r,/), 
and p{y, x) must add up to 1 

/>(*.>) + '(■'d') + 

In view of the fact that tod.ffercnce between/ and » ts logicallv equivalent 
to indifference between » and/, we also have 

iM = 


In most stochastic theories of choice it is 
declare himself indifferent between two 
choose oneorthcother Inthts case i{e,d) 


assumed that the subject cannot 
alternatives — he is forced to 
= 0, and equation (7) reduces to 


p{x,y) + PM = “ 


( 9 ) 


It IS usually assumed that the “I,' ramloml) in some 

preferences around which the actual cho.ces fluetuate 


such svay as the following 


for all X andj' in A", » \ i 

xPy if and only if/Wl ^ 

xly if and only if/(*f7) ~ ^ ^ 

Now, if the preferences and indiflcrcnces satis y g as the Bemouilian, then 
arc assumed to satisfy some theory o uti i ^ statements about pmb- 

thc observable consequences cd rchli'C frequencies of 

abilities, and can be tested by using the 

choice as estimates of these probabilitiM lo rote that ‘ « 

Before passing on to consider Lom s ^ around the pro 

stochastic formulation of the theorx o pre ^ an 

ofintransitnity of mdinfercnce by se"*"® «l.matmg probab.hn« 

even thorn, er problem “ 

from finite relatixe frequencies 
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lame frcquenq ^vhich x is chosen over^ in a finite number of obser%'a- 
uons, then almost ccrtaml> neither preference nor mdifference as defined 
b> conditions (10) and (II) svdl be tramitnc, and it noald appear that ive 
arc m a worse difficulty than before The traditional statistical solution is to 
regard these numbers as estimates of the true probabilities and subject to 
sampling error The question then arises as to w hen a givxn set of obsen. cd 
rciame frequcnaes^(Xjjr) which does not perfectlx satisfy a thcors does not 
do so because of sampling error, or because the true probabilities actuails 
do not satisfy the hvpothcses of the theory The anssver to this question 
would take us into the statisucal theory of testing hypotheses, % hich will not 
be embarked upon here Suffice it to say that the advantage of a\oidmg 
mtransitiy ity of mdifference is paid for m the extreme difficulty of actually 
applyniig or testing the stochastic theory with which it is replaced 

5^ Luce's Theory of Discrimination Structures. 

W e conclude the dtscusion of modifications of the classical theorv inlh 
a theory yyhich combines both subjectjyc probabilmcs and a stochastic 
treaimeni of imperfect discnmmation This is Luce's theory of dircnmina/ior 
stmeiures [1957] This model also has one noyel feature of great mtcresi it 
assumes not only imperfect discnmmation of utilities, but also imperfect 
discrumnation of subjcctiye probabilities, and advances an mtcrcsting 
hypothesis relating the two 

A real valued function p o\cr /fx/f (the “cartesian product” of K yvith 
itself) is said to be a duenTmnatton struttiae if it satisfies the folloyying three 
conditions 


K=^>f) S 0 for sU m A , 

(1) 

M S I for aU x,y in K, 

(2) 

for -o®!; a and i ® K,p{ajb) — p{bfi) 

(?) 


ntmtiycly, the number may be thought of as the probability that x 
wi I be chosen mcr^ on am. given occasion Condiuons (1) and (2) simpK 
^tc some of the properties which p must haye giyen this mterpretation 
n jtion (3) has the function of requiring that not all altemaiiycs be 
indiffcrcnt- 

So far the theory diRcn m no wav from the stochastic theorv of imperfect 
licnnmiauon bnefiy desenbed abovu. Two theories of discrumnation struc- 
turo or mixture alien^amcs have been developed bv Luce, one of them 
app ymg to what he calls ‘"ttroh mxfare jpacu" closclv analogous to the non- 
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numenoil mmures described bneflj in Section 3, and the other applied to 
probability rnmures m the ordinary sense Since the parallel tilth the das- 
sical theory is more obvious in the ease of discnmmation structures over 
ordinary mixture spaces we shall confine our attention to the second theorj 
(actually, Luce considers what he calls “nsk sfms ' which do not satisfy all 
Ilie axioms of mixture spaces) The results he finds for nsk spaces, however, 
apply a/orlwn to mixture spaces, and we shall assume for the remainder of 
this section that A is an ordinary mixture space In stating the fundamental 
axiom of the theory of dtseninination structures on mixture spaces, tt is 
necessary to introduce a second discnmination function g, analogous to />, 
but representing discrimination of relative likelihoods of pairs of events If 
a and (8 arc the probabihlies of two events, say £and E (it is necessary here 
to use the Greek letters, since the letters *p ’ and ‘ g” are now being used to 
denote the two discrimination functions), then q{a,^) is interpreted intui- 
tively to be the probability that event E is judged by the subject as more 
likely to occur than event E' It is important to note that the above desenp 
tjon gives only an intuitive inierprctation of q the fundamental assumption 
of the theory of discrimination structures on mixture spaces does not presup 
pose any objective interpretation for q, but only that a function q ntth a 
certain property exist The central assumption is that a discrimination struc- 
ture p on a mixture space K is decomposable, as defined below 


Definition (Decomposable Discrimination Structures). A discrimina- 
tion structure p on a mixture space A is said to bedccomposablc if there exists a 
real-valued function g, which iscalled the core of p, such that Ibr all 


S 0. 

?(a,.B) -I- g{^.a) ^ \, 
for all x.j' cA", 

p{<ax, (1— o)^>, <^x, [\—?)y>) P) + PMq{§fi) 


The last axiom m the dehnstion of a decomposable discrimination siruc- 
turc is of particular importance, since it stipulates the relationship belivcen 
the functions p and q This axiom isjusllfied by ihe following intuitive ar- 
gument There are intuitively two possible cases m which the 
<o x,(l— will be preferred to the mixture <^x, (>) •“ 

case in which x ts preferred toy, and the event with probability u u regarded 
as mote likely to occur thin the event with prohab.hts ?. and (2) the mse i 
which y IS preferred to r, and the event with prnhab.lity ? is 
more liely to occur than the event vwth probabthty . If « » assumed that 
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the discnminations of preference arc statisticallj independent of the discnm 
inations ofrelatne lihehhood, then the probabtlit> that the subject \sill both 
judge ir to be preferred toy, and judge the esent with probability a to be 
more hlel) than the etent with probability p will simply be the product 
p(x,y)q{i> P) Similarly the probability that he will judgej to be preferred tor, 
and ^ to be more likely to occur than a will he p(jy:)qW,o) According to 
the foregoing argument, then the total probability that he should prefer 
to <^x,(I — §)y> should be the sum of the tvNO prob 
abilities p{x,y)q{a This is just \shat condition (in) of the 

definition — the so-called ^dtcomposobtlity axiom — suites 

It IS to be observed that in the above argument it is essential to regard 
the function q(a p) as representing the probability that the subject v\ill re 
gard an etent vaih probability a as more ItVely to occur than an ev'nt v%ith 
probability but he is not presumed to know the U\o probabilities a and 
^ while discriminating bct\\cen their relative likelihoods If the subject did 
know the probabilities aand^beforc deciding which of the two cventswas 
the more likely to occur, he would certainly choose the event for which the 
probability was the greater re, it would be the case that q{a,^) = I if e 
were greater than and q{a s= 0 if ^ were greater than a The problem 
of giving a satisfactory interpretation to the numbers a and ^ is now seen to 
bea thorny one Onesolution proposed by Luce is not to begin with numbers 
at all, but with events instead, and, using the assumptions of the theory, to 
determine numbers corresponding to the events m such a w-ay that the de 
composabihty axiom and the mixture space axioms arc satisfied A discus 
Sion of this proposal would take us beyond the scope of this survey, and we 
may once again refer the interested reader to Luce's paper 

Asmthc case of the axioms for the classical theory ofEtemoullian utility, 
one of the important quesuons which can be raised about the theory of dis 
crimination structures on mixture spaces is under what conditions does 
there exist a Bemoullian Utility function (what Luce calls a ‘"Imear” utility 
function) lor such sy'stems^ Luce shows that ev ery decompiosable discnmi 
nation structure which satisfies an Archxmedian” axiom very similar to the 
Archimedian axiom formulated in Corollary 3 6 (to Consequence 3 in Sec 
lion 4) has a Bemoullian Utility function WTiat is perhaps more interesting 
IS the fact that these Bemoullian Utility functions are also shown to be 
sensation scales, since p{x,y) is shown to be a non-decreasing function of the 
uulity difference a(x) — u[j) 
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6 THE OEOSION PROBLEM 

6 I Description ot the Derision Problem and its Relation to UtiUtv 
Theory. ' 

The de^on problem is the problem of choosing m svhat is in some sense 
the best Avay among a number of alternative courses of action, and a 
dectstoji theory is any theory uhich provides a systematic solution to a decision 
problem Clearly , utility theory and Bemoullian Utility theory in particular 
arc decision theories m the sense described abo\ e, since they provide decision 
rules prescribing svhich action or aliernatnc to take in situations of certain 
kinds (namely those involving rw^) There arc, howeser, certain types of 
decisions which cannot be treated within the scope of Bemoullian Utility 
theory, because cither they imoKc factors determining the outcome of the 
action ivhich arc not simple risks, or because the factors even if they are 
risks, are such that their objective probabilities arc not known \Vc shall 
examine briefly in this chapter some decision theories which provide soiu 
tions to the decision problem m non risk situations There are two reasons 
why a knowledge of other decision theories is important to the understand 
mg of Bemoullian Utility theory First, many of the decision rules of the 
other iheones are different from those of Bemoullian Utility, and therefore 
the axioms (or some of them) of Bemoullian Utility do not hold in the 
situations m which the other theories do Hence these other decision theories 
show in a sense some of the hmiiations of Bemoullian Utility Secondly, 
Bemoullian Utility is often incorporated into the foundauon ofother dccuion 
theories, and therefore these decision theories are apphtations of Bemoullian 
Utility 

The general decision situation involves the following factors (1 ) a set of 
possible ar/ionr which an individual may take, (2) a set of factors oxstoitsof 
nature which are beyond the individuals control, but, together with the 
actions, determine (3) the ouUome Very roughly speaking, the above three 
factors — actions, states of nature and outcomes — correspond m Ber 
noulban Utility theory to the mixture altemaUies, the eients which determine 
the probabilities m the mixtures, and the pure allernatires which are the final 
outcomes Beyond Ihe physical uluation described above, there are prifsr 
mas In the general decision case there will be tno systems of preferences 
one among the set of possible outcomes, and the other among the alternanvc 

actions The decision problem can be fomtulated os asking given the prefer 

ences among the outcomes, what should be the preferences among the ac 
tions’ In Bemoullian Utility theory this problem ts solved jn a very simple 
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%vay the utility of the action {te, the measure of (he strength orprefcrcncc 
for It) must be the expected lalue of the utilities of its outcomes when these 
utilities are each multipled by theprobabilityNvith which that outcome will 
occur 

Decision theory as formulated above includes three important disciplines 
within Its scope These are (1) utility theory, including Bemoullian Utility 
theory, (2) statistical decision theory, and (3) the theoiy of games Statistical 
decision theory is, roughly, the theory ofdccjsion-making based on statistical 
data It IS concerned with the sort of problem a statistician faces when he 
has to decide on the basis of sample data whether or not to accept or reject 
a certain lot of goods which may be defective The theory of games is, as its 
name implies, the theory of decisions made m “games,” or, more generally, 
competitive situations, m which the unknown factors determining the out- 
come in any situation include the acts of rational “opponents ” Historically, 
the theory of games is veiy important to Bemoulhan Utility theoiy , since it 
was as an adjunct to their theory of games that von Neumann and Morgen- 
stem created the modem theoiy of Bemoulhan Utilil> {The Theory of Games 
and Economic Behaoior, 1947) \Vc shall discuss bnefly the conceptual bases 
and formalisms of statistical decision theory and game theory later in this 
chapter 

Ev ery decision theory can, like Bemoullian Utility theory, be mterpreted 
either as a descriptive or as a normative theory, and the interpretation given 
in any instance will depend on the use to which the theory is to be put In 
what follows, however, the decision theories will be discussed primarily from 
the point of \ncw of rationality The reason for this is simply that their as- 
sumptions arc more plausible when viewed as canons of rationality rather 
than as descriptions of actual behavior This approach is partly justified by 
the fact that until now there has — with one exception (an caepenment by 
Suppes and Atkinson [1958}) — been no attempt to apply any decision the- 
ory other than utility theory to the explanation of actual behavior m decision 
situations Wc shall examine two descriptive applications of Bemoulhan 
Utility in Section 7 

The present discussion of decision theory is necessarily brief, and the 
reader desiring a more extended and thorough analysis should consult other 
references Blackwell and Girshick’s ^ Ganus and Statistical Decisions 

[19o4] IS an excellent introduction to games and statistics as decision theories 
Savage s Foundations of Slalislics [1954] also deals with statistics as a decision 
problem, and is particularly thorough in its analysis of the various decision 
pnnciples which have been proposed as solutions of the decision problem 
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6 2 Formalization of the Decision Problem (*) 

6 21 Decision Situations — Matrix Representation 

A decision situation corresponds to nhat can be tlioughtofas thcpurcl) 
phjsical aspect of a decision problem A decision situation is comprised of 
four elements (1) a set ^ of possible ari!;, (2) a setSotposuWcslatesofralare, 
(3) a set 0 of possible outcomes , and (4) a function A/such that if c is a mem- 
ber of J (i / , cisan act), and /isa member of (/is a state of nature), then 
M{aJ) IS the member of 0 (le, the outcome) uhich results if act a is chosen 
and / IS the actual state of nature Formall), A,S, and 0 are sets, and Mis 
a function mapping AxS into O Aissometimes called the setof’'siraleg!es," 
this term being derived from game theory, in which the action of the individ- 
ual consists in his choosing a strategy of play The function M is sometimes 
termed the "outcome function” because it determines what the person making 
the decision gets as a result of taking whatcv'cr act he chooses Note particul 
arly that there is nothing m the decision situation representing the individ- 
ual’s preferences, cither among outcomes or among acts 

Decision situations m which there are only a finite number of possible 
acts and a finite number of possible states of nature are often represented bj 
matrices If there are n members of (he set A, say A = (tfi, , a,), and m 
members of the set S, say {/„ ,/*), then the decision situation « rep- 

resented by a matrix with n rows and m columns, m which the entry in the 
1 * row and the j* column isM{a,s,), ir , theentry is the outcome which 
results from action a and state of nature /^ An cvampic will illustrite this 
method ofrcpreaentation 

Suppose that a man had the opportunity cither to bet SIO on Eisen 
hower or on Stevenson m the 1956 presidential election, or else not to bet 

In this case there arc three possible actions = bet SIO on Eisenhower, 



r, as Eaeaho*rer wins 

jg w Stevenson sMni 

0] = bet 510 on 

'f (oi /,) « SI® 

U (e, >,) "» Jose 510 

Eisenhovser 


<T, = bciSJOon 

' M («« *i) “ 

/,) «• HinSJO 

Stevenson 


(s, = don 1 bet 

Vf (a, s,) « break even 

\l («, »,) =« break even 


(•J The notation cmploj-ed here (or d«u on 

m some respects from other siitems of notation alehoug 

system of notation for these systems 



^2 J 3^ SuTv^ of Berjunilltatt (/liltty Theory 

^ bet SIO on Stevenson, = not bet There arc only two relevant 
“states of nature” in this example Jj = Eisenhower wins election, and = 
Stevenson wins election Fmall), there are three possible outcomes to be 
considered win SIO, lose SIO, or come out even This situation is repres- 
ented m the matnx on the preceding page 

Normally, the matnx would be simplified as follows 



There is a close connection between decision situations and what we 
have called “weak mixtures,” discussed in Sections 3 and 5 The situation 
m the above example could equally well have been represented as a decision 
among three weak mixture alternatives, in which the act Uj would corre 
spond to the alternative <£(S10), — SIO) > where E is the event of Eisen- 

hower’s winning the election Similarly would correspond to the mix- 
ture <£( — SIO), £(S10)>, and would correspond to <£(S0), f,(S0)> 
In general there is a straightforward way of translating decision situations 
into systems of weak mixture alternatives and vice versa, though we shall 
not define this connection formally here 

Before going on to consider the individual’s preferences, there are two 
points of particular importance to notice about decision situations and their 
corresponding matnx representations First, the set of states of nature are 
here construed to include only the factors in the situation which are not 
under the individual’s control, but which m some way determine the out 
come of his act In the example, the relevant states of nature were just Eisen 
bower’s winning or Stev enson’s winning, since once the man made his bet 
the only thing that determined its outcome was which of these two men w on 
the election There is no harm (in most cases) m including irrelevant factors 
such as the winner of the 1 956 World Senes — among the states of nature, 
but these have no beanng on the solution of the decision problem The se 
cond thing which it is important to keep in mmd is thefact that the outcomes 
which are entered in the spaces in the matrix are the actual physical 
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results For example ^/(a, sj ^ t|,c phjs.ca) event of the bettor’s recett tne 
a ten dollar bill or its eqmtalent SpeciTically, no assumpttor, ,s jxtt made 
about the valuation which the individual attaches to these outcomes and 
difTerent individuals with different sets of values may be confronted with the 
same decision situation The next step is to incorporate formally the element 
of preference m the dcasion situation 

6 2.2 Preferences. 

As was indicated above, there arc, at least conceptual!), two sets of 
preferences involved in a decision problem preferences among outcomes 
and preferences among acts Logically, the system of preference relations 
over the sets A and O (acts and outcomes) must be kept distinct However, 
since A and 0 have no members m common {i e , no act is at the same time 
an outcome and v ice versa), no confusion will result if we continue to use the 
symbols P, 1, and R for preference, indifference, and preference or indificr- 
ence relations of both A and / The three relations/*, /, and R will again be 
assumed to have the properties and inter relations assumed m Section 3 
(see page 174) 

62 3 Utility. 

In analyzing some decision problems the concept of uiihi) is introduced 
at the outset, along with the preference relations As in the case of these re* 
lations, utility is logically represented by two functions, one over the set A 
and the other over the set 0 However, we shall continue to use letter u to 
denote both utility functions As before, it will be assumed to satisfy at least 
the ordinal assumption for all x and j m A, u{x)>ii(j’) if and only if 
xPjr, «(x) = u(_y) if and only if xlj, and ii(x) ^ «(>) if and onI> \CxRy The 
same connection between utility and the preference relmons holds for any 
X and_y in O Later it will also be required that « satisfies the expected utilitj 
assumption, but so far no probabiJit) mixtures cither of acts or outcomes 
have been introduced 

The introduction ofutilitics for the outcomes allows an important simp 
hfication m the matrix representation of decision situations Most of the cs* 
scntial information in the outcome matrix is retained if this matnx is re 
placed by an associated ‘ pajofmatrtr. and the outcome function M n re 
placed by a pa^of funcim U which for each act c and state of nature / 
determines the utility value of the outcome M{o,s) Formally thr pay 
function IS defined as follows for all am A and s in 6, 
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The payofTmatnx is Uke the original outcome matrix except that each of the 
outcomes m its spaces is i eplaccd by its utility The justification for replacing 
the ph>sical outcome by lU utility V{a^) is that the solution to the 

decision problem — which is that of determining a set of preferences among 
the acts, given the preferences among the outcomes — depends only on the 
utilities of the outcomes, and on the state of nature, and not on any other 
feature of the outcome 

In general, ifyland^ arc finite sets, /I = , fl,}and5‘ = {r,, . , 

then the decision problem will be represented by the following payoff matrix 


States of Nature 



The decision problem can now be staled formally given the above pay- 
off matrix, determine the prcfirrcnce relations P, /, and R, and the utility 
function u for the set A of acls Before going on to describe some of the solu- 
tions for special cases of the decision problem, it is necessary to describe 
certain modifications of the above basic decision situation, which arise in 
statistical decisions, and in games 

63 Mixed Strategies. 

For some purpose, particularly m the theory of game, it is deirable to 
extend the set A of possible actions m a decision situation by including what 
are called mixed strategies* or ‘ random strategie A mixed strategy is, 
formally, a probability mixture of actions The mtuitive idea of a mixed 
strategy is simply that the individual, instead of choosing an act outright in 
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a decision situation, may decide to allow the action he inll lake to be chosen 
by a random device For example, m the case of the man who must decide 
whether to bet on Eisenhower or on Sta enson, or not to bet on the outcome 
of the 1956 presidential election, he could hai e decided to dip a com, and bet 
on Eisenhower if it came down heads and bet on Stevenson if it came down 
tails This IS a mixed strategy m which there is a 50 % probability that he 
bets on Eisenhower, a 50 % probability that he bets on Stevenson, and 
zero probability that he does not bet 

Formally the act of choosing a mixed strategy is equivalent lo choosing 
a probability distribution over the set A If tr is a probabilit) distribution 
over A, then for each act a in A, the probability of its being chosen is simply 
a(a) The set of all mixed strategics over A, called the ‘mixed strategy 
space, will be denoted ‘2*’ In case A is finite, i^will just be the set of all 
probability distributions over A 

It IS clear that the sets 2, S, and 0 determine a new decision situation 
derived from the basic decision situation which is dclcrtnmed by A, S, 0, 
and the outcome function Af That is, the act of choosing a mixed strategy 
over,^, together with the actual state of nature will determine the outcome 
of the decision in a sense It remains, however, to define the outcome func* 
tion for this derived decision situation Suppose thtt the individual decides 
to follow the mixed strategy represented by the distribution function o over 
A, and s is the state of nature Then with probability o(a) he will take ac« 
tionit, and, since the state of nature is j, the outcome will be Af(fl/) Hence 
outcome due to taking mixed strategy er and state of nature s is a mixture of 
outcomes, m which the individual gets outcome AI(a,s) with probability <r(s) 

If the outcomes AI{a^) are replaced by ibcir uliliucs U{a^), then the 
payoffs due to taking mixed strategics are easily defined Iftheufihtrcsobey 
the expected utility hypothesis, then the utility of the mixture outcome from 
mixed strategy o and state / must simp!) be the expected value of the 
utilities of the ‘pure outcomes Hence (m case A is finite), thepayo/T 
from mi'ced sCntegT <r sisA staia ^ asimpiy 


6 4 Statistical Decisions 

The basic decision formalism, with either the outcome funcuon M or me 
pajofffunctiott V, a qtttic a fl»tl>te mold, and, dcptnd.nq on Uw intttprt- 
tat.onsg.vcnthosctsvItindftt.rZ'l.anbct.ppl.odlonvt.notjorprobIc.m 
Hero ttnd later tn th.tchapter we wtll thow how both rtattiheal dretnoM and 
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games can be incorporated into this model if the appropriate interpretations 
of A and S are made In each case \^c shall only show how the decision 
problems in games and statistical decisions are formulated, without indicating 
any of the proposed solutions Solutions to various cases of the general 
decision problem, including games and statistical decisions, arc discussed 
m Section 6 6 

The essential characteristic of a statistical decision is that it involves 
taking an action on the basis of statistical information This statistical in- 
formation generally gives some indication as to the actual “state of nature” 
which prevails, although it does not as a rule determine what the true state 
ofnatureiswith certainl) A typical statistical decision is the following Sup- 
pose that a manufacturer of clectncal equipment has received a shipment 
of 1000 fuses, but he fears that there is a high proportion of defective fuses 
in the lot If the proportion is too high, it would be more profitable to him 
to return the fuses to the shipper, rather than put them mto the equipment 
be manufactures He decides to take a sample of 20 of these 1000 fuses, test 
them to determine how many in the sample are defective, and make his 
decision as to vihcthcr to return the 1000 or not on the basis of result of his 
test In this instance, the manufacturer’s action or “strategy” consists in 
taking a sample of 20, and deciding on the basis of this whether or not to 
send the lot back A complete strategy for him consists m his deciding m 
advance which final action to take for each possible outcome of the obser- 
vations for instance, he might decide m advance that if he finds more than 
three defective m the twenty be will return the shipment, and otherwise 
keep It 

A strategy like that described above, in w'hich the manufacturer decides 
in advance that he w^ll examine all twenty fuses willy-mlly, even though he 
might find the first four defective and hence not need to examine the re- 
maining 16, 15 called a “single experiment strategy ” In general, single expe- 
riment strategics are those in which the operations in the experiment are 
pr«cnbed m advance (in the example, the operations consisted of putting 
each of the twenty fuses m a fuse tester) The manufacturer could vary his 
procedure by deading to test fuses one at a time until he had found four 
defective fuses, or until he had tested twenty fuses, and if he found four 
defective he would return the Jot Such a strategy is called a ‘sequential 
strategy or a“sequential experiment’ , sequential 5trategjesarecharacten2ed 
by the fact that the operations are not specified in advance, but in general 
depend on vshat observations are made In general, it makes no essential dif 
ference whether a single-expenment strategy or a sequential strategy is used 
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unlKs there js a ' mt/unitisa, v^hich sets a cost on the operations involved 
m the sampling In such a ease, it will dearly be to the advantage of the m 
dividual making the decision to use a sequential strategy In this section 
hovveter, ue shall confine our attention to single experiment strategies with’ 
out a cost function, and show how decisions involving these are incorporated 
within the framework of general decision theory 

As noted above, an “act in a statistical decision situation consists in 
choosing a strategy which tells the person what to choose for each of the 
possible outcomes of the ‘ experiment There are three elements involved 
here (1) a set ^ofpossifalc outcomes of the experiment, (2) a set A of choices 
winch the person may make after observing the results of the experiment, 
and (3) a set A of ‘ strategies each of which isa rule which directs the person 
w hich final choice A in A to take for each possible observation c in ^ Form 
ally, IS a set of functions which map into A*, i r , for each strategy a m 
A and observation z >n a{z) is the choice m K which the individual 
who chooses strategy a makes ifc IS observed The set>^ is called the sample 
space, A IS called the set of terminal actions and /f is called the strateg) 
space * The stritegy space m a statistical decuion situation is simply the set 
of nets for that situation The only dilTcrcnce between the statistical decision 
situation and (he general deasion situation as far as concerns the set of acts 
IS that an ‘ act rn a statistical decision situation is not the final or ‘ terminal 


action, but a complex strateg) 

In the example of the fuses, the sample space, set of terminal actions, 
and strategy space arc as follows If the sampling procedure consists in test 
mg 20 fuses, then there arc 2 1 possible results of this test, since the important 
information is just the number found defective m the 20, and there can be 
any number from 0 to 20 defective out of 20 We can define be the 
result in which n fuses are found dcrcclivc There arejust two possible term 
mal acts m this situation to accept the shipment, or to reject it Hence, A 
has just two members, and we may denote these A, (accept) and kg (reject) 
F//Ts}}f, the space .4 ewnsisls of all /mssiblc rules which for each n 

= 0, 1, ,20 determine which of actions A, or A* the manufacturer is to 

take m case r, (« fuses defective out of 20) is observed Formally, A is just 
the set of functions mapping ^ into K One such strategy k that which 
stipulates that the lot is to be rejected if four or more defectives are found 

This corresponds to the function such that ii(e,) Aj ifn » » > 


= *! ‘fS < n £ 20 

To cempieto the dncossion of Uio Mwnral d«.s,on oluat.on 
oocossary 10 dMor.be iho sbIm of noture. the DOlcomes end Iho oolooroo 
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and payoff functions It is assumed that the states of nature arc of an 
arbitrary nature, as before, le, 5 is an arbitrary set However, for an> 
given state of nature r, it is stipulated that there is a calculable probability 
that any sample in will be observed Therefore, each state ^ in is 
associated with a probability distribution o\ cr the set such that if s is 
the true state of nature, then^,(^) is the probability that the result of the 
sampling operation will be z. Returning to the example of the fuses, the 
states of nature for the purposes of this problem can be taken to be just the 
total number of defective fuses out of the lot of 1000 Hence, there are 1001 
members of 5, and we can define m = 0, , 1000 to be the state m 

which there are m fuses defective Given that there are m defective fuses, 
then there is a definite probability that in a sample of 20 fuses drawn at 
random from the lot there will be n defective This is the probability (i„)» 
1 1 ,the probability that if state s„ holds, then sample z„ will be observed 
To define the outcome and payoff functions for the statistical decision 
situation It is necessary to assume that for each terminal act k and state s 
there is correlated an outcome and a utility Uif/) Thus, the sets 

A and S and the function M constitute a basic decision situation from which 
the statistical decision situation is derived, much as the decision situation 
with mixed strategies is derived from the fundamental situation in which 
there are no random choices The outcomes m the example of the electrical 
fuses were not specified, but presumably they would be monetary gams or 
losses, and the payoffs would be the corresponding utilities The outcome 
of, say, jjs) is the financial result of taking action (accepting the 

lot) in state of nature Sg^ (m which there are 25 defective fuses m the 
total 1000) 

To determine the outcome and payoff functions for the strategy space A 
and set S of states of nature, wc proceed as follow's Suppose that a is the 
strategy chosen, and s is the state of nature Then for each z m aiz) is 
the terminal action the individual will take if ^ is the result of the sampling 
operation, in which case the outcome will be M(a(z)r^) and the payoff will 
be U{a{z)f) Given that s is the state of nature, however, the probability 
that z will be observ ed is Hence, the outcome M(a^) resulting from 

strategy a and state s is a probability nuxture of the outcomes M{a{z}^), m 
which outcome A/(a( 4 :),j) occurs with probability Again, assuming 

that the utihues satufy the expected utility hypothesis, the payoff UM is 
simply the expected \alue of the utilities U{a{z),s) for all a in A and s in 5, 

= ^4»s{z)U{a{z)^) 
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It IS interesting to note the similant) between the st-itittictl decision 
situations and the mised strategies discussed above Boih begin uilh a btne 
decision situation, defined b) a set of final or ‘•teroiiml acts, a set of smes 
of nature, and a payoff function Tlicn each ‘extends" the set of slntegics 

in such a w ay that the indn idual no longer chooses the terminal act direct!) , 

but instead chooses a ‘ mechanism- which will determine the terminal act 
he will take In the case of the mixed strategies the mechanism in question 
was a random device which selected the action, and in the case of the suits- 
tical decisions, the mechanism was a deasion role specifling which terminal 
act to take for each outcome of the sampling process The set of acts in the 
extended decision si.uations then consists of the P<»f ' 
the individual can use to select the terminal action for him m one case he 
must choose which random device to use, to the other 
among the available strategies Finall). there is a 

the equations which relate bom vdiich 

statistical strategies to the pa)oir „i,r be rcearded as a speoal 

they are derived In fact, the mixed |:nb:,am 

case of the statistical decision in which proliabili (>,( 1 
independent of the states of nature 

6.5 Games. 

6 5.1 The FoemaUsm of mualions in which the out- 

Games in the most general sense a interested in- 

come depend, on the -fons uta b> mom than^^^^^^ 
dividual or "ph)er As such, ga ,|,,j„ncontesls to economic 

almostallsocialsituations,fromparlorEa • 

transaction, Game-theore.ie games m which the sew of 

to rather rigidl) t " C"-' T " 

possible actions are clearlj defin ) dieor) 

are all good examples of gam b> llie 

because the possible acu or p,„ern a, well berauie, 

rules of the game Athletic con es ^ Mo actions of the pla)cts 

even though the rules ma, be f-b T'cT 

are limited b) phjx.eal factors which ,h„ eaie 

Situations do not fit so srt . j-n^enunsthe tnntacnon at 

because the rules (defined b) 'eg- ^ .beoo to ccon«r-cs and 

definite. Attempts have been ""’d' •» “PJ „cuin rather artificial 1 

to phixieal combat a.-at^h me avaibble to tUpa-t 

simpltfytng assumptions about thea 
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pants In this brief discussion, ^^e shall confine our attention to the more 
clearly defined game situations such as are exemplified m parlor games 
An action by a participant m a game consists in his choosing a slraUg}, 
much as in statistical decision situations, %\hich tells him what “move’ to 
make under all conceivable circumstances which might arise in the course 
of the play This conception of an act is necessary if games are to be incor- 
porated vsithm the framew ork of decision theory, because that theory applies 
only to smgle acts, and not to senes of acts, such as the sequence of mov es in 
play mg a game of chess If the free choices which the individual has in the 
playing of a game are reduced to the choice of a single over all strategy, 
then each player has only one ‘action,” since once he has chosen his 
strategy, he can leave the actual playing of the game to an agent whose 
function It would be to follow mechanically the instructions provided by the 
strategy at each move As a theory of rationality, the assumption that the 
player makes a single decision m choosing an over all strategy is m many 
ways acceptable, since presumably the perfectly rational player m taking 
any action would survey all of its possible consequences before making his 
decision But, except in a very limited range of simple games, the assump 
lion that an individual picks an over-all strategy before the start of play 
cannot be maintamcd as a descnptive theory simply for the reason that 
there are far too many possible strategies to be considered The players may 
use siraligic considcralions which guide their play, but in general they do not 
pick a rule which specifies v\hat action they should take in any conceivable 
situation which might arise, much less survey all possible such rules before 
making their decision 

In order to represent formally the essential features of decisions in 
games, it is necessary to extend the basic formalism of the general decision 
Situation Instead of a smgle set of acts, there will be sets of acts for each of 
the players inthcgame If there are n play ers m the game, the sets of acts 
or strategies will Iw denoted ^ before, there will be a set S 

of states of nature representing all the factors determining the outcome of the 
game which are not controlled by the players Finally, after each player has 
chosen a strategy there wall be an outcome for each player for any state 
of nature Therefore, instead of there being a single outcome function, 
there will be n outcome functions Af,, , A/„ v%here \f, is the function 
which determines what the outcome of the game will be to the T'* player 
Formally, for each t = 1, , n, Af, is a function defined over the cartesian 

product of the sets and ^,such that if Qj, , are the strategies 

chosen by players 1, , and s is the state of nature, then M (e„ , 
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« Ihe oulramc to plajcr i One may also define the corresponding pay. 
on- rnnctton, V, . U„ nhere V^. , e„r) ,s the ntihty to plaint 

of the ontcome H , a, s) We shall see below, however, that the 

introduction of the uuhiics of two or more people rajses some special prob 
lems in the conceptual foundations of utility theory not previously en 
countered 


Because tJieoutcomc of a game is determined by more than two factors 
and more than one outcome is included, it is no longer possible to represent 
decisions in games m the elegant matnx notation developed above There 
IS, however, one exception to the above statement This occurs jn what are 
called tuo person zero sum games In these games the outcome is pre 
Slimed to depend onl> on the actions of the two players, plus random factors 
of which the probabilities are known In case the states of nature are all 


random with known probabilities, then it is possible to eliminate the set S 
and assume that the actions of players J and 2 entirely determine the out 
come, which becomes a probability mixture To see why this u so, suppose 
that for each stat^ j of nature there is a definite probability p, that it will 
occur ffovN, if players 1 and 2 select strategies and a* phyer I will get 
outcome MfcttOt s) with probability p, and player 2 will get 
with the same probability Hence, the outcome to player i if actions a, and 
are taken will be a probability mixture m which he gets Af,(a, a, i) with 
probability p, The utility a,) from these two strategies will simply be 
the expected value 




The elimination of the set S m two person games means that the out 
comes depend on only two factors, namely the strategies chosen by the two 
players, and a matnx representation is suggc3t«I, in which the rows cor 
respond to the strategies of player I and the columns to the strategies of 
player 2 Nevertheless, there are stiff two outcomes, and two utthty psyoSTs, 
one for each player, and, therefore, it is not yet possible to give a matrix 
representation, ifonlyoneoutcomeorpayoff is to be entered corresponding 
to each choice of strategics by the players In the so called ‘ zero-sum case, 
however, it is assumed that whatever player I wins player 2 loses, and vice 
versa, and, therefore, the outcome for plaj'cr 2 is, in a sense, ihe ‘ negative 
of that for player 1. and the utility payoff to pliyer 2 is the negative of that 
to player I In this zero sum case it becomes possible to eliminate the pay- 
off to play er 2 from the matrix, and enter only the payoffs to player m 
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pajoffs are the utiht.es of the outcome to the first pla>e 
6 5 2 The Interpersonal ComparabiUty and TransferabiUty of 

Lertmg that m the tuo-person zero sum game the utiht) 
pla>er 2 n the negatne of that to placer 1 , tse hate slurred oter a eo^c ^ 
J\ problem of fundamental importance m the measurement of utd 5 
Thu I the problem of git mg operational significance to a 
uuhues of ttto different people Thu problem did not anse untd thu pomt 
because tte ttere pret.ousl> concerned tt.th the behatnor 
duals in decision situations, and not ttath s.tuauons involt.ng 
of ttto or more people The theory of zero-sum games on the other 
assumes that the gam m utihtt for one plater in a game is exae y q 
the other player’s loss in utility If thu theon u to be applicable m either a 
descnptite or a normatite sense, some operational significance ' 

tached to the concept of “equal utility gains or losses bt ttto i ere 
people, or else it must be shotra that the theory of ttto-person zero-sum 
games does not rest essentially on thu concept, and can be reformulatea 
ttilhout It In this section, tte can only make a fett unststemauc remar 
about this problem tthich has, as far as the author knotts, ncter been 


ihoroughl} explored 

It 15 to be noticed m connection with the measurement of utilit) 
utilitN IS what IS called a “linear scale," which means that if one measure 
ment is defined, it is possible to change it b> making an arbitrar> change o 
the unit of measurement, and of the zero-point from which measurement 
starts But, if one is to gn e some meaning to the assertion that one person s 
utiht> gam IS equal to another person’s utility loss, it must be assumed that 
the units of utility measurement arc the same for both persons But how is it 
possible to determine this'’ One might “soKc” the problem b'> stipulating 
arbitrarily that the utility gam due to gelling one dollar is to be the unit o 
utihu fo’’ all people This would lead to the conclusion that getting a dol ar 
IS equally valuable to all people — which seems intuimcly wrong But, 
unless some such arbitrary stipulation is made, it is not easy to sec how a 
“rational” dcfiniiion of “equal uuliiv” between ivso persons can be given 
Fortunately, the theory of two-person zero-sum games docs not depend 
essentially on the direct comparability of utilities It turns out that this 
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Ihroiy only demands that .here he A,„, between .he m.erests of 

the pla> ers m the sense that for any t«o outcomes ^ and if the first player 
nould prefer t (oj-, then the second ^ouM prefer^ to ;r It « possible to test 
opcntionally the direct opposition assumption, and hence (he theory is 
saved both for descriptive and normative -vpplication 

A problem closely related to that of comparability arises in the theory 
ofw person games (ir, games involving more than two people) developed 
by von Neumann and Morgemiem In this theory it js assumed not only 
that individual utilities arc comparable m the sense described above, but 
that when groups of individuals get together to form ‘ coalitions, they can 
pool their utilities and play as a unit, afterwards dmdmg up the total 
utility payoff TTie assumption that utilities can be pooled or divided up is 
called the assumption ot ' traas/frabthljf The intuitive idea is that utilities 
can be traded like money The analysis of this assumption is even more 
dilhcuU than that of comparability, and wc can only raise the problem here 
It IS to be noted that, taken literally, the idea (hat it is possible to transfer 
utilities IS meaningless, or false Clearly what happens in a financial trans 
action IS a transfer of money, not of some sort of subjective quantity One 
may suppose that under some circumstances the gam m utility to one person 
in the money transfer js cxicily equal to the loss m utility to the other in the 
transfer, but thu brings us back once again to the problem of comparability 

6 6 Decision Principles 
6 61 General Comments 

We shall now give n brief discussion of the various types of solutions 
which hive been proposed for the decision problem or Ibr special cases of it 
The decision problem formally stated simply asks given preference relations 
P, I, and R among the outcomes <? of the decision situation (or, given the 
utilities of the outcomes), what should be the preferences among the set A of 
acts^ A o’fniion rvle is one which specifies some connection between the 
preferences among *e outcomes awi those atonns the acts or some relation 
among the preferences for the acts The strongest kind of decision rule is one 
which, given the decision situation and the preferences or utilities of the ouU 
comes, determines just which act the set A should be chosen The mintmar 
and mxntwax rtgrel rules discussed bdow are of this type A much weaker 
type of rule is one which specifies only that certain actions should wtte 
chosen, though not which actions shouid be The dominam principle des 
cribed below is of this type Still another type of rule is one vvhich asserts 
that if certain preferences among acts are held, then certain others ought to 
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*<=e rule may be thought ora5“«Mti/fng/.nnri/.fa”.n that they 

W «™v .» *■« 7 "" 

tvLh act .5 to be deeded upon The Utah ordmng rule, and Sat age 5 
t; pnncple of Secuona 662 and 664, repect.tely, are example of 

"TeJirn mle desenbed tn thts seetton 
another uay The pnncplo ducussed in Sections 6 6 2 and 
necessary conditions for sshat is called a “Barer sohuon of the dees on 
problem A Baye solution is one in uhich the person ">=‘>-‘"5 ‘ “ 

acts as though he assume that each state of nature has a = P™ 

abdity, in uh.ch case it become possible to compute the expectrf ut. ity o 
each act and choose the one uith the highet utility This type of so u lo 
ducussed in Secuon 6 6 5, and, therefore, Secuons 6 6 2 and 6 6 a and th 
pnneple deenbed thee form a unit The decision principle discussed in 
Section 6 6 6 on the other hand arc inconsistent \^ath a Ba> es solution o e 
decision problem Thc> arc alike in U^o respecu (1) thc> are decision prm- 

aples of the strong kind, uhtch the Bayes pnnciple is not, and (2) none o 
them has the same immediate rational jusuficauon that the pnnciplcs o 
SecUons 6 6 2 and 6 6 4 ha% e. It is to be noted also that, \\ ith the exception 
of the rmmmax rule, the pnnaples of Secuon 6 6 6 are of pnmary import 
ance in statistical decision situauons Finally, m Section 6 6 7 ,ivegn,ea\cry 
brief discussion of decision rules in two-person games In the situauon in 
which two persons’ interests are imoUed, one isould expect that radica y 
new factors enter the decision problem This expectauon is correct, and m 
the ti\o-person game situation, wc encounter for the first ume the concept 
of equilibrium which is of the utmost importance in the solution of games 
In the final part of this sccUon, we shall briefly re examine the decision 
principles prcvaously discussed in order to compare them wath the assurap 
tions of Bemoullian Utility theory (Sections 3 and 4) w^th the hope that this 
comparison will provide a more cnUcal insight into the assumptions o 
Bemoullian UuhtN theory , and their limitations 


6 62 Weak Ordering of Preferences. 

It was assumed that the preference relations P, I and R represented 
ambiguously preferences for the outcomes 0 and the acts A So far nothing 
has been specified about the properues of the preference relauons for these 
two sets, or about the connection between them If, however, it is assumed 
that ihe outcomes can be replaced by their utilities in a pay off matrix, and 
these utilities satisfy the ordinal and expected uuhty assumpuons « Secuon 
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p. Ihm «r.ampropcn.« offeprrfcrenc^ for .hr outcome follovr .mrar- 
diMcl> Throughout most onha docurttou „ „,)| be assumed that pn.- 
ftrcnces for the outcomes have the properties following from the hypothesis 
that there c-xjsts a Bernoullian Utility function for them, and seek principles 
determining the properties of the preferences for the acts One consequence 
of the assumption that there exists a BcrnouUian Utility function for the out 
comes IS that the preference or indifference relation ^ is a weak ordering of the 
set 0 (•) This means that thcindi\idual has a preference between any two 
actions and that these preferences are transitive ' 

A second assumption, and one which is entirely independent of the 
weak ordering assumpPon for outcomes, is that /f is a weak ordering also of 
the acts This is a consistency assumption in that it docs not speaf) which of 
two acts should be preferred to the other, but only that ifthe individual has 
certain preferences, then he should also have ctriam others The two w-eak 
ordering assumptions arc stated formally below 


Weak Ordering Principle ^ b a weak ordering of 0 and oM i r , for all 

X and i in or for all x, y, and z «n 0, 

(1) either 

(2) if xRy and yRz, then xRz 
6 6<3 OomSnancev 

The weak ordering principle specified something about the form of the 
relation^ in the sets /I and 0 s^araicly, but nothing about the dependence 
of preferences among acts on preferences among outcomes The dominance 
principle to be desenbed below does specify one such connection, albeit one 
which does not determine many preferences among actions The intuitive 
idea of the dominance principle is that if there arc two acts available, one 
of which has a better outcome than the other, no matter what the actual 

state ofnamre then the first act is to be preferred to the second An example 

of a dominance situation is one m which a person is trying to decide which 
of two medicines A and B to take to cure an illness the symptoms of '''h’ch 
are consistent with its being cither one of t%vo diseases x and;> If it s ou 
so happen that medicine A was more effective m curing both xandy than 
medic, ne B, then the aliemalive of ukmg medicine A f 

the alternative of taking medicine B in ,1m care and the mdnidual uould 
have no hesitation in choosing medicine A 
(•) See Consequence I, p IS5 
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Don^ance Principle. If c and i arc members of A such that for all mem- 
bers r ofS, (Af(e.r))R(M(i.r)). then oRb 

It B very seldom that the dominance principle by itself ^ides the 
.ndluauT a decision in a decision situauon Practically, its functmn is 
negative, in that it eliminates from consideration any actions "'J^Ji 
dominated by other actions This principle, however, gives rm ‘ 

conficl silaclioiu, m which the consequences of one act arc better 
States of nature, but are ^sorse m others than those of another actio ^ 
important decisions are of the conflict xanety and, hence, there is a need t 
develop pnnciples of decision in these situations 


6 6.4 Savage’s Sure-thing Principle. „ 

The dominance principle is often referred to as a “sure-thmg pnnciple, 
because it says (m effect) that if one act is better than another m its conse- 
quences, m matter iikat, then it should be chosen o\ er the other A particular 
instance of this kind of situation is the “sure thing” bet in which the bettor 

issuretocomeoutaheadnomattcrwhathappens L J Zz\z%c{FaundaUo^ 

of Statistics [1954]) has stated a more elaborate decision pnnciple, which he 
also calls “the sure-thing pnnciple,” which is related to the dominance 
pnnciple, though it is not equivalent to it The intuitive idea of Sav-ages 
pnnciple is as folloi^s Suppose that there are tv%o actions a and b whic 
have identical outcomes m certain states of nature, and such that a is pre 
ferred to b For example, a might be to bet S 1 0 on football team A' to vnn a 
certain game against T, and b might be to bet SIO on Tto wan in this game, 
with the condition that the bet is cancelled in case of a tie There are three 
“states of nature” in this situation A vnns, or T wins, or thc> tie Actions a 
and b hav e the same outcome m the case of the third state of nature in which 
there is a tic, since m cither case the person neither v\ans nor loses Now, 
suppose that acts a and b arc changed to a' and b', respectiv el> , onl> m the 
outcomes in which a and b are the same, and both arc changed in the same 
way Then it is stipulated that if c is preferred to b, then a.' should be pre- 
ferred to h' In the example of the man betting on the football game, acts a 
and b m which the bet is called off in the event of a tie might be changed to 
a and i', exactly like a and b except that in the case of a tie the bettors 
decide to flip a com to determine who gets the $10 Savage’s sure-thmg 
pnnciple then stipulates that if a man prefers act a (betting $10 on team X) 
to act b (betting $10 on team T), in which the bet is called off if a tie occurs, 
then he should prefer c to 4 since a and 4' are exactly like a and 4 except 
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lint in the one case the bet is called off if a ue occurs and in the oilier they 
fiip a com for the SIO Thesituauon involved here js represented m the 
following outcome matnx 
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1 I* mns 

Tic 

^ 1 

Hin 5)0 , 

1 loteSIO 

gel 50 

s 

ioseStO 


get SO 


■If 

1 IokSIO I 

flip com 

t 

1 low SIO I 

IBB31 

' flip com 


Tlic intuitive idea of Savage’s sure thing principle is simply that the 
decision between two acts a and b should depend on the outcomes which 
they have w Inch arc different, so that if a and b arc changed onlj in the out 
comes which the> hav c v> hich are the same, the order of preference between 
them should not change Tins principle is stated formally below Leta.i, 
a,nnd6‘bcmcmbcnofJ, andTbeasubsetof^ such that (I)forai{im 
T, « Mik,i) and = Af(tV). and (2) for all smS—T, 

MM = Af(a',i) and M{k .) - Af(4 Then, if alti, (hen a Hi 

In (he stalement orSunge’s sure ihtng principle above, Tu the jet of 
naliire m which a and 4 have the same oulcomes — in (he mrample, T in 
eludes jusi the one stale ofnalurc in which n tie occurs S— “ 

all the oihcr stales ofnalurc, includmgin the example the event of A winning 


and the event of 7* Winning ,u, 

Savige's surc thing pnncplers not a. inluitivel) sure a pnaeiple as the 
domtnance pane, pic, though tn Savage’s .heor> the f 
rs derived from In. surc thing principle plus the iwsumption th t « s a vv^ 
Older, ng 1, will be seen later that there are decision theories ,n winch 
Savage’s sure thing principle does not hold 


665 Bayes Solutions and 6 6 4 

Each of the three decision principles discussed m " 
may be Ihought of as consequences of the hw 

r„roSaleX“lxpreteLuI,he,de 
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then simply the sum 

^p,U(a^) 

If the utilities UM, ate already defined then P^^ts 

specifies that the individual must assign probabilities p. and m 

n nv arts accordingly If only the individual s preferences amo g 

choices among acts accorningiy y --..[m both 

outcomes are defined, then the Bayes principle requires ^ 

the utilities and the probabilities and make his choices among acts 

mgly Each of these two pnnciplcs is formalized below 

First Bayes Principle. There exists a probability distribution p over the 
set S such that, for all a and b in A, aRb if and only if 




Second Bayes Principle. There exists a probability distribution p over S, 
and a real valued function u defined over 0 such that for all a and b m iS 
and s and t in 5, 

(1) (Af(a.s))/!(Af(6,i)) if and only if B(Af(o.s)) ^u{M(,b,s)), 

(2) aRb if and only if 


It IS clear that the second Bayes pnnciple is very much like the theory of 
subjective probability discussed in Section 5 3 It is not immediately evident 
from the statements of the Bayes pnnciples just what behavioral implications 
they have and, therefore, the problem of finding the empirical consequences 
arises here, as for Bemoulhan Utility theory Each of the decision principles 
previously described arc consequences, but these do not exhaust the imph 
cations of the Bay es principles for behavior Savage m his book Foundations 
of SlattsUcs has given a set of behavioral postulates which are equivalent to 


the second Bayes pnnciple above 

The decision theory represented by the Bayes pnnciple, which includes 
all of the previous pnnciples, is weak m the sense that, though it specifies 
that the individual assign probabilities p, to the states of nature, it does not 
stipulate how these probabilities arc to be assigned Obviously a change m 
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ih i^ignmcnt of probabilities makes a great deal ordilTerencc in the prefer- 
eiires made m accordance wth those assignment! This tieakness in the 
Dares theory indicates a fundamental limitation on all of the principles 
discussed so far, since all are included m the Bajes principle In the fcllori- 
mg section r»c shall consider some principles rrhich do not have this rreak- 
ncss, and, in fact, given any decision situation rnth a payoff matna, they 
will determine the action to be chosen uniquel) 


6 6 6 Minima* and Minimai-regret. 

The m.nimax and minimax-regret principles are of * 

ever, It IS easy to modify ih ha* the individual should alwa>s 

dering Intuitively the minimax rule ^>s th ^ 

choose that action in which the ^i ' m 

this principle ?hs„The person will choose that act with the 

;'::“:o~me"Th:rearetwoormore 

may choose betueen them on other gmun s extended to give 

"Xhe principle can ^ 

a complete ordering of the acts than the w ont that can hap- 

i tf the worst that can happen under o is better 

pen under i 

. .. F„ralloandJind,.».randonly.ftherelssome 

Minimax Princip «• iVVflMffij)) ■ e 

s m .S such that for all t mS, a w preferred to b if 

Essenttally. what 'h' ^ „e '(((W of action t m state . i 

dictated by extreme pessimism, -..onality of the mmimax pnn p 

ssasiissss 

SE2Sn::^>=-'-"- 
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1 as the following example shows Suppose there 

rr:;'::-:.* :» .«= -r - - '■ •" “ '■ ’ 


1 

S 

t 

a 1 

SIO 

—SIO 

b 1 

1 ^SIO 

—SIO 

a' 

\ SIO 

SIO 

b* 

\ — Sio 

SIO 


to losing V— " 

11 , as may uc a=.ou«.v.^, o— - « - . ^j^imax pnnciple 

■•_S10” m the outcome matrix), then, ^ ,i,e 

alb, since the worst outcome ” bo* cas« 10 
preference between »' ‘_slio^d be 


: m both cases IS —:>io - ^,,„der 

prererenceoetwee.i.and.shou.abem%smcethew^^^ 

e- IS getting S10,but the worst possible outcome o» . h 

xtion, however. Savage's occur be- 


xtion, however. Savage’s sure-thing principle a 
contradicting the minimax rule Other interest g P 

tween the mmimax and the Bayes principles. «b-ch 'her P 

consider here (*) All of these ‘’contradictions b- the effect 
doubt on the minimax rule as a principle ^ ^ a strong 

shall show in the following section, the minimax rule ca gi 
justification when applied to game situations “mwmax-regrit” 

An interesting vanation of the minimax prmcip jndiv- 

pnnciplc, onginally proposed by L J Savage [1954] ^dividual 

Tdual chooses that actwhich has the least possible “regret ^ 
chooses act a and the state of nature is s, then the regret - 
IS defined as the difference between what he actually g ( J 
and what he might have gotten if, with the same state of nature, h 

the best possible act nnnciple 

It IS clear that it is not possible to formulate the mmimax P ^^nies, 
directly m terms of the outcome matrix and preferences among 
since regret is defined as the dijference m value of two outcomes, 
pends on a utility measure The regret fimctwa R for the outcomK a ^ 

must, therefore, be defined m terms of the payoff function U lor 
and s in S, 

R{a,s) = max {U{b,s)) — U 

(•) \Iore extended ducmsioru are given in Radner and Marschak [1954] 
nofr[1954] 
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In the formula above, max (I/(M) “ •'>= maximum utility pajofF 

to the individual under state of nature j Ncm, the miniinax regret principle 
says that the mdisidual should choose that action for tvhich the possible 
regret ts a minimum This can be formulated as a rule which specifics the 
preference between any two alternatives, by stipulating that for any two 
alternative 0 and i, » should be prefened to J if the maximum possible regret 
under a js less than that under b 

With the regret function R defined as above, the rainimax regiet piin- 
ciple IS formulated as follows 

Minimax-regre. Principle For all a and * in rl, .Ri if and only if 
max (fl(il,l))£niax(R(i,J)) 

The minimax-regrcrprinc, pie violates 
the regular mmimax rule i ' ^ pnncple, as the following example 

s and t The payoff matrix in the example is 


In this case the maximum possible “p„„ciple specilies that b 

.mum under i is 1 , therefore, the ''fj, J„ates S 

should be chosen over n although action « actually 

6 6 7 Solutions «o Two-person pnnciplcs m games differ con 

As would be expected, rahonal P „hicl, the only factors 

sidciably from .hose in other slate, of .nan.|^ e 

which inffucncc die f ^'Ccres.s of mown The chief d.f- 

nature, which is not supposed to has ^,^,ges the acuo 

fercnc; between the situations m ’‘h * ..mtc, of nature and 

of the individual inffuencing t e j , „„ involved is t a 

Ihose in which other -'^'"''""mtg.venperxon'sact.on,.^^ 

otherindividuals mayattempttoa p judi a case, the person m 

to take the maximum advantage ofit 
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up h.s nund as to tthat strategj to choose can no longer presume that the 
other factors rnHuencng the outcome of the decrs.on are "''’ependent 
hu mm decision If the state of nature is thought of as the strategy cho e 
bs nature m deciding the outcome of the ordinary decision situation, 
player can at least assume that nature does not try to outguess him in 


choosing It , , ,, 

In the case of the general game, there arc no decision principles %shic^ 

have so far been advanced which everyone agrees upon as being “rational 
Even the dommance pnnciplc which seems as rational as any leads to rather 
paradoxical situations in some cases, of which the following is an example 
Suppose that two players play a game in which each has two strategies. 
Ot and i, for plaver 1. and a, and b. for player 2, and once the players ptc 
their strategies, the outcome is completely determined, since it docs not de- 
pend on a state of nature The payoffs are determined according to the fol- 
lowing rule if Oi and <r, are picked, then neither player gets anything, if 
Oi and bf arc picked, then player 1 gets Sll, and player 2 loses SI, if f*! 
and a, are picked, then player I loses SI, and player 2 gets S! 1 , finally, u 
i, and lij are picked, then both players get SIO This suuauon can be repres 
ented m the following matrix tvpe formulalion, m which the outcomes to 
both players arc entered m the spaces of the matrix, those on the upper left 
part of the rectangle being to play cr 1 , and those m the low er nght being to 


play er 2 



In this case the dominance pnnciplc dictates that placer 1 should use strat- 
egy flj, and player 2 should use strategy a., in \Nhich case both players get 
nothing, though if they chose 6, and Aj, rcspccti\ el> , both ssould get SIO 
There IS one situation in game theory m which there isagenerally agreed 
upon decision pnnaplc This is in the two-person zero-sum situation men- 
tioned bnefly in Section 6 5 2 The nilc is that each play er should use a mini- 
max strategy, when the two players* strategies are what arc called ^ equzhb- 
r mttT strategics Two strategies fl, and by players 1 and2,respecu\ely,arc 
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such as the above one, in which there is no equilibrium pair in the set of pure 
strategies, the theory of two person games asserts that the players should 
pufer mixed strategies to pure ones In this example, the solution is that each 
player should use a random device m choosing his strategy which picks each 
with 50 % probability An intuitive justification for the use of mixed strate- 
gies m these zero sum games is that it is to the player’s interest to insure 
that the opponent will not be able to guess which strategy he will use, and 
that the use of a random device for picking this strategy will make this im- 
possible A second justification is that, if a senes of such games as m the 
above example are played, then it would be very foolish for one player con- 
sistently to choose the same act, since if the other player found this out, he 
could alv.'ays make sure of winning Hence, the player should vary the stra 
tegy he chooses according to a random pattern 

6 6 8 Comments on the Assumptions of Bernoullian Utility Theory* 
"We shall end this chapter with a comparison between the decision prin- 
ciples of Bernoullian Utility theory, and some of those dneussed previously 
in this chapter The first thing to be noted m this connection is that there is 
no conflict between Bernoullian Utility and the Bayes principle and, there 
fore, no conflict between Bernoullian Utility and any of the pnnciplcs discus- 
sed in Sections 6 2 to 6 5 The reason for this is that Bernoullian Utility can 
be thought of as the special case of the Ba>es theory m which the individual 
assigns to the events ihcir objective probabilities Hence decisions made in 
accordance with Bernoullian Utility satisfy the decision principles implicit 
m the Ba^es pnnciple, pltis the principle that the individual must assign the 
objective probability to the event By converse reasoning, anything which 
violates the Bajes pnnciple (or any of the pnnciplcs of Sections 6 2 to 6 4) 
violates the assumptions of Bernoullian Utility theory Hence the minimax 
and minimax-rcgret pnnciplcs both violate the assumptions of Bernoullian 
Utility theory The important thing is to determine just which of the 
empirical consequences of the expected utility hypothesis do not hold if the 
individual uses cither the minimax or mmimax-regret principles 

There are two important consequences of the expected utility hypothesis 
which do not hold for persons using either the minimax or mmimax-regret 
principles These arc Consequences 3 2 and 3 4 Consequence 3 2 asserts 
that if /» > 0 and xPy, then for any <px, (1— /.)^> P <py, (l—p)z> 
Suppose that x = winning SIO, y = breaking even, and z = losing SIO, 
and p IS the probability that a fair com will fall heads, te,p= 5 Then, 
clearly xPy and, according to Consequence 3 3, it should be that < 5x, 5z> 
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P <5y 5j> But if this situation is set up m matrix form, the tmnimax 
principle ret,uires that < 5x. 5t> / < 5jr. 5t> In the matrix form the 
,«o acts in question are a = < 5., 5j> n-hich is simpl, the action ivhose 
outcome is to get SIO if the com fells heads and lose SIO ifn falls tads, and 
i = < 5s, 5z>,tshich IS to get nothing if the com falls heads and lose SIO 
,f It falls tails The tiro stales of nature are simply the coin's falling heads 
(H) and its falling tails (//) 


. sn i>ii< case that alb, since both have 

Clearly the minimax pnnciplc specifics m t 

the same “worst outcome ” rnnseoiicnce 3 2 and the mix 

CornllarySd.svhichisacom^^^^^^^^^^^^ 

ture space axioms, IS Molated in c ..jfttred to the mixture <? » 

then the mixture <»,f(l— ‘ „„ciole if ? “ l'“ '■ 

According to the minimax P™- ^ have .he 

<P*, (!-»,)'> ^ould he ind.flerenl to 

same wont outcomes, namely.Ji rational decision prin- 

If the ™—P™=‘P‘'“:Xh re -n,max p-mciple is rational, 
cple, .hen in those instances m which ihe^^^^ 

Consequences 3 2 and 3 4 must not ^ two- 

portance tn which .he minimax P""''P ^ „„ Bernoulhan Unh.y 

person games This .hen .he outcome of .he action is 

theory .1 cannot be applied lo acts ,h«e 

Itself a strategy m a game, becau ,h Bernoulhan Unlit) 

situation, 1, minimax, which n ■“^^’“J^h.hly of Bernoulhan Ulihly to 

IS a very imporlant reslriCon of any decision w. asa™k. 

ordinary decision silnalions hn«use^ ^ho w^ have the 

not on7y include .he “'“.'“.n slra.egic pos-on Thus a 2" 

function of putting .he h the hope of increasing he e llh 

may rish a cerla.n sum - f gamed weallh he ma, 

but also with the hope that win 
bigger gambles 
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applications of bernoullian utility theory 


rr rr«r:r 

IS reflected m the feet that while the first papers *“88““"® 
emptncal apphcat.ons of Bentoulhan Ut.hty to come ^ 

oearance of the Theory of Games and Economic Behaitor applied this ry 

rrXioti of ceii economic Phenomeoa. rnost of 

on apphcationshavc been concerned with 

tions in explaining individual choice behavior. >iave been svntten^ 

psychologists Probablythe reason for this shift IS the fact t a i p 

get a gnp on the central concepts of the theory - preference and utility 
much more directly m the controlled situations in psychological 
than IS possible m the relatively uncontrolled economic exp anation ol mass 
phenomena Utility theory tn economics has traditionally serve 
intuitively satisfying theory of individual choice behavior furnishing 
underpinning to the explanation of mass phenomena But the theory 
removed at some distance from any direct test, and from one point ol ue 
IS quite unnecessary to the mass theories built on it Modem tren s i 
economics have tended to discard individualistic explanations of mass 
phenomena The trend awa> from individualistic utility hypotheses as 
explanations in economics seemed to be momentarily reversed with t 
advent of the von Neumann Morgenstem theory, since this theory provi e 
a long sought “cardinal” measure of utility However, the basic trend ^ 
continued, and there have been relatively few senous attempts to app y 
Bemoullian Utility in explaining observed mass phenomena in the past ve 
years 

In this section we shall discuss three applications of Bemoullian Uti ity 
theory, one from the domain of economics and two from psychology The 
economic application is Fnedman and Savage’s and Markow itz s theory as 
to why people gamble, and why they buy insurance — both types of be 
havior involving a statistical expectation of monetary loss The theory is 
advanced as an explanation of certain types of behavior which are almost 
universal but which are not m accord with the assumption that people try 
to maximize monetary gam Although the Fnedman Savage and Marko 
Witz theones do not incorporate any cxpenmental tests, they propose cer 
tarn hypotheses about the utility of vanous amounts of money which suggest 
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such tests The second applicaUon is an expenment b> MostcUcr and Nogec 
to test the Bcmoullian Utility hypotheses as applied to situations in uhtch 
the alternatives are amounts of money or “gambles” whose outcomes are 
amounts of money The final application is likewise an experimental test of 
Bernoullian Utility as applied to money alternatnes and mixtures, but 
,h,s time mcoT.arat.ng a theory of subjeente probab.l.tj, and certatn 
reftnements of tcchn.que wh.ch arc not .nduded .n the Mosteller Nogee 

'’“’3“ the two expenmente wh.eh we d,rcu. 

vanety of exper.mental t«u of vanom aspects of Bernonlhan 

vanauons It .s .mposstble <o ^all the»here, and thetwo espe— 

dtscussed must be taken a, representatne Of more 

that a deta.Ied d.scuss.on of these expentnents . us^ r ^ 

any purel) theoret.cal expostuon ' ' S'” Bernoull.an Ut.hty h>- 

ficant experiment to test the apparc y P 

potheses 

7.2 Hypotheses Explaining ““““^"yjfg'rrnd 1952) Tnd one b> 
Two papers by Friedman and S’vag I 
Markowitz [195b] propose to P in both 

buy insurance The central fact of somet expected value of the 

gambling and the buying of ,,, lee,, ,he expected return is 

money return m both instances g roulette) The tias 

negative m gambling where there IS a el„ys choose the 

stcai theory of gamblmg assumes that ^ .^e 
alternative which has the highest expc choose a coune wit 

individual who gambles or buys ,„bling or not bu) mg t^ 

a higher expected money return y smi person is suppos 

tnsurance In modem theories ^ expected uMy outcome, 

to choose that alternauve winch has 8h« .he fact that a 

hence there ts no contradiCon wtth „„e may attempt, as 

person may not act to maxtnnze ''P“‘“ ,/e,plz.n gambling and m- 
Ledman and Savage and mo^ney is not proporuonal 

surance buying by assuming that dteuttUty 

to the amount , r riote that the fact t at P 

Before proceeding to their ,„„e instance, i. 

do not play to maximize ,Be 1 Bth century m con^' 

irrational to play this way, was namd Bernoulli to prop 

the Petersburg paradox which led Vrsn 
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“Bemoulhan” Utility scale The St Petersburg paradox concerns a game 
which IS pla>ed m the follow mg svay The “house” allows the player to toss 
a fair com as many times as necessary unul it falls heads (say n times), then 
the house pays the player 2” dollars The question is, how much should the 
house charge the play er to play this game’ If the house is interested in mak- 
ing sure that its otvn expected money return is positive, then it should charge 
an amount slightly in excess of the expected value of the money to the 
player from playing the game Comcrsely, if the player is interested in 
maximizing the expected value of money return, he should be svillmg to pay 
any amount less than the expected value of the money return from the game 
for the pn\’ilege of playing it However, it is easy to show that the expected 
\ alue of money from this game is infinite, hence the player should be willing 
to pay any amount of money for the privilege of playing it But to most 
people, even twenty dollars would be too high a pnee to pay, the chance of 
even getting back the amount bet v ould bejust one in two thousand Several 
ingenious solutions were given to the paradox, most of them preserving the 
principle that the play er should act to maximize his money expectation 
Daniel Bernoulli, however, made the (for then) radical suggestion that 
people do not attempt to maximize expected monetary gam, but rather 
expected utility gam, and that the utility of money is not proportional 
to Its amount Bernoulli’s “resolution” of the paradox consisted in fact 
m suggesting that the utility of money is proportional to the logarithm 
of the amount This is, so far as wc know, the first instance of an ex- 
pected utility hypothesis being used to explain behavior m risk situations, 
and IS why v%c have chosen to baptize the modem theory with Ber- 
noulli s name 

Even with Bernoulli’s hvTiothcsis, it is possible to modify the game in 
such a way that its expected value (or utility, in modem terms) is infinite 
I e , if the house pays not 2” but 2-'’ dollars to the plaver if he tosses the com n 
limes before it falls heads, the value is then proportional to 2", and the 
expected value is infinite In general, if the utility of money can be arbitra- 
nls large, then it is possible to define a variant of the St Petersburg game 
for which the expected value is mfiniic, and for which, therefore, the player 
should be w^Hlng to pay any amount to play Since it seems unreasonable to 
be willing to pay an arbitrarily large amount to play any game, it can be 
argued ihii if the utility of money can be defined consistently at all, then it 
must be Ixiunded above i r , if u is the utility function, and ii{x) is the 
uti ity of X dollars, there must be some number, say A, such that for all 
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If the funetton u is plotted graphicall) tvithjt (the amount of money) on 
thehomontal axts, and «(«) on the terfeal axis, the abate argumen im- 
plies that there ,s a line abot e tthich the carte d^ not go (see r.g ) ^ 
The theories of Friedman and Savage and MarUtnta 
preted as giting other arguments like the above as to why the utility 

money curve should have certain properties t„ etolain 

The first phenomenon which Friedman and Savage P P 
. gambling They take as a typical 

smaUprobabilityofwinmngaJ^'?®®’”® ’ imnneihist>’P*®^ 

a smah amounrsiot machines. 

gamble All these games hat e the feature that the mathemm,ca|»^^ 

of money winnings in pI^>»S f- cl that people play them. 

the -house percentage Never of participation (which tt e 

::,tdro“rlto*nourdim„»^^ 

seek an explanation m terms of uli tj anal>-zcd as 

A typical gamble r /- u .h»moun, he » 

follows Let L be the amount that 

lose ifhe loses), let heJ^Lpresent Finally, supine thatp 

and let / be the amount of money p„bahilily oflm 

IS the probability he has mixture with probability P o 

mg Then the altematite of betliug 
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Accordmg to the expected utd.t> h>-p°<te« ‘he utd.ty ofB ts 

u{B) =pu{I-^W)+U—pW—r.) 

The a.temat.e to gao.bhng ts not gambhng. .b.eh has 

mg the amount J. nh.ch the man has at present If the man p 

gamblCj then 

u{B) > «(/). 


pu{i+u')+(i—P>{i—r-) >u(i) 


( 2 ) 


On the other hand, it was supposed that the expected money s 
bet IS negative To be more precise, the expected ^ /f j „ 

man tsill have after the bet is less than the amount he had before 
expected value, then 


4=p(j'+ir) + (i— /’)(2— 

It IS assumed that b is less than I 


(3) 


b<I, 

^(/-i-ir) + (1— p)(/— L) </ 

In Figure 2 this situation is represented graphicall> Here, as in Figure 1 , 
amounts of money are plotted on the horizontal axis and utility values are 
plotted on the vertical axis The four money values / L, b I and I-r 
are located in increasing order along the horizontal axis Note particular y 
that / — L,b, and I are fairly close together, and 7 + M is far out to the ng t j 

this corresponds to the assumption that the amount bet, Z., is small compare 

to the value of IT of ivinning The four utility values u{I — 7')> u{I), u{B)> 

(•) Here It IS essential to keep in mind the fact that combmauons p(I H ) and (1 ^ 

(/ — L) in the nuxlurcs are not anthmetical products Below, in computing the expect 
money values the same combinations will occur as products 
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and a(/+ir) are located jn increasing order along the scrtical axis, cor- 
responding to the assumption that xsinning is most preferred, folloned by 
gambling (alternative B), followed by not gambling (altemaliix; I), and 
last by the certainty of losing (altemalise I—L) 



The most significant feature of this ''hoTn, at the inteiseclion. 

,g If the points (1), (2), and (4)^“^ ’ ,h, horuontal lines 

fthexertical lines drasvn through „„ ,he vertical asn, then 

ravvn through the correspond^ nt y ^ j „„ the 

ley must he in a straightline ’H'' '“1“ “ee between 
onrontal axis is the same P'”!“'-"’"”'*^;„„„.ies .(/-/•) “"■'"1'^" 

-l-irastheutilityvalue«(fl)ts On theother hand, since / > 

this fact follows from equations (1) , (3) corresponding m 

lashed line in Figure 2 monei outcome i* ^o^' 

Gambling with “ro^^ho gamble wilh a large pm 

t)> assuming that, at least 
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abiht> ofasmall loss i and a small probabiht> ofala^ge\v^n ir,thc curve 
of utility against money is concave upwards m an interval between 1 and 
I — \\% as shown in Figure 2 This h>-pothcsis say-s nothing about the form 
of the utility vs money curve outside the region between 1 and / -}-ir,and 
one may hope to explain other types of behavnor involving financial nsk b> 
hy-potheses about the form of the utility curve outside the interval from / to 
/— fr Fnedman and Savage propose the hy'pothesis that the utility curve 
IS concave downwards (m the opposite direction) in the interval below / 
(present income) in order to explain the buynng of insurance 

The insurance buying situation is tyTiificd by paying a certain sum P 
(the premium) to av oid a nsk of losing, which for the purpose of this analysis 
can be represented as a loss in dollars of an amount D The altemativ e 
of buying the msurance can be represented as the certainty of having 
the amount I — P (which is what is left after paying the insurance premium) 
The alternative of not buy^^g the insurance is a nsk, m Vkhich there is some 
probability p that the per<on will suffer a Joss of D, the result of which is 
that he ends up with / — Z> dollars, and a probability 1 — p that no loss will 
occur, in which case he will end up with what he has at present, namely, / 
dollars Ifwc agam let B denote the nsky alternative, then 

B = <Pii-D), (1-P)(;)>, 

and according to the expected utility hypothesis. 

If the person elects to buy the insurance, this means that the certainty of 
getting I — p IS preferred to the nsk B, hence 

u[I~P) >p«(/ — D)~{1— p)i,(/) 

In the case of b^y^ng insurance, the statistical expected value of money 
from buying insurance is less than the expected v aluc of money in the alter 
native of not buynng the insurance — if it were not, insurance companies 
would go out of business Since the outcome of buyung the insurance is 
certain, namely , to end up \^^th a total of / — p dollars, the expected value 
from buvmg the insurance is simpl> / — P On the other hand, the alter- 
nauve of not buynng insurance is the nsk B = <*(/ — D), (l~p)(J)>, 
and Its expected money value is 
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b = p{I-D)+{\-p)J 


In this case, b is greater than I — P, hence 

I-P<p{I-D) {i ,p)I 


i described abosc is represented graphical!> in Figure 3 


-(/-fl) 



i-F » / 


/ _ P t and / arc located m mcrcanng 
The four money values ^ - -O’ ' ’ ’ „l„es «(/ - O), “W' 

order on the horizontal aan. an ^ Tlie 

„(/_p), and ii(/) are located in increav g ^ «l„eJof/-Afl. 

points (1), (3). and (4) m 3 ,, d,o«-n Ismc ■" » 

and /, respectivclj,and,a! 't l,e above thintnnsl" 

line Point (2), representing the unlit) of/ . TT,e 

line since 7 - P n less than i, but 3, muit be concave 

elusion IS that the utdit) curs e, s /, dos\-n i* ftr as / 

upwards m the mters-al belou "^ru dii) cu^^es s.h.ch arc 

In Figures 2 and 3, s- have f es uh.ch arc «n 
cave upwards to the j ' imurancc bu>m« 

cave downw-ards to the left 
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n.a cur^e «.nii lo b* .h< >.mpl=. lypt bhbh « cob^tP"" ''■>* >“ "Obb 
facts discussed so far 

It IS x^orthi^hile to pause here and see if the cur^e thus dra^^-n expla « 
anv other ^ell kno^^-n facts other than the ones sshich it ^^as origin > 
constructed to explain Fncdman and Saxagc consider the factors mfluen 
cmg the distnbution of prizes offered in lotteries The> note that almos ^ 
lotteries offer a graded senes of pnzcs, starting s%ath one or U^o scrs Wg 

prizes at the top, and \%orkingdovrn to quite afew rather small pnzes 
assume that the lottery operators attempt to construct the schedule of pnzes i 
such a iAa> that their profit from the 1oltcr> is a maximum subject to 
Tcstnction that the customers regard the tickets as ivorth the purchase 
This phenomenon can be translated into utility terms in which lotteiy tic 
represent nsk outcomes wnth risk utilities which depend on the pnzes o ere 
and the probabilities of w'lnnmg them, and the lottery operator see to 
adjust the pnzes and probabilities m such a was that the utility of a tic e 
IS greater than the utilit> of the purchase pnee, and at the same time t c 
sum of the amount of the pnzes is a minimum (and hence his profit is a 
maximum) It can be shown that if the utiht> is com ex upwards c%er> 
where to the nght of 1, instead of just in an initial interval as showTi in 
Figure 5, then the lottery ticket operator could make the most monc> > 
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otomg just a single very large prize, rather than by offering a number of 
prizes It varying amounts and varying probabihl.es Therefo , h lac 
Lt lotteries do in fact offer a vanety of prizes argues ™ 

utility curve does no. continue to bend upwards ■"■''""’•''V “ 

1, andmust instead star, bending the other v.a> again 

Another fact, cited by Markowitz, is that P'of " “ 

■■symmetrical" bets, that «, beu m which 
won are about the same {this is no. supposed to 

in which u can be assumed that the amount o m ^ ^ 

portant to the bettors) Tlie fact that t c phenomenon The 

symmetrical about u{I) provides an exp ana amounts to be won 

reader can convince himselforthis ■'V connecting ihe corres 

and lost at equal distances on either > F,gures 2 and 3 

ponding unlit) points b) a “ ““’hance of losing "ill has' 

Bets which have a greater than P« , , hence hdo" the ^ axu, 

utilities lying on this line to the left o its mi • rejected 
which represents the utility of / ^ ^ vnl b ^ ^ 

FriedLn and Savage suggest that the tiub y^--' ,„cral 

complex than the one drawn m Figure }.r.c;ure 5 still cvplams all the 

‘ humps” as shown m Figure 5 Thccurve refer one to the other 

facts mentioned so far, and there seems m fact re 

However, Fnedman and Savage sugg« ‘ jividual. corresponding to 
present ^scre.e levels of aspiration for the md.v, 
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the top of each hump, Friedman and Savage 

associated with one economic class, and that a chang 

,« came class may not be important, whereas a cnai g 

recarded as much more important 

'Before passing on to the next topic let us note briefly ^ ^ 

objections to the theory just presented First, as an explanation of gambling 
It leaves out the very important factor of the excitement ^ 

the absence of any exact experimental data, it would seem *a< 
tjTie of gambling considered in this theory is of the kind in which 

ofmoney risked IS quite small (at least for any one bet), an t a ^ 

value of the money may be of comparable magnitude to the value o 
excitement of the gamble One is tempted to surmise that the 
lottery tickets do not do so after sober consideration of the relative 
of the money bet and the prizes to be won, but act to a large extent on iin 
pulse To argue that the amount of money spent on gambling may amou 
m total to a sizable portion of the gambler’s income and hence that its va ue 
IS large in comparison to the excitement of gambling is not to the pom , 
since the stipulated interpretation of utility theory requires that it be ap- 
plied to single decisions 

In any event, the principal test which any theory must face is whet er 
or not It succeeds in predicting a large variety of phenomena, and especia y 
phenomena which it was not originally introduced to explain Whether t e 
above theory will meet this test we cannot say, but the criticisms suggest that 
if it IS to be used wath any precision, the basic interpretation will have to e 
more clearly defined In the next sections we discuss two experiments de 
signed to test the theory , in discussing them we shall see some possible ways o 
giving the basic concepts precise meanings 


7.3 The Mosteller^Nogee Experiment. 

The experiment of Mostellcr and Nogee [1951] can be regarded as an 
empirical test of the Fnedman-Savage theory discussed m Section 7 2 This 
experiment consisted in running subjects through a series of gambles in 
ivhich thej were permitted either to bet 5i^, or not bet against various 
amounts of mone) offered at various odds by the experimenter The game 
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played \Ms a \ aricty of poker dice m which the experimenter rolled a ‘ hand 
of 5 dice and bet a ccrtim sum, after which the subjects (each playing m 
turn) had thcoption of betting V and rolling the dice to try to beat the expert 
inentcr’s hand, or not betting and passing the dice to the next subject 
According to the theory of Fnedman and Sasage, each subject should 
possess a ‘ utiiiij of money curse, and should bet or not according as the 
cxpKlcd utilil) or the bet otTcred bj the expenmenter is greater than or less 
than the utiht) of no change (i f . not betting) for the purposes of this expe 
riment, the aero poinLs of each person's utilil) scales stere fixed at aero cents 
(i e , at thetrstateat the timeofthebet),andtheun.t was chosen so thata oss 
of 5,! hadaut.hti of— 1 With these twostipulations each person s tilihty 
scale IS fixed un.quel), and the nt.hi.es of etery other gam or loss can be 
measured ,n terms of the ut.h.) of losing 54 According to the Fnedt^n 
Satage theory, once the aero pom. and un.t of 

chosen, to determine the unlit) of an) amount o .ndifierent 

onl) tiecessat) to find some probabiht) /..sue t at t e su 
between a bet winch ofi-ers a probabtht, ^ 

losing 5^, and the alternameornotbelt^ (_5^)> which olfersaproha 
then the unht) ofabetB = <fW)i * ^ 

bihl) p of winning ni and l—p of losing 54 « 

„(B) = pii(n^) + (1— /)“(— 

and If thi, 1 , mdifTeren. to no. betting axith the certain outcome of getting 

„(B) = 

Theul.htyofO^ wasarbitrarilyrixedatO.andthatoflosi g i 

the above equation reduces to 

. p«{n4) + (1-af) (— ') = “ 


u{fl) 


1-^ 

»(”fl = p 


The genera, procedure of " *ey d«r»-f 

for each subject for tarious amounu between notbettmg 

probabil.nes p such that the subject Ife behai .oral mtcrpretatio 

Ld the mnttureB = <M. (>-^ ‘T^rmula gnm above was then 

of indifTcrence Will be discus ® 
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used to compute the utilities of these amounts of money for each subject 
Finall), these computed utility values (vvhich represented points on the 
subjects’ “utility of monc>” curves) were used to predict choices in new 
betting situations, and the success of these predictions constituted a test of 
the theory 

It should be noted, of course, that the mere fact that a curve can be plot- 
ted using the formula 

u{n4) 

P 

IS not evidence tending to confirm the theory Obviously there will be some 
probability for which the subject is indifierent m this betting situation, and 
putting that into the above formula, it is possible to calculate u(n^) m a 
mechanical way The test of the theory is whether or not the subject chooses 
alternatives^ which maximize the expected value of the utilities thus calcu- 
lated Mosicller and Nogee tned two such tests, applying the information 
plotted m the original utility curve to try to predict behav lor m new situa- 
tions The first test was lo try to predict the behavior of subjects faced with 
‘ doublet ’ bets, that is, opportunities to make a single bet against two hands 
at the same time, where it is possible to win either one of two amounts of 
money, or both, or lose 5^ This is a different type of situation from that 
which provided the data on which the curve was based, but if the theory is 
correct, then the data contained in the plotted curve should predict the 
subject’s behavior in the new situation Hence the new situation furnishes 
a test for the theory The doublet situation is represented formally as follows 
Let p-^ and be the probabilities of beating the first and second hands, re- 
spectively (assume that the first hand is higher than the second, hence the 
probability of beaUng it is smaller p^ < p^) and that and jij are the 
amounts to be won by beating hands 1 and 2, respectively The probability 
of beating both the higher and lower hands and winning Hj + cents is pi, 
the probability of beating the second hand but not the first hand and win- 
ning only Hj cents is p^ p^^ and the probability of not beating either and 
losing 54 IS 1— Hence, the utility of the doublet bet is 

Pi<n^4+Ti^4)'¥{pz~PMnz4) 4 - 

u[n^4^•^ 71^4)^ and u( — 5^) arc all plotted on the utility curve, hence 

the utility of this bet can be calculated, and if the theory is correct, the sub- 
ject should take the bet if this utility is greater than 0, be indifferent if the 
utility IS equal to 0, and reject the bet if the utility is less than 0 
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A second test of the theory is afforded by paired-companson situations The 
principle idea is that the subject is forced to choose between one of two 
hands and monc> bets to bet against Using the utilil) curve, the unlit) of 
each of the two bets offered by the experimenter can be calculated, and if 
the theory is correct, the subject should choose that bet with the highest 
utility To describe this situation formally, suppose that the first bet offered 
by the experimenter is an amount it, on a hand which has probability p. of 
being beaten, and the second bet is ». on a hand which has probability p, 
of being beaten If the subject bets against either hand, he mustwagerSp , 
bence the utility of tbe fir^t bet is 

pA«,4) + 0-hH—^)’ 


and the utility of the second is 

p,llW) + 

All these utilities are plotted on the curve already 
sible to calculate the utilities of these bets, and see whether the subject 
in fact choose that with the highest utility 
The actual operational 

“original • utility curye was as follovw * of betting or not 

the course of which each subject ha ^ . number of offers on 

betting against each of the possible ban s, an 

those hands made by the "penmen e , ^ bets 

experimenter made bets %V3S four ' ^be count of 

offered by the experimenter on tha experimenter were 

the series this particular “hand, an nroDorlion of times that a 

offered many times At the end -f 'h' was calculated for 
subject accepted a particular offer on a p ^bow n m Figure 2 

eachofthedinerentofrersonthchand. the honzontal axis, and 

Figure 2 shows the amounts olTcred on axis It 

the percentage of times ruTcftrhVhcr'lhc off- 

expected that for a fixed hand and , d„,xn as in Figure 

greater the likelihood of acceptance, an expectation F®' 

would have approximately the S’ * ^ left the experiment befom 

correct in all cases (except f- ‘"’’■'“"y, variation in ihc s.rcpucw » 
completion), allhough there was consid^bk v plol.rd for «' 

Ihe stapes of .he steps of ihese crossed .he 50 per ee 

subject and each hand, and .he pom. ^ ,he subject 

level was taken to be the money offer 
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0 10 20 30 40 50 60 70 80 90 

Offer m ccnu 
Figure 6 

Percentages of times bets of various amounts were accepted by subject X on hand A- 

indtfrerent,(*) For example, in the hypothetical curve drawn in Figure 6, 
the indifference offer is approximately 37^. If the probability of beating the 
hand is p, and the indifference offer is n, then our formula allows us to 
calculate the utility at n, 

P 

Thus, each graph like that of Figure 6 for a given subject determines one 
point on his utility curve, and by plotting these points it is possible to con- 
struct a cun.'e like that of Figure I.(t) 

Once the “basic” utility of money curves were plotted, it was possible to 
test the Friedman-Savage theory by applying the utilities of the basic curves 
to new situations. It is obvious that the theory cannot be expected to be com- 
pletely successful in predicting the subject’s choices because of the fact that 
the operational meaning given to “preference” is that the given alternative 
is chosen more than 50 per cent of the time. But as long as it is possible for a 
subject to choose an alternative more than 50 per cent of the time, but not 
all the time, then there must be instances in which he chooses an alternative 
which he does not prefer, and hence these are insUnces when the theory 
predicts he will choose one alternative (the preferred alternative), while he 
actually picks a different one. The fact that the subject’s “5” cuives, as il- 
ustrate m Figure 6, have a non-\ertical slope shows that counter-instances 
c:!^t, m which the subject cither chooses to bet, although the experimenter’s 
oHcr IS less than (he indifference offer, or chooses not to bet, c\-en though the 

here as mtaaing that each of the allemativca is 
5,' ■™'- "P-efeenee- min dial die preferred allemal.se 


tacitly guCT) a stochaatic 
in Section 3 5 2. 


interpretation to the preference relaiions similar to those discussed 


fjous *ubjcm might not know the true probahihua of bcaiing the 


varjotu hanr* ear,. _ . not mow the true : 

abgjtics W providing the subjects with lists 


giving the objective prob- 
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I„ .,e e.penn..n.s .o be d.cussed nex. so.e Cher defects of Moste.ler 
and Nogee-s expenmen.al des.gn are commented 

7.4 The Davidson-Siegel-Suppes Experiments. 

I„ the book Dens:on May..,, Donald 
Patrick Suppes [1957] describe a j subjective probability 

These experiments and the theory j„rnbed in the previ- 

lug comparison to the Mos.eller-Nogee expenm^ent P 

ous section, in that they subject to exp ici These two as 

'(^rthaTsubjective probability corresponds to 
Ure aspects of the Davidson Siegel Suppes experiment are 
Z expLiment gives a different behavoristie a 

than was given in the Mosteller-Nogee expenment, 
finitistie theory which, in the so-called “perfect measurement 
a unique determination of the utility values of the pure ® 

of the complexly ofthe theoy and the “^gee 

give as detailed discussion of them as was given for ® ^ 

expenment ^at we shall do is give a rough infonnal ‘^““P ‘ ; 

central ideas ofthe theoy. and ofthe technique ® b 

The procedure of thcDavidson Siegel Suppes expenmentswas 

tain a measure of the uulity values of certain amounts of money ( “ 
inferences from observations of choices which involve immmal assu p 
about subjective probability), and then, using the utility values thus due 
cred, to obtain a measure of the subjective probability of certain c 
events We shall desenbe the uUlity measurement first The theory un 
lying the measurement of utility is itself divided into two parts a t eory 
perfect utility measurement, and a theory of approximate measuremen 
The first of these is actually a specialization of the usual theory but app » ^ 
to a particular finite set of altemauves, the approximate theory mcorpora e 
a behavioristic method of interpreting indifference The perfect theory wi 
be discussed first . 

The Davidson Siegel Suppes experiments and the theory on wh^c V 
are based deal solely with mixture alternatives of the form <Ex^y>,\ J 
where x and,; are amounts of money, and E is some chance event Thus, a 

(•) See Sectioni 3 I and 5 3 for discussions of mixtures of this form, in which Tis the cv ent 
Itself rather than its probability 
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„ ,„here nS5) amounts of money in the following 
way. These amounts of money are so chosen thaU 

<a5£*,ni£*> 1 

for i = 1. • • • . "-3, 

<ii„3E».o.E*> I 

and for t = 1, . • • . "—2. _ 

P a, E->. W 

Equations (1) - (6) lead to the concl^usionjhat there is some positive 

number a and some number p such that for 1 - 

u(fl,) = «i + P- 

For the alternatives Ui, . . . > a. equation (6) givK a ° ; jj- 

which is unique once the numbers « and ^ are 
these numbers is simply the choice of unit and zero P°'"‘ 
mcnt. The amounts of money a„ . • • . a. "tay I”: ^ 

in order to satisfy condition (4), much as “"T r^'f “ on in 

multiples of a fi«d unit weight are selemed as 
determining the weights of other objects in an equal-arm 
ity of any other amount of money x can now be approximate y 
by finding two adjacent alternatives a, and o.^., such that a,+, x 

lfxlicsbetwcena,anda,+i in preference, then clearly its uti ity 

the known utilities of these standard alternatives; hence u(x,) must 

tween in + P and (i+1) <‘ + fi- . 

Even without bringing any new alternatives into the system P 
sible to give an indqjendcnt check with alternatives fli, . . • > 
whether the BemouUian Utility hypothesis is saiUfied by these altema 

and the one chance event £* with subjective probability 1/2. This c ec 

be carried out by observing all preference relations between alternatives 
the form <a^E*,a^*>, where r and j run from 1 to n. The number o po 
sible comparisons is much lai^cr than the original set of comparisons ^ ^ 
and (5) from which the utility values of the alternatives were derive , 
all possible preferences between these alternatives should be predicta e 
from the knowledge of the utility values of the alternatives if the hypot «« 
of BemouUian Utility are satisfied. In fact, it follows from conditions (4), ( 
and (6) that for all h,i,j,k = I, . . . , n, 

<ajE*.o.E*> R if and only if h+i^J+k- (®) 
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If n = 6, then the number of independent preferences which must satiif) 
condition (8) is 105, and these arc predicted from just 10 observations This 
procedure illustrates one method of testing a theory invoking some unob 
served quanUties such as the values of the function a the values of the fune- 
tion are determined by a certain set of observations then other independent 
observations are predicted on the basis of these, which if they are borne 

out, constitute confirmation of ihctheor) , t, „ 

So far we have only dueussed the theory of per ect “ “ 

obvious that It IS critically dependent on the possibilit) 

encejudgments,smcenoton.y,s.heu^ 

the alternatives , c via (1) requires 

mcnts, but the determination of £ i Mostcllcr Nogcc 

indifference judgments The problem Lejudg- 

experiment, is that there is no direct f .hoiees) In 

ments as there is to strict preferences pavion, 

order to get around the dimcul.y Their 

Siegel, and Suppes developed a ‘’’“'T “ TP ^ 

Idea was to arrange the experiment “ “ X^hittht^^^^^J 
sing indifference „(r„ed), but to inlerpret observed 

<xE*,yE*> and <zE\tiE ., ,„,ct preference The intui 

choice as prffmna or mdiffirtm, ra er ^ ^ „„ 

tive idea behind this proposal is that if a J ^ preference, or 

two alternatives he will choose the „ ,r h/p,elcs a given 

pick at random if he has ''“T‘'' "'"'p’„„r,sindifferent between them 

alternative It can be inferred that he P ^ subjective 

The operational method of e „j,batforon) tvm amounts 

probability 1/2 can now be expm If 

of money x and ,r, the subject mu« t , ihe 

<v£*,ri*>, and choose , hen it can be inferred lhal the 

the subject is observed to ‘“1' ^ual’in subjectiv c hkehho^ for^ 

events £• and E* are apP^^ „ chose r = <H aa-*^ = W’ 

is*wereregardedasmoreliW)than . ^ <|^r , 

then the subject would „pvehimthe W 

Once the event i. ’ i.,„ indicate 

sumed that its tatjecli' a P™ du more herejh 

ment of Utility ofihc rather complicated proc ,<i, (m 

some of the salient features uuhucs for the amounts ffn 

ing an approximate mcasu 
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the case discussed m the cxpenments, n = 6) This also depends on getting 
a senes of shifts m preference of Ac form chosen 

over <zE*ywE*> but <zE*ytth*> is chosen o\cr <xC*yyE*> 
These lead to a complicated system of incquahlies, which, provided that 
the> are consistent, lead to an approximate value of the utility of each of 
the amounts flj, , a^, and these approximations can be improved b> bnng- 
mg in still further observations In this case it is never possible to obtain an 
exact value of the utiht> ofan> alternative so that the best that can be hoped 
for is a close approximation The situation here is analogous to that which 
would be the case if one had to determine the weights of certain objects 
using an equal arm balance which was never level (the balance being level 
corresponds to indifference) he would only be able to infer certain inequal 
ities among the weights and thus obtain approximate values for them In 
the actual measurement of utility in the experiment, it was found possible 
to obtain the utilities of v anous amounts of money m the range from — 50/ 
to 50/ to an accuracy of about one part in ten,: ^.iherangewithinwhich 
the utility value of an altemalne must lie (representing what might be 
thought of as a ‘‘maximum error” of measurement) was about 1/JOth the 
utility value of that alternative 

Before discussing the results of any of the Davrdson-Siegel Suppes ex- 
periments, we shall briefly outline the method of obtaining a measure of 
subjective probability of some chance event E (no longer the event E* with 
subjective probability 1/2) using the know n utility values of the altematnes 
»^i* Let us return again to the case in which the utilities are known 
exactly, and assume that for the given chance event E and alternatives -r,/, 
z, and w, the indifference judgment <xE,yE> I <zE,w^ is observ- 
ed If It 15 assumed that y7(£) = I _ n{E), then it foUov« that 


N 

) 


il(£) = 


°(ip) — nQ?) 

[a («.) — « ( j.)] + [u W — B W] 


(9) 


Hence iJ(£) is determined b> equation (9) if the assumption that the sum 
of the subjecUsc probabilities of£ and Its complement are I This assump- 
tion can be checked ii^a sense if one is allowed to make the comparison of 
the alternate c <jcEpcE> with the pure alternative x If they are indif 
ferent, then the sum of the subjecuve probabdiucs is 1 

In case no indifference judgments arc permitted, then an approximation 
method must again be resorted to in order to obtain bounds on the subjective 
pro ofthccvcnlf The method used by Davidson, Siegel, and Suppes 

involved varying the amounts of money m the mixtures by amounts of H 
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and getting switches in preference indicating the approximate point of in- 
difference, and thus obtaining bounds on the subjective probabilit) 

It IS not possible to do more than make a few brief remarks about the 
actual results of the Davidson-Siegcl Suppes experiments here Nineteen 
subjects were tested, and utility curves were constructed for fifteen of them 
(or rather, a pair of utility curres were constructed, representing upper and 
lower bounds to the approximations) The other four did not satisfy the 
hypotheses of the theory which were used for the construction of the uli it) 
functions It was ohsemed that for most of these subjects the curve of unlit) 
versus money looked like a immature version of the curve postulated ) 
Friedman and Savage, m the sense that subjects acted in “■'y 
willing to boy tnsuranee against the pmsibility of losses, f 

with negative actuarial value for the possibility o a gam c 
tested by eompar.ng tts results w.th the predictions which - ^ 

assuming the subjects med to max.nuae the actuarial ^ 
lives (. the assumpuon that utd.ty n a " 

results were also compared with those oft e ^ H ,hc 

For the fifteen subjects for whteh “"X;” ^fTceut™:?;!-..'.^ 

predictions which could be made \Mthi n .,n Utihtv theory 

Lasured were borne out, and therefore the Bemou ^ ,”on was 

m a sense, ‘'perfect” for these fifteen subjects O"' ^ ^ 

the following the “he fixed altemit.ve < 6^£’. 

choose the alternative <-4^r subjects should pick die fust 

!!#£•> According to the ^ t is lesi than21^,"lu'' 

alternative if X is greater than 21#. and the 

no prediction IS made if AT = 21^ # alternative for xgreater ‘ban 

It wls predicted that he -tuvnal theot) 

17#, and the second for X less than 15#, ^,1 jajn of 

that he should prefer the second P"''-' ,hron 
discrepanc) , the subjects obc) cd the ™ MMteller Nogee ''P"“”'"'’ ^ 

In comparison with the resu , 1 ,^ curv es for the s ' 

was found that in their most gen dilficult since die mo cu 

jeets agreed, although a direct different method, 

were denied from different kinds of data I.) 
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1 INTRODUCTION 


Factor analysts has a nch and abundant htcraturc '" ‘‘ ''"‘“ f 
hterature to 1940, wtth emphasts on the penod 1928-1940, WolBc [19«1 
presented a bibliography which listed 530 references T is aut or an 
ner [1955] reviewed 164 articles and books published in ' J 
periodjuly 1952-June 1955 There have been other suivejs of ihbt^ 
Le which indicate the preparation and publication of a 
on factor analysis of the order of magni.ude of 1000 since the turn 

In the form in which factor blossomed 

=rrrr:5T.“...' 

text of measurement of mental ability, its ngo-l] However, factor 
years ago m a pioneering paper by ^ ,hai m connec- 

analysis appeared m embryonic shape som ) „ . jfje classifies* 

tion with aing problems faeed by Scotland Yard 0^^ ^ ^ 
tion and identification of criminals Its appeara , model At 

technique rather than as a maihcmatization o correlation, be- 

that time. Gallon [1888], who was developing h. ide^^^ 12 

came interested in the classification pro cm independent an 

Bertillon measures to be used for classi .-ajisformed into a set o 

proposed that the observed ^ method of transforrnation 

independent measures He also *“^®*** , summation m factor ana >sis 

which IS now known as simple or unwcig 

terminology . ♦^>,ninue m classification pr 

The use of factor analysis as a resear |„, 5 r„nug aspect! are foun 

lems IS still quite current Nevertheless its m ^asurement of 

m tts attempts to prov.de frameworks universes which com 

abiUly These frameworks are conceph.^;^;' Uien 
mand some psychological or physio jcal models of factor 

malired ThL ma.hema.ira.ions -r olher du« ■ 

are ihe urge! of this arncle Na»rally I" “f f ! pm- 

by attempts at description and etp mental abilit) 

motivating die models resulted from tesB (2,3] 
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cedure could evoke some skepucsm smce the existence of tests of mental 
Itluv tmphes a measurement structure tn which the tests are imbedded 
Howiver. sciences usually do not initially grow from “ 

developed concepts but rather from experimental data or from dreatm h 
kad m experimental data Sophistication, in fact, usually impli« along 
period ofaLlysis and study In the usual factor analysis situation, the man - 
Lt data (responses to tests of mental ability) are organized in a correlation 
minx and cLjectures, guesses, hunches, about the latent un.veme o^e^- 
mg to produce the manifest data are usually mathematized Th^e mat 
irltizations are our mathematical models in factor analysis The earl e 
models by Spearman and Thomson could serve as potential structures fo 
relating the operation of the brain and nervous system to responses to tests 
of mental ability, the later models ofThurslone and Hotelling serve more 
as aids m the construction of batteries of tests Holzmgcr’s model, while 
chronologically later than Thurstone and Hotelling, stands m structure 
between these two groups On the other hand, in Gunman’s model which is 
the latest study, a point can be made for its serving both of the aforemen- 


tioned structures 

A plunge into factor anal>sis models can immediately demonstrate tne 
same issues and questions related to model building m any of the sciences 
Along these lines three, but not necessarily all, kinds of approaches to^^ar 
conceptualization of a model will be noticed first, of course, is the ad 
venturer who from the data notices ordenngs, arrangements, patterns, etc 
which usually permit a more parsimonious accounting of the data, second 
IS the ncgativist, that is, one who admits that the adventurer has scored a 
point but then demonstrates that a different mathematization, sometimes a 
most irrelevant one, will also account for the data , third, but not necessarily 
last, IS one who seizes on a certain mathematization, operates on it m a purely 
mathematical way and then notices that the newly transformed model can 
both account for the data and lend itself to reasonable explanation The 
ordering of these three approaches is m no way intended to show the relativ e 
validity of the models produced While all these moves produce a certain 
amount of intellectual activity and yield models, we are still left with the 
question of validity of the model even though reproducibility of data may 
be ascertained This is certainly true for factor analysis In addition, for any 
one general model there will still be questions of whether certain kinds of 
observed data can determine the model uniquely These questions of identi 
ficalion are common to model building in general and have been scnously 
investigated by econometricians and statisticians A detailed account of 
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these problems and their resolution in factor anal) sis for the multiple com 
mon factor model is given m Anderson and Rubin [1936] 

In this paper «c «ill dtvcll sole!) on the mathematical models in factor 
analysis Estimation of panroctcis in models and distribution theory for 
these estimates Mill he mentioned where relevance dictates it. but will only 

bedcvelopedwhcn a central issucorcontroversy is atstakc Thisml beso 

Mhen we esam.ne the Hotelling and Thomtone models The same will hold 
true for factor analysis as a research technique m contrast to factor anal)s,s 
as a model for mental measurement A search for the uaost 
of presenting the models, their common aspects, and their " 
one another has led to the natural choice ™ 1 

model In fact, the presentalton will he chrooologtcal ^7 
although exact chronology is sometimes difficult except for P 

The mathemattzalion of these models cOT^Me do^ 

of the first hairofthis century Also to be noted is the .^j^tavage m 
nation of the field by the British and American of their dif 

approach between these mo groups m a deletions, and the 

ferences m Other sciences ObviousI), t ee L The author vvill 

accounts of the models are the responsibi it) o (hatsiMof^®™ 

agree, a prion, that there will be sms o H niade to develop 

mission will be minimized In addition, no atte . ^ paper 

the mathemalies or ma.hemat.eaf stalnt.es used through 


2 THE SPEARMAN MODEL ^ ^ 

We enter our story with Spearnwn s mental abiht) Spear 

tests which by context and expert ju ,rh the measurement of menta 

man, in his 1 904 paper, was concerned ot at intrinsic 

ability and with what he coostdered "“^^nudies always rela^ 
men. of mental ability m prevtous and tn. ra 

intellective ability to some external , phenomena as soun , ' ' 

tngly to sertsory dtserimmatory “W.uea .rueture^ 

and weigh, Untd Spearman's which tug"' 

to emerge from the previous , gp. Motivated by 

conducted by the leading psychologists o the observed resP 

that there wis a common mtcnccuve etocm ^,p„„en,at.nn 

tests of mental ability, Spearman otga 
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village school and a preparatory school for bop m England The children 
>\ere gncn four achievement tests and two sensory discrimination tests 
The test data were summarized b> correlation cocfiicicnts between all pairs 
of tests and then presented in the form of a correlation matrix m which each 
element, except for those m the main diagonal, meisurcs the relationship 
between a pair of tests 

It IS instructive to provide the correlation matnx which led to the birth 
of factor analysis The correlations arc based on test scores for 36 bo>s 
ranging m age from 9 ^cars, 5 months to 13 >cars, 7 months 



Clauics 

French English 

Mathe 

mattes 

Discnmi 
nation 
of Tones 

Musical 

Talent 

Classics 


83 

7B 

70 

66 

63 

FftJidj 

83 


67 

67 

65 

^7 

EngUsh 

78 

67 


64 


51 

Matfaematia 

70 

67 

« 


45 

^1 

Discrurunation of Tones 

66 

6a 


45 


40 

Musical Talent 

63 

^7 

51 

51 

40 



In Spearman’s fundamental paper this collection of correlation cocilici- 
ents 15 examined in some detail The correlation coefficients are presented in 
matrix form where r^, the element in the i‘^ row and column of the 
matnx, is the correlation between test t and iestj {t,j = 1, 2, ,n) wath n 

the number of tests c obtain m general 



Of course one might question at this early point m our dev elopment why 
matrix is the fundamental summary of the data, and vvh> 
the diagonal elements arc not included especially when from a stnctly statisU- 
ca ^mt of view they should ail be equal to one The former query maybe 
an ed by the traditional assumption of a normal distnbution for the 
vam es v\hich leads directly to the statement that knowledge of the second 
or er moments (variances and covanances) uniquely determines all the m- 
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formation m the data , in addition, correlations rather than covanaitces ate 
employed because the sariables used are usually not commensurate and 
require the dimensionless correlaUon coefficient If all the '™“es “re 

commensurate, factoranalystscanbedevelopedfromcovanancesretherto 

from the traditional correlations The latter query on ™ 

can be resolved by another assumption of classical factoranalaisUu^^^^^^^^^ 
that an observed variable IS a linear function of independent c—^^^ 
variables plus a variable specific onl) to the observa ion 
all other Specific variables and the common factor ' “ ^'Xh i. 

non of the observed variable with XX^u of - erm^ents, 
standardized and thus equal to one, p, and 

the variance due to the common factors w ri,„„t m the correla- 

the variance due to the Specific vanab r m mrlao due to common 

non matrix ts intended to represent the ■f'P'X'd" ll are the com 

causes or common factors, the elements m ,j,ance due to the specific 

munalities and can be less than one since t ® usually un* 

variable need not be included Since " , he data, the mam dia- 

known, although estimates can be obtatned from the 
gonal cells are left vacant at this point „„ a funcuoMl 

After examining the correlation matrix,^ .^„.„h,cal order, namel) for 
relationship m the data which '’'X corresponding pan 

any two columns in the matrix the ratio j^nsider the o'^and S im'' 
meats was approximately constant, for example, 
for columns c and d, then 


Ur 


that the columm could 

r^';eTr:n::::o^ttThru''^^^^^^ 


iteadil) ° This t'-pc of 

left hand comer" of the matrix to "'XTeMO anothrr factor aXdrf m'! 

arrangement led Gunman many, carelare^ 

which is discussed m Section rele\ant and surprwin jj 

exut m Spearman-s data but meoun.ered for »■* 

deviation from this arrangemcn 

sample size as 36 “Xs a sjxnmetne c,Th 


In general, such a “’fSrrelxUon roamc” XterenB m 

the mam diagonal not reported exhibit pou'"'' 


5 main diagonal not repv alwas"* 

abthty and mental ach.evemen.alv , 
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cell including the mam diagonal ^%hcn these become known Wc ha\c 
alrcad> explained wh> these diagonal dements arc usually missing Hou 
the} arc chosen pla>s an important role in some factor analpis models 
If ne look further into the mamfcslations of hierarchical order m a 
matrix it can be seen that all two b> two determinants, not including the 
mam diagonal, arc equal to zero Tims mathcmaticall) a matrix of rank one 
is almost produced from the matrix arra} of correlation coefficients resulting 
from tests of menial ability In this situation, the elements m the main 
diagonal can alwavs be chosen to insure tliat the rank is one and thus the 
communaliticsare easil> and cxphcul} determined Offhand the fact that an 
nXn matrix would base rank one simpl} b} chance would and should be 
regarded with suspicion and cause one to conjecture alxiut the underl)mg 
structure that produced this result Spearman’s conjecture, and certainl} 
one which could be considered reasonable, e\cn if later prosed inconsistent 
or untenable (this docs not mean that these conclusions arc definitive for 
the situation studied b} Spearman), \%as that a response to a test of mental 
abilit) was made up of a general intellective factor and a factor specific to 
the test, the spcafic factors being mutuailv independent of each other and 
of the general factor As vsould happen in most disciplines a linear combina 
tion of these two factors was assumed for each test, at least for a first irj If 
Zj represents ihej'*‘ lest, F the general factor, and the specific factor for 
thej**‘ test, we have 

(2 2 ) 

where is a parameter of the model which we hope lo estimate from data 
and in a practical wa} represents the amount of saturation of test j with the 
general factor Later wall be called the factor loading for test j and V'lH 
also be viewed as the correlation, r^p, between the test and the general 
factor For, as is usuall) done, assume F* is normall} distributed with mean 
zero and \anancc one, m bnef, ^(0,I) and assume Zj « ^(0,I), then is 
^nd = 1 Now multiply both sides of (2 2) by F and take 

the expected s-alue of both sides, v\e get 

£ZjF= £S^F (2 3) 

(2 4) 


Like>vise 
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While r as qivcn m (2 4) should ordinanly appear m the mam diagonal 
'of tt :: Ifn. 1. IS inlv the n? component >'Htch « the;— 
ue shall indicate later Now to retnm to the mat g 
this conjecture at least give rise to thepattetn - ‘ ^ f 

, e . hierarchical order or a “'"r "del under the preiious 

Consider the correlation r. produced b, the model under p 

definitions and assumptions noted 

, I j r (9 M except the first, vanish because 

matrix can now be written as 

This \alue is also calletl the equivalent to 

Under the mode! just constructed this IS eq 

Under themodel,theeorre.atmn^.nx-fmn^^^^^^^ 

elements are appropriately ehomn and 

produce the manifest data is P^^^ structure unde the " ^ 

Another way of “:®;„laS can be given as ^ 

mal distribution independent of „b,a,ned b) 

factor common to all -onrlation bet\Necn any niodcl, 

lie factors, then the f must be aero s«„„g 

-partial, ng out” the ““ 7 ;J„d,ng overlap between the two 

IS the only possible me ^ obtain 

the partial correlauon r,^<- ^ 


Since 
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Th.s correlanon argument may be somewhat more mstructrve than the 

One can see at p ^ ^ 

ThTo”.“the Two Factor Theory, and reasonable 

has at least two points to recommend It First, It serves to repres p 

Lrnt umterse ^eldmg the data observed from tests oftnentaU ^ and 
second, rt has the property that .t .s rather s.mple m 

whde these are desrrable propert.es. further ev.dence .s necessary before t 
can be establuhed as the causal mechanwm for the phenomenon of h.er 
archrcal order exh.b..ed .n th.s data and.h.s ev.dence must come w.th the 
a.d ofstud.es outs.de the field ofmathemat.zat.on Such outs.de demonst 
non, for example, m.ght he m the field of neurological research 


3 A “COUNTER-EXAltPLE” TO THE SPEARMAN MODEL 

Another event which could strengthen the importance of the Spearman 
model would be the complete lack, after study, of other reasonable conjec- 
tures about latent universes However, Spearman’s conjecture was not long 
without a competitor The initial indication of competition ^va5 m the firs 
of a senes of papers by Godfrey Thomson [19163 Practically m Thomson s 
first words, he stated that his objective was to show that the data broug 
fonvard by Spearman m favor of the existence of the General Factor v\erc 
by no means “crucial ’ By this he meant that the data were not mconsisten 
with the notion of a common element through all mental tests, but neither 
were they inconsistent v\ith its non existence Of course, to demonstrate t ^ 
last phrase, some mathcmatization would have to be constructed whic 
would reproduce the data jet have no resemblance to the theory of Genera 

Abihtj 

Before we discuss this “counter example’ let us state some issues Bne y, 
both Spearman and his opponents agreed that there are Specific Factors 
peculiar to individual tests, both sides agreed that there are Group Factors 
which run through some but not all tests The difference results from Spear 
man’s statement that there is a further single factor which runs through a 
tests, and moreover that by pooling some tests appropriately the Group 
Factors can soon be eliminated and a point reached where all the correla 
tions arc due to the General Factor alone Of course, the basis for Spear 
man’s reasonmg is the existence of hierarchical order m the correlation 
matrix 
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nf the cxocnmcnt is interesting Suppose first we 
Some description of * tests where the numerical 

simulate the Spearman co j entirely 

score for each test is obtained by the * tests, 

fresh set of dice to represent an in ivi correlation 

rsen clearly the faetors are = “^te^f the dice are red, and 

whatever between the scores I „„t,j to every score, there will be a 

'r" ^Ftcm r^The red dmeme of coume rethrown when we are finding 
General Factor The p^tetor may be 

the scores of the J nomber varies from test to 

gteateror lms Comide tepresenting the 

rprfirFtrsm'i^-Theco^^^^^^^^^^^ 

will form a perfect hierarchy For example the “PP^‘" J ^^tical 
could be obtained in this way The numbers given there are 

values calculated by 

(3 1) 


where (h + el) dice are thrown on the first throw, h left lying, and * thrown 
Tot™ wuhl the second throw of (A + *) dice The -mber o ice com- 
mon to all the tests is 19, and the total number of dice in each 

''' Now note the lower numbers in each cell m the table They do 
e perfect hierarchy but nevertheless a very B°°‘*/PP™”'”“‘‘'’'' J^.hand 
reversaU, that is, the numbers steadily decrease from the upp 
corner to the lower right-hand corner This almost perfect ^ 

tains no General Factor whatever and was constructed in the follow g 
We have an arrangement in which ten tests depend on 14 actors ° 

109 arc quite specific and only occur in one test each, while * ^ 

36 are group factors which run through more than one test eac , u 
through all The distribution of the 36 group factors is shown m igu 
Most of them run through only two, three, or four tests, three o t em^ 
through five tesU, but not one runs through more than five umber 

ten There is therefore nothing approaching a General Factor e nu 
of purely Specific Factors in each test is also given 

To obtain actual scores for an individual, thirty six dice, mar ^ 
each was recognizable, would be thrown, and the score of each P 

the proper place m Figure 1 These are the Group Factors Then in a i > ^ 

the dice representing the Spcafic Factors would be thrown These wou 
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entirely separate for each test, for example, fourteen dice should be thrown 
to complete testy The scores of the various tests could then be added up and 
the totals would be analogous to the scores of a single individual m the ten 
tests This whole enterprise could then be repeated for each of the individuals 
To make this clear, consider two tests m detail, say tests d and e For 
test d, twenty dice in all have been thrown Of these hve are left lying and 
sixteen other dice thrown to complete test e The correlation between test e 
and test d will therefore he by the Ibrmula already mentioned 


1 = - =0244 (32) 

+ |/(20) (21) 


By the same formula the correlations bctv%cen all pairs of tests can be found 
They arc the lower numbers shown in Table 1 and form as has been said an 
excellent hierarchy 


1 2 3 4 S S 7 a d JO 11 J2 13 M 15 16 17 18 

» X X X >cx — xxxxxxxxx — — — 



b 

c 

d 

e 

f 

g 

h 

k 

1 


19 20 21 22 23 24 25 26 27 28 28 30 31 32 33 



34 35 36 S 

X X X 0 

X X X 0 

X X X I 

X X X 3 

9 

J4 

16 

20 

.22 

24 


Fig I Dwmbuuon of Croup Faclws* 


b, c, clc are the names of 
1, 2, 3, etc are factors ’ .armors 1 runs ibrough tou^^ 

For exampJe, factor number 15 fperrhance the number of »l x 

In addition to the Group Factors there are opccu 

test IS indicated under S , , tti I91C p.277 

■) F.sur. ,.prm.cd from J«-o( 


ihrouihiouk^*]; 
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The main point is that while the upper and lower corrcIaUomincach 
cell in Table I are theoretical values for the two difTcrcni simulations, the 
differences in each cell, if based on a sample of 36 individuals as in Spear- 
man’s experiment, are so small that by the criteria laid down by Spearman 
for hierarchical order both would have to be accepted. Actually, Thomson 
did use the same mock-up for overlapping group factors and obtained an 
empirical correlation matrix for 36 individuals. To do this, 5,220 dice were 
thrown, in 36 groups of 145 each, to represent ten tests for a class of 36 
individuals. These data also permitted acceptance of hierarchical order. 

A complete discussion of the details of the experiment seems warranted 
for this essay since it permits us to belabor the following major point at this 
juncture, namely that Thomson has been essentially the negativist because 
he has demonstrated that hierarchical order alone cannot permit discrimina- 
tion between a General Factor, and overlapping Group Factors without the 
presence of a General Factor. Moreover, since the essence of this article is in 
the initiation and development of nvathematical models, we will discuss the 
Spearman-Thomson contributions in some detail. 

Thomson’s counter-example, published in 1916 but prepared in 1914, 
initiated an active and bitter controversy which was carried mainly in 
British journals by the two protagonists and their supporters and lasted into 
the late nineteen-thirties. Since British journals are not so circumspect as 
American journals in reporting controversy, some excerpts may be interest- 
ing. Here arc some excerpts from Spearman’s comments which appeared 
right after the ending of Thomson’s first paper. It should be noted that 
Spearman was engaged in war service at the time. 

At the present tune, I have hulc Icuure, or indeed inclination, for controversy. 

the toregoing Aever and iniercsiing paper seems likely to produce grave mis- 
understanding unless some brief comments arc attached. 

Thu bnngs us to ihe real weakness m the paper, one which, frankly, I should 
not have expected from the author. 

Thu absence of any seated pnnaple in the distnbuUon of factors u quite sufficient 
to invalidate all the conclusions ofthe foregoing paper I may, however, mention that 
I propose m a subsequent paper to demonstrate the nature of the pnnaple really 
involved. It happens to have long been known to me, being an integral part of the 
proof of the above mentioned effect of random ov erlappmg On this pnnaple being 
established, the author’s method will at length be able to bear the good fruit which 
Its ingcmousncss deserves It will be found to have the same cunous issue as the other 
evidence brought against the ‘theory of two factors’ , for it will turn out to be really a 
witness in favour. 

Spearmans argument was that Thomson had arduously sought and 
found a “special arrangement” whereby hierarchical order could be obtained 
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without the existence of a General Factor, that this could be obtained by 
chance from a simulated setup only an infinitesimal amount of Umes, that 
even if these arrangements aiose they might imolve psychological absurd- 
ities In fact, if w e refer back to his direct words in the prev lous paragraphs, 
Spearman »s prepared to show that Thomson’s demonstration actually re- 
introduces the General Factor because the counter example is allegedly 

such a rare occurrence , 

In a subsequent article, Tliomson [1919] replied to these comments but 

general factor occurring from Thomsoo’s “'f “ 2“ “ gro „P fac- 
chance also is extremely small , for this ^ arrange- 

tors operate so that a prudent ° ,he general factor but 

ment Moreover, many more arrang produced by some 

yielding a fair semblance of hierarchical experiment, Ihom- 

shuffling in Thomson’s dice “P''™'"' '"egucing arrangements imme 
son stated that the number of hierarc > ^ exceeds the total 

diatcly deduciblc from his original spec Xhus excluding all 

possible cases due to a general factor at ea , eeilbons of hictar- 


possible cases due to a general factor ^ milhom of hiciar- 

Les of a „al General Factor, there will e genentl factor 

chy-produemg j of such a factor is extrao 


and on the evidence available the existence 
narily improbable Thomson then formulated a new 

As stated m the previous paragrap ’ pjo doubt the probmg fo 

theory of abdity which leads to hierarc - jj mathematued ’ 

othe7causes of hiemrchical order, even mt.fi hf die 

led to Thomson’snewformulalion which n»«'“‘‘ 

form of a theory with psychological re e 

4 thomsoh’stheorv 

, r,9l9l W “"S'® 

The fimt smtement ofThomson’s dieont 

follows 1 , 35 a menial lest, , rpeofiet 

The mind, in carrying out any a, ,he lower level are en 

which It can operate Thedcmen 
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further divisible 

Before going mto these pnnc.ples tn more tleu.l, suffice .t to sa> that the 
controversy over the latent universe producing hierarchical order continued 
for many years Spearman maintained the General 1-actor Ihcoiy w n 
Thomson agreed that it certainly could produce hierarchical °^d-:r buMha 
more than hkely his theory . which he called the ‘ Sampling of the Bonds 
Theory.” might be a better, or at least an alternate, explanation 

In a previous section we remarked on the tendency to low rank in corre- 
lation matrices based on tests of mental ability which is really the foundation 
on which Spearman's theorv resu Actually the proponents of the theo^ o 
General Ability were also ignonng a host of large specific factors m achiev- 
ing this low rank and concluding that there must be something in it Let us 
repeat that an n by n matrix of rank one is remarkable and deserves the 
study It has had for many years Thomson also agreed that this phenomenon 
was remarkable but presented an almost opposite explanation for it He tel 
that instead of showing that the mind has a definite structure, the low rank 
demonstrated, on the contrary, that the mind has hardly any structure In 
fact, if the rank in all cases was equal to one, then the mind had no structure 

at all but was completely undifferentiated Thomson claimed that it was t c 

departures from rank one which indicated structure and that a significant 
fact to be culled from expenmental reports was that batteries of tests lea 
to higher rank m correlation matrices for adults than for children Probab y 
because in adults such forces as education and vocation have impose a 
structure on the mind which is absent m children With regard to this pomt, 
Spearman also made some interesting comments m a footnote m his fun a 

mental paper [1904, p 276] This arose m connection with a comparison he 

made to his data of some relevant data collected at Columbia University 
around the turn of the century by Coticll and Farrand and then publishc 
m 1901 by Wisslcr (♦) The Columbia data met the test of hierarchical order 
only in a limited way Here arc Spearman’s comments 

But a university is dearly not the place in which to look for natural correspond 
ence between funcuons, at that time of hfe, strong ties of a wholly aruficial sort avc 
intervened, each student singles out for himself that particular group o slu les 
tending to his mam purpose and devotes to them the most judiaous amounts 
rclaUve energy To determine natural correlations, we must go to where the pupi 
meet each other in every department on relauvely equal terms 
(*) Monograph Supplement, June 1901 
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Both Thomson and Spearman seem to be in agreement on this possibility 
leading to corrclauon malnces of rank higher than one 

What Thomson meant by the absence of structure is the absence of any 
fixed or strong linkages among the elements of the mind so that a ' test” 
lainphs whatever of those Mat clemeim or components can be assembled in 
the activity under consideration Even assuming the mind is an unstructured 
continuum, the word “element” or“component” can still have some mean 
mg as an atomistic part of the mental ability continuum but there is no 
commitment to this eonjeemre For concreteness, Thomson found it con 
venient to idenufy these elements, on the mental side, 
of the nature of Thorndike's “bonds," and on the bodily side with neumne 
arcs This is how the word “bond” entered into Thomson s Sampling Theorj 
All a “bond” means is some very simple unit of the causal ac groun 
may be inherited, some may be due to education, some possibly to other 

'““suppose now that we have a causal hackground which e»prnes^ 

numerable bonds and any ^’*/obtam a number of dif* 

of that background, all samples bemg po mtercorrelations, 

ferent measurements from this assumption an j atjeast tend 

the matrix of these correlations volUend to be 

to have a low rank Now all this need have no assumptions imposed, 
can arise simply as a mathcmaucal necessity from the 
whatever material is used to illustrate it ovveve ^ ^ 

serve as a causal background for the "P'” a„d psychological 

result low rank will occur joins ,„,cal evidence that the 

relevance In faci, there now seems to e especially 

brant is more an undifferentiated mass for the 

eomparlmentaliaed oigan-a 

latent factor models we will discuss m . g jsTheoryproducesaten 

Now let usobservchow.heSamplmgof .he^ „ As 

dency to zero tetrad differences, ‘h>‘“> ^ which can form 

a simple .llus.ranon,Thomson [1927b]p^^^^^^ 

only SIX bonds This mind is submitted To a 

degrees of richness, one requiring they g,se them 

four, three, and two, rcspectiv y another . 

number of such mmds, yield ."st, bu.haveno.va.d”^-|* 

We have only specified Ihc ™'“'“ be different degrees o o P 
bonds for each ability There may. ‘‘“f" ' ftan others ifwc 
between them, though somewiU be mo 9 
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the possible sets of four tests svhich are ofnehness five, four, three, two Ifwe 
call the bonds a, 4, r, d, r, and/, then one possible pattern of overlap could 
be the following 


Test 1 

Bonds 

1 

a b c d c 

2 

b c d e 

3 ' 

d e f 

4 

c d 


For simplicity, suppose these bonds to be equally important, 
natural formula 


Correlation = 


overlap 

geometric mean of the two totals 


and use the 


(4 2) 


The corrclauon matrix is then computed >icldmg 



1 

2 

3 

4 


1 

2 

4/|/20 

4/1/20 

2/1/15 

2/1/12 

2/1/10 

2/1'L 

(4 3) 

3 

4 

2{\nb 

2iyio 

2/|/i2 

2/1/8 

1/1/6" 

1/1/6 



and we notice that m this particular paticm all three icirad*diffcrcnccs are 
zero However, if we picked our four tests at random, insuring the same four 
degrees of richness, we would not alwa>s get the same paiicm, m fact, we 
would get It only 12 times in 4o0 Nevertheless it os one of the most probable 
patterns In all, 78 different patterns of the bonds are possible for the “rich 
ness” situation depicted above, the probability of each pattern ranging from 
12 in 450 down to 1 in 450 We can calculate the tetrad-differences for each 
of the 78 possible patterns of overlap which can occur There will be 4 d 0 
values of tetrad-diffcrcnccs distributed around a mean of zero with variance 
equal to 0 04 

Thus if there arc no linkages among the bonds, and if all possible samp- 
lings of the bonds arc taken, the average of all the tetrad differences will be 
zero As the number of bonds in the mind increases, the tetrad difTercnccs 
crowd closer and closer to zero For example, assume the above expenmeni 
is conducted in a umverse of men whose minds could form twelve bonds, the 
four tests requiring ten, eight, six, and four of these bonds The w ork of calcu- 
laung all the possible patterns of overlap, and the frequency of each, becomes 
enormous Thomson [1927b]dcmonstratcd that there would be 1,2 d 7 differ- 
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cnt corrclauon matrices Alim all ihereuiU be l,087,110mslanccs required 
to represent the distribution of tetrad differences Thomson made all calcula 
tions and presented the frequency distnbulion The average tetrad-differ- 
ence was again exaedy equal to aero but the vanance is now 0 018 Thus 
doubling the number of bonds in the mind has practically halved the van 
ance of the tetrad-difference This mdicates that increasing ihe number of 
potential bonds supposed to exist in the mind to anything like vvhat must be 
Its true figure would give variances equal to zero for all practical purposes, 
and thus provide a value of zero (not an average value of zero) for tetrad 
differences In other woids, we are back tohierarchical order and ‘''“ J- 

dtfferences but from a completely different carnal background than the 
theory of General Ability In Ctet, it ts now difficult to see how nd-y 
towari hierarchical order can be the sole foundation for any spec.al theory 

tppme we assume in genera, t^t 

Thomson [1927a] showed that the most proba 
ference is zero Mackie [1929] showed that the mean va 
ference is zero and that the vanance oro » 

2(sV-2) ) ,, _p,) (1 -p.) (1-f.) 

+ ^PiPiPsPt + 

as V increases as Thomson pre* 

Here %\c can sec how ihc variance \ t, v 6 and 12 Ih 

dieted from his empirical calculauons with . g ^ 12 

-V, thevartancedeereasesas l/(aV-l) Even for k - 

Uiat 0 018 = (0 40) where 0 0.8 was the computed vanance 

12, 0 40 the computed vanance for Jlf = 6 


eauDUAV AND THOMSON MODEU 

5 RECONCILIATION OF THE SP tctrad-dif 

Since the Spearman and “^^^'’one can go fram 

brencest. should beposstbletodemomt^n^ ^rTbe 

nattzatton of one mode, to 1--^;ruon mattw whteh turn. 
;1935] did show how to form uie irm 
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Spcaraian equations into equations which represent the Sampling Theory 
For simplicity, he wrote out the case of three test vanates in full but the 
method is perfectly general Consider the general Spearman equations 

y^Af (5 1) 


as referring to three variates only 


•’’r ■ 


a, J, 


V. ' 

-►s 

= 

Oi S2 


/. 

. J’s 


. ^3 ^3 . 


fz 




fz 


(5 2) 


where the multiplication of the matrices is earned out as usual, row by 
column, and represents the general ability 
Consider now the orthogonal matnx 



SiOxOi 




ho*ft 

Oihh 

1 



JiV, 

hOtf* 

1 

—OiOtSt 

Wi 

— -ajXjX, 



— aitfjtf. 

j,V> 


hftft 

— a,j^j 

—SxOtSt 

eiOtS, 


OiUh 

— 

hVt 

— j,a,a, 

— fljVs 

—hho* 

StStOt 

— 

—hOfOt 

fifth 


— 

— /la^, 



— 


— x,u,a. 

— "iVi 

a, a, a, 

— XjX^, 

JlXjJ, 


iiV* 


— <JiV» 


— X,X,8, 


x,a,a, 




— nV* 


a,Xja, 

x,a|4a 

— ajaga. 


This matnx is symmetncal about the pnncipal diagonal and it has other 
symmetrical properties which arc best seen if il is studied after dissection, as 
indicated by the lines If now the column vector 


15 replaced by 


/= 


/o 

/l 

fz 

f. 


/= Te, 


(5 4) 


(5 5) 


where 7” is the upper four rows of the above orthogonal matrix, and e is a 
column vectorof eight elements (cjjCi, ,^8) (since Thas eight columns), 
we get, by straightfonvard multipheation of -1 7* in the equation 

(5 6) 


y==ATz, 
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yz — ^1^3 

^3 L ^1^3 ^i®a 


or written as ordinary equations 

j. = <2,aaJ, + W> + W* + Wi 

j., = + <!■■.«. + 

+ Wi + 

Notice the imporunt phenomenon, at this time, that i, has disappe 
tirely What tt is will become apparent shorUy , Spearman 

T^hus far these 

equations with which we started and e Remember they 

variates, instead of three, will gne aero equ.uaas 

are only’ one among the infinity of sets .n^erpreta- 

can be transformed However, we can p a, present each,? n m stand 

non in terms of Thomson’s Sampling Theoo « H ^ ^ 

ard form However, multiply the equauon forj’ by 
SO that they become 

= arw. + ^.w. + + ^;;; 

a^.= arW.+..M.c. +nrW. + 

a^, = arnsasC + eaplana- 

The three vanates "^mallequ^^ components (bondi) 

non Each.seomposedof4aV(. = "ppents (bonds), each eom^ 

drawn from a pool of Wsuch 

nenr, all or none m response In •»“ ";„ „ch and esery «ana ' u 
components which would most probab f ^ A general facm ( 

e;4vand rh. block ofdc^nnrary comP"" “ „rer the ^ 

Spearman’s general abihty facmr) '>..h smn^^^ „^ 

lauon of all possible samplings of she '''■"'"^„uaUom. The number o. 


lauon of all possible samplings of th® 

to Ws This IS represented by 



A iSurtfy of MaOumalud Models w Fatter Analjisis 


[292] 

elementary components likely to be found m variates 1 and 2 but not in 
variate 3 will be (4=*— "s). *hesc arc represented by 

^ 102 ^ 3^4 which in the above equations occurs in the first two variates but not 
m the third, etc The ivhicli has disappeared from the equations represents 
the elementary components, roost probably SjrlijA'’ m number, which arc not 
drawn from the pool in any one of the three drawings 

Thus, as was to be expected and as Thomson ingeniously showed, the 
Spearman model and the Thomson model, both of which rest on zero tetrad- 
dilfcrences, can be obtained one from the other by strict mathematical oper- 
ations Enough has probably been said m this paper to indicate Thomson’s 
summations which were made m several papers and over a period of many 
years Spearman, also, m several papers over a period of some thirty years, 
continued to present his rationale for the theory of General Ability How- 
ever, much of Spearman’s discussion and counter arguments have lost their 
immediate or substantive relevancy for the focus of this essay and have not 
been given here 


6 ALTERNATIVES TO HIERARCHICAL ORDER 

The Spearman and Thomson models and discussions of these models 
take us m time from 1904 to the latter half of the nineteen thirties The more 
fashionable and currently used multiple factor models began to appear on 
the scene m the early part of the nineteen thirties These can be looked upon 
as natural extensions of the Spearman model We will discuss these models 
in short order However, at this pointwc will depart from a strictly chronolog- 
ical development and next consider a model by Louis Guttman [1954] which 
appeared m the early nineteen-fifties and which can in a specific way also 
be viewed as a natural extension of Spearman’s Theory of General Ability 
Before we introduce Guttman’s model, let us reconsider the issues by ex- 
ammmg why extensions of the Spearman model or Thomson model are 
necessary, and if they are, how such extensions might develop Both the 
Theory of General Ability and the Sampling of the Bonds Theory rest on 
zero tetrad differences or equivalent correlation matrices of rank one 
When correlation matrices depart from rank one, either theory becomes sus- 
pect or It at least must be qualified m some way Those who are trymg to 
maintain the Spearman model can argue as some did that when this situa- 
tion of higher ranks occurred, the tests of mental ability were not selected 
correctly and that care m this matter could leave the theory of General 
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Ability inviolate In spite of repeated evidence of lack of rank one m the cor- 
relation matrices formed from tests of menol abilit), the esislcnce of a 
General Ability factor need not be denied b) Spearman supporters but some 
qualifications in the remainder ofhis conjectures Mould be essential auali- 
flcations winch contain some psychological relevance and wbich could alio 
lead to correlation matnees with higher ranks Mould be in order In these 
contexts we will later review the Holainger. Hotelling, 
els which successfully mathemaliaed qualifications in the Speannan model 
and produced correlation matrices of rank higher than one 

U IS difficult to see what this kind of empincal evidence - - "j” 

qualifications in the Thomson model Certainly the ^ 

Ldlfied Thomson model which would have "l- 

produce correlation matrices wath miik maiii- 

tempted successfully However, we hav namely, the elTcct of 

fcstation of higher ranks could mean to i complex but un 

education and vocational training as or^ on 

differentiated mass Uown as the 

the assumptions of Thompson s j Thomson coruidcrcd the 

zero tctrad-diffcrenccs As previously expenmenuuon 

differences m rank of correlation j toward rank one, adulu, 

with children and with adults (ehil rw, appr 3 i»> of hii 

tendency toward higher rank) as hig /* 'fowffirblXtelmkedurbow 


otvard higher rank) os mgoiy no „,v,i,o„ds are linked or how 

conjectures Obviously some restrictions on hov. ^,,,„«.ieally 

the sampling opem.es can be “ tea lavesligsied 

lead to htgher ranks This approach has not J ^ ^ bcfoie 

The Guttman model, which is the laics of die ps""" ‘ ^ 

e other models because .t begmsw.th a re e 


the other models because it begmsw.th =■ '''“nd m lome ofm 
hteeaechtcal order firs. resm'e.ed wa> 'L, 


rests on zero tetrad ‘‘‘•''‘''"‘“’j J forgotten m the woik of the oth'' 


hierarchical order VNas dispensed V..— . , 4.^. 

model builders whom w c shall discuss a an 

Guttman called his approach ^ u choscm 

shall see as dre discuss, on unfolds hov. thn aP> 

has ns roots tn Gu.tman’s work on f ^,ru,e nm 
of order plays an important role in lu» TT,„mvon ., ate 

.tasted vv..h other approaches wh.ch « P< RadesJ^^ 

common factors where erdrr of lic.ot^r «P^__jj^„U.e .00^““ y 

rsadcfimtecontnbuuonaswcsM 'Guimunstcmotw , 

but some caution in the claims a ver 
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Ac umrymg framework the model allegedly prct.dea foroppotmg tchooUof 

Aought m factor analysts The follotwng quote from Guttman t or.g.ua 

paper IS lUusiraliv e ,„,t<ral 

My o^vn fim attempt at an aUcrnative theory to Spearman i was a 

picxcs and circumplcxcs simuliancouily) has properties which several y 
emphamed or tought for by one or more of Acexuung ^ jj„ 

reic. the ne« approach umfica all the older Wtoachc. ..muluincourly Each oW 
approaA V. 1 II find us main point more or less justified by the radex, and n 
m eontradtcuon to the mam points of other schoob On the other hand, 
approaeh does avs ay vnth some of the preconceptions ofAcolderapproaches. Y 
by so doing could the older theories be umhed 


7 THE CUTTMAN MODELS 

We now embark on Gunman’s anal>*sis, for its contnbuuon and rele- 
vance arc not diminished by any grandiose claims its author ma> hav c for it 
In Its simplest form the Radex states that responses to tests of mental ability 
arc controlled by two dimensions, one measuring complexity of test, and the 
second measuring kind of test In Gunman’s mapping of abiUiics, distance 
from an ongin indicates complexity of lest and direction from the honzonta 
component through theonginmdicatcssubjcct matter of the test Obviously 
order in complexity of test and even in kmd of lest will now play a cnicia 
role whereas it did not in our previously discussed ihconcs Another change 
IS that we are now saying that a response to a test of mental ability is 
characterized by two dimensions whereas in Spearman’s characienzation 
only one dimension was apparently necessary and Thomson’s model cannot 
receive an immediate contrast. However, Spearman’s model essentially 
contamed two factors for every test response the general ability factor which 
could be likened to Gultman’s dimension of complexity and the specific 
factor which could be likened to kind of test or subject matter of test- It is 
also possible to conceive of and study higher-dimcnsional radexes 

It IS easiest to digest the Radex model if we analyze each of the two di- 
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tensions mdcptndcmly Aho «e shall onl) develop the s.ntplest sttuete.e. 
for each dimension and for their combinaticn Supfose iim. we com.utr all 
tests of the same kind, say, of anthmeltc ahilil) Dilfeiences in these lens 
exist largely through a degree of eotnplexity Consider, for exantp e. tats in 
addition, snhtraetton. multtphealton, and d.smon Gitttman ^ " 
set of variables a Simplex, heeanse they pinsess a simple order > 

since they can be arranged in a simple rank order from least complex to ira- 

“Tlmvise all tests of the same degree of eomplexity o.ll dilfcr amons 
themselves i^ the k'"-! 

'oTenl'cmlma: eo^eive: Zl ToZ: Z a 

defined by a cireular order and railed “ ^ ,hai 

Circumplex, to designate a circular orden g 1 ’ aiound a cirtle 

there is an order in the placement of leslsof equal complexity 
>vhich u unique and meaningful ,,„eynff,hermcKcsnmu!unrou>ly 

Inihemorcgcneralcasc.tcsucan i e ^ (woHlimcwioiul 

both in degree and in kind ^nt.onihcUmofempu- 

structure 1$ the Radex Gultmansmon ^aiuraU) »h»» »»• 

ical work, a detailed radex map „„h ,he Radex modeh 

sumes that the dam will not prove to ^ucc some observed data 

Actually, Guttman’s Factor Theory “ ^ „„„„,oftenabi.iiy»'" 

quite w ell so that questions of validity ra 

probably be uppermost m die folure „ ,,_„ud befuie, name!). 

Suppose we nosv return to the ^ „„„„„„ fsetor hyputhevu 

Spearman's theory of General Ahd.tyor a s^ ^ 

u negated Gunman's Perfect Srmphnv pr«nt. „p,,r. 

factor which sttll matniams hterarehtcnl order 

anon of a theory of common factor „„ ..ogle 

Consider n tests ti, tt> ’ • diicu««l , t j u 

factor These could be the aolhmeuc ^ u 

the least complex , r, requires \ ‘ , Joes and more 

more complex than 1„ requtnug cveo ^ ^ „ te ^ 

also more complex than , test, req-' P “’J are 

t. and thus requires sshit a , s-r # la * 

more Now let g denote the lou^ puiposely uun, t ^ ^p,attrnai 
composed m various dci,rec5 ^ a U 

context because tradiiionaU> *t 
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general ability factor and by design we omitted it from our Spearman dis- 
cussion Our purpose liere is to maintain ^ as a mathematical artifice rather 
than a substantive factor for the devdopments discussed in this paper Gutt- 
man’s basic hypothesis can now be stated as 

r,,k=0 {j<k) (7 1) 

where the left hand side of the equation is the partial correlation coefficient 
betueen test j and “partialmg out ’ lest k which is more complex than lest 
j This partial correlation coefficient must be zero because no overlap is pos- 
sible in this situation under the stated conditions This is very similar to the 
basic Spearman hypothesis except that there order played no part in the 
considerations (see page 279) We know from the relationship between a first 
•order partial correlation and zero order partial correlations (the ordinary 
correlation coefficient) that Guttman’s hypothesis leads to 





{J<k) 

U<k), 


(7 2) 


a formula which is meaningless without an ordering concept For example, 
cannot exceed one but this condition is not violated since 
J <h The analogous Spearman relationship is 


or the correlation between two testSjj and k, is the product of the saturations 
of each test with the general factor (factor loadings) and of course no initial 
ordering of the tests is necessary As we know, Spearman’s hypothesis leads 
to a gradient m the test correlation matrix that descends as one departs from 
the upper left comer to the lower right comer of the matrix This was one 
manifestation of hierarchical order 

Let us now observe the correlation matrix for Guitman’s hypothesis by 
taking a special situation where the tests arc equally spaced in their complex 
ity, that IS, Using Guttman’s illustration for five tests, con 

sider complexity loadings of (6)* = 07776, ( 6)^ = 1296, (6)® = 

216,(6)® = 36, and 6, respectively Then the correlation matrix for this 
hypothetical, equally spaced, perfect simplex IS given in Table II 



4 Suno of Mathimlieal Models ta Facter Aiialjists 
TABLE U (*) 

Test Intcrcomlalionsfor a Hypolhtlicd, 
Equally-Spaced, Perfect Simplex 
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Total 


,aOITipiCXtl)r 

Loading 

.07776 

.1296 

216 

.07776 

1 0 

6 

36 

.1296 

6 

1 0 


.216 

36 

6 

1 0 

36 

216 

36 


.6 

1296 

216 

.36 


2 3056 

2 7760 

2 9200 


1296 

216 

36 


10 

6 

2 7760 


This umc. the largest coticlatiom test, L 

off. as one goes to the upper right and loner left o t ^ 

not equally spaced mlheir ^ of tests whose observed 

but the general character s«ll be coefficient condition 

mtercorrclalions satisfy the Guitmanp $a>Tng that 

wdl be said to form a /<r/rr. siin^/c. Notice that here we ar 

, „ ‘■/rxMwheree.iseparameterbelong.agtotestj 

mathematically ri=s— ^*7 ' / . 

of proportionality Consider 

which need be defined only up “ ° matrix aslongosall four 

now any two-by-two determinant of the co 

of Its elements are on one side of the mam diagonal 




Ok 


ot^i 




0£*) 

= 0 

(j-i-p£:»+9) 


I ' ■ elements from both side of 

A determinant of this type which contaim Thus tetrad different « 

the mam diagonal docs not, in In Speannan'a -"f 

always zero subject to the „„ to the mam d‘aSO"» 

tetrad-differences were zero without f complexitf among 

tion because there was no "matrix Guttman ha, encoun 

ables More mathematical dcvcopmc ,^p,,Mdl lo 

t, Tsbte .. repnoted fiom 
the Rad«". Chapter 6 .n Malhemhce>nioat ng 
feld, 1954, p 271 
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cred could be helpful in the development of his Simplex model. Guitman 
discussed quite a few variations of the Simplex model but \sc will only touch 
upon them lightly in subsequent sections. 

At this point let us examine Gunman’s second dimension, namely di- 
rection rather than distance from origin or substantively, kind of lest rather 
than complexity of test. We intentionally have considered only the simplest 
form of the Simplex and now will consider the simplest Ibrm of the Circum- 
plex model, the circular order law. When the less simple models arise solely 
through complication in a fundamental simple law and do not have some 
external significance, less simple models will not be discussed. 

Let us begin with a very special example of a Circumplcx, Once again 
using Guttman’s illustration, we have five tests q, q, . . . , q which have a 
circular order determined by five elementary components q, f., q, q, Cj. ^V’c 
shall call a circumplcx uniform if each test is a function of an equal number 
^^of the « elementary components. If our /r = 5 tests form a uniform circum- 
plex with w 3, and if the components arc additive, the structure could be 
written as follows 


— q, + ^1. + Cj, 

^s. — + Cs, -f fu 

~ <^8, + c*. -f- rj, 

~ q. 4* Cj, + q, 

*= cj, + Cl, + q,. 


( 7 . 3 ) 


Notice how closely this mathematization represents one pattern in Thom- 
son s Sampling Theory for five tests applied to a mind with five bonds, each 
test having a “richness” of three, that is, each test response is a sampling of 
three of the five bonds. 

In general, for a uniform circumplcx we can write 


S + 4- ... 4- U ^ « — OT + 1) 

q. + cz, 4- ... 4-<V^^,^{i> n— m-l-1). 


(7.6) 


Given a general uniform additi\e circumplcx and assuming all elementary 
components to be uncorrelated, we obtain 


= 0 {p ^q), (7.7) 

Suppose we also assume all elemcnlary components have equal variances, 
say. 
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( 78 ) 


and ,« > np, then the correlation, r^. between tetuj and A iihicl. dilTcr onlj 
m kind and not m complexity is 


^ 0-^k—j<n — m 

m 


(73) 


The restriction that the number the 

more than half the total number o bloc of 

number of aero correlations betiveen tests, since p 
zero correlations is not anticipated numerical example, con 

Again referring to a Guttman illustration o foUoiims test cor 

sider the case where ,, = 6 and >» = ■• S 
relation matrix in Table HI 

TABLE in(*) 

The Inummkhoiufm m EeimUy Spml ^ 
p„f,cl,AidmeCucumpUx 
Whtitn = Weenie" = * 


1 00 


»• 

75 

too 

75 
50 
25 
50 
3 75 


50 

75 

100 

75 

50 

25 

375 


25 
50 
75 
100 
75 
50 
3 75 


U 

?5 

Jfi 

ai 

50 
75 
100 
3 75 


Total 3 75 3 ^ preceding 

Notice that each row of the ,o the right, '’’"^'^s 

row except that the entries are „„ This tj-pe 

m one row mot- mg to 

called a circulant It also “PP“” cconoroetnts and die 

Since a number of V„nlisc problems appea' “ in 

are similar even though the \ real suiptnc occurs pr^tpeir-a' 

last statement is not a teal 'J^plr tealue that 

factor analv sis and econoniclncs, ^ tppiosd- e.J I 

the R^cx ” Chapter o in 
Laimftid, 1954, p 329 
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: mathematical developments can 


leal models are similar, for then the same i 

'““iTthl circumplex is not equally spaced, the correlation matrix is no 
longer a clrculant. Hosvever, there will still be a tendency for the largest 
correlations to be next to the main diagonal and in the upper nght and 
lower left corners. Unequal spacing will occur in an additive uniform cir- 
cumplcx whenever any two o’ are unequal. 

Gunman's discussion of modifications of the perfect limplcx and perfect 
circumplex models and the relationships of these modifications to the Spear- 
man model and common factor models is interesting but discursive. He 
gives, among others, an analysis in which two alternative extensions of a 
simplex, one the familiar additive model for common factors and the second 
a multiplicative system of common factors, both lead to the correlation 
maUTX for the simplex structure. Naturally olher functional forms might 
also lead to this structure. This indeterminacy has come up before in this 
paper and is essentially one of the targets for discussion. 

Guttman combined his simplex and circumplex structures into the Ra- 
dex concept. However, he is notso speciBc here as in his simplex and circum- 
plex structures and attempts only a schematic description of the model. In 
the general radex model, a test response is a function of both complexity and 
kind of test and thus no longer belongs strictly to either a simplex or a 
circumplex. By this two dimensional mapping Gunman hopes to achieve a 
representation of menial abilities and a method for predicting them by the 
smallest number of available tests. One point, continually emphasized by 
Guttman, is the possibility of prediction with his factor analysis model, a 
trait not directly enjoyed by any of the other factor analysis models. In all 
other models, prediction techniques must be created in addition to and m 
accordance w'llh the model employed. For example, if a Spearman model 
has been employed, there still remains the question of an appropriate func- 
tion of the parameters of the model to be used for prediction or classification 
purposes. 

Since Guttman’s work is rather recent, it has naturally not received the 
attention given to the Spearman and Thomson models nor that given to the 
common factor theorists. The Radex is certainly feasible as a model and also 
serves in several instances as a possible explanation for data resulting from 
tests of mental ability- No doubt there will be additional discussion of this 
model in the literature. 
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8 THE COMMON FACTOR MODELS 

W c now return to the point from which we embarUd on the Gutinian 
studies and consider other alternative extensions of the Spearman model 
We will first give an historical acconnlof Uiedetelopmentofcoinmon factor 
models and in later sections present the models of Holzingcr lurstone an 

Hotelling in some detail , 

The common factor models began to make their appearance ,n the e 1) 

nineteen thirties They are natural extensions s em 

Ability In fact, given the existence of the Spearman model the, seen, 

more natural extensions than the movement 

It appears safe to say that the mi.ial ‘ j “„h„„,„cal 

away from Spearman s single factor fust 

operations, rather than intuitive conjectures nineteen 

book on measurement of mental abi ity P"? malhemalical 

twenties studied necessary and sufficient co number of factors 

theorems related to the question "“■f j Hotelling in con 

Kelle, s book contained a „|,e„ they were both at 

nection with a problem propou Y u ]jjj,^„asio make his fund* 
Stanford University I iiteresliiigly enough the eflbru 

mental contribution to factor prominent role rn ihe 

of Kelley, and Kelley was also desrmed “ P'^^n'jin.or models 

development of the marhemat.es of mu P |„„,.on ofextensio.uo 'he 

Mot.vatedby.heneedrorma.hcmal.cal^^^^__^__ ,^3, a 

Spearman type of anal,s.s, Conned on Eduoauon f r 

grant to E L Thorndike through the Arn Hon 

an exploratory study of unitary mchmqucs acre ro b^ 

ever, much mote lhan matliematica “ ''' ni,„ 

investigated in this study For “““P . „1 and compo”'"' P ’ 

merhods suggested by ' tLdar ana.,sn - ^ 

logy under the d««cUon of K S ^ 
m mental pathology by T V nloulation bj HoIzmS^*" 
of common factom for an methods Hull KrUcJ 

and experimental studies of CarreU and C 

Thurstone were to be eonsrdered > ^ a,c respom ^ ' ,u„., 

in cooperation with Hotelling v necessary for ‘ ‘ 

plying mathematical theory an rincipal com 

of factor analysis riQ33l on the ihcor> o P 

Hotelling s fundamental paper I 



ponents was *e result of h.s work w..h the Un.tary Tra.ts CommtUce The 
method ofpnnapal components was csscnt.ally proposed m another co - 
retton .n L eady arttCe hy Karl Pearson [19011,but Hotelhng s^v k 
gwes a precse and more elegant treatment w.th d.rect reference to factor 
anal>s.s and the sampling distnbuuon theory related to the estimates of the 
factor loadings Hotelling in later papers also made substanual conlrib 
tions to important computational problems in factor analysis Kelley s worK 
was also essentially the same as Hotelling’s development and went by the 


the name of the method of principal axes 

Shortly before Hotelling’s fundamental contribution, Louis Thurstone 
was developing the mathematics of his procedure, called the ccntroi me- 
thod, for multiple common factor models Thurstone’s first efforts \^re 
mathematical and were related to factonai studies of mental abilities e 
application of these factonai methods in the isolation and identificauon o a 
number of primarv abilities followed the efforts given to mathcmatica 
developments Several early specific applications of the method were t c 
identification of pnmary factors in the vocational interests of high sc oo 
graduates, and the identification of pnmary mental abilities from a set o 
sixty psychological tests given to 240 subjects A procedure by Cynl Burt, 
called the summation method, has much m common with the ceniroi 


method The centroid method is used almost exclusively b> the American 
school of factor analysts except m some isolated instances where the method 
ofpnncipal components is still featured In addition, the ps> chological con 
Sira nls promoted b) Thurstone arc invariably followed m this country 
while British investigators follow Burt’s leadership in factor anal) sis studies 
It ma) appear strange to mteiject the Bifactor model of Karl Holzinger 
at this point since by its structure it serves as a step between the Single Factor 
Theory and multiple common factor models However, historically, it 
reaches us after the Hotelling and Thurstone thinking on factor anal)sis 
The Holzinger model is an attempt to maintain the Spearman model by 
making some compromises on group factors but it does not )ield on the sole 
common factor assumption Nonetheless it docs give up the notion of all 


tetrad differences equal to zero 

With the development of the multiple common factor models we have 
begun the departure from strict measurement of mental abilii), at least m 
terms of parameters which could have some operational relationship to the 
physiological structure of human mental abilit) This, of course, does not 
mean that important and useful structures cannot be created for other 
purposes Moreover, the persistent existence of manifest correlation matrices 
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w.lh ranks greater than nne or two would require more than the models we 
hate already considered even though the new models would no longer serve 
arstrret melsurement devices of mental ahility In addition, the adventure 
of creation of new mathematical model, as extensions of those Ire dy do- 
cussed could provide new structures which need not even reproduce exist 

tZ came a point where i. ^ 
step 111 tlifs direction but it was slill m the tmdiuon of a bne ge^^_ 

Icctive factor Under these circumsunces ^ models and to methods 

individuals turned their atlcniioii to mu up c a ^ directly mlo 

hy which any inalnx of lest i, 

the latent multiple factor structure factor structure is csscnl- 

As we shall soon observe, the mu up e eo j.jfcrence exuls m the 

tally the same for Thurstone and “ ^ However, in both ihe 

rationale for the estimation of the resullmg from responses 

Thunlone and Hoiellutg developmeiiB, inforuiatioit on the 

to tests IS gtven the heav^ P;";f::*/Holt.n,er models from . 1 .= 

factor loadings One can v lew the Spea Spearman model all 

Structure of multiple common made equal to rero, 

factor loadings for the common factors J f excep 

and b) m the Hoirmger model a similar 3,„c,ure Th= ■"> 

for mL group factors, ts achieved .0 y U ^ 3,„,.„,e we have 

porlant issue, now, is why m the 7"^ = comm ,„,d.ng. vanish betem 
discussed can we not make severa an possible just > ' 

we ever view die correlation Lines .0 faeloc 

yndgmeiit, eonyectnre, oc -heory. m ..-finger „ ,.,eas. wliatlhe, 
cially since this is what Spearm 

did can be viewed m this attempt this direcdy ah ^ 

Neither Thurstone nor HoteHmg ^ ,his as 

approach, as we will see. “""C ^ many aero 7°'', benem n 

negative way Obviously one re ' r 1 and inf»""“' 

possible IS the resulting simptotf pn„erfu 

that the fewer parameters loading frm" “ janie linear 

tivc will be the estimation ° ^ contexts end zero 

data Econometricians, who ro structure, ‘ model 

structure as our multiple common 7“' ^,3 ,33ay) m 

coefficients (factor loadings m die la g“ 
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equauons as they poss.bly can by expert judgmen t b^fore they proceedjuh 
the estimation of the remaining coefficients Thurstones rationale, os we 
sLll see, leads to the statement that there are a number of zero factor load- 

mas but their position is not specified 

By now the reader can guess that both Thurstone and Hotelling demand 
lhat the data themselves produce the zero factor loadings although from two 
quite different approaches To give the Thurstone approach to zero factor 

loadings It IS best to return to the very beginning ofhis work which brings us 

back to the point from which we strayed several paragraphs above 
Similarly, the question of zero factor loadings in Hotelling’s procedure would 
best await the full development of his method of principal components 
However, despite a controversy which probably equaled the Spearman 
Thomson battle in intensity if not in length of time, the Hotelhng-Thur 
stone enthusiasts both employed the same mathematizauon, namely t e 
muluple common factor structure The controversy was over the manner of 
estimating the factor loadings and the micrprctations given to them as 
contrasted with the Spearman-Thomson debate over mathematizations lead- 
mg to zero tetrad differences 


9 THE HOLZINGER MODEL 

One of the major points of controversy between Spearman and Thom- 
son was on the relationship of group factors and the general factor in the 
latent models which produced hierarchical order or zero tetrad differences 
Spearman’s thinking claimed only a general factor with the implicit state- 
ment that if correlation matnccs were indicating group factors this mani- 
festation could be appropnately handled by better testing procedures On 
the other hand, Thomson demonstrated that hierarchical order could be 
produced without the existence of a general factor and in the presence of 
overlapping group factors 

Holzinger [193 d], who worked in the Spearman tradition, provided a 
natural modification, as contrasted wnth extension, of the theory of General 
Ability using as a point of departure the place of group factors in the 
latent model B> the time of Holzingcr’s formulation m the mid 1930 s 
many empincal studies yielded tetrad-differences bounded awa> from 
zero Holzinger’s model is an attempt to preserve the notion of a single 
general factor, ev en under non zero tetrad differences, by providing for 
mutually exclusiie group factors without any additional statement such as 
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im 


Spearman’s that more appropna.e resung “';7“'V“““j“”Xfar 
group factors That rs. Hola.nger’s model assumed that a test score ,s ah 

funetton of the sole general faemr. a j;:, ,„„h=r 

under cons.derat.on (any Spearman s model, of 

group factor), and a factor s^e^B 

course, contamed no group factors out „ , is toyicld to 

cific factors One wav, then, ofloolrng „f .he 

the notion thatmutuallj '7““'' '^'^““eneral factor model Also muluall) 
model to present the pure fP-"-- „au 

exclusive group factois '"'8'“ element is related to a test, in 

sive specific factors, that is, m ^ , roupoftests Houever, m the 

the former situation an clement is r addition to the 

Hohinger model, a '^“"eml'facL 1" hr'rf. t 

Single group factor andsmgleg r.__i one wercoAcnnot produced, Ho - 

differences or correlation matrices o component due to the group m 

amger’s suggestion is that there ts an , ewa, fiom s.rtct 

whmh a test falls No.tce -"^^^'^^r nttly include ,n a model a 

models of mental abilu> « An of test batteries 

parameter related to the ““ „r model If ^ 

Let us now look at the mat e . .hgjoup and,f; n r ctor 

general factor, G, the group factor for he. gro Bifac.or 

for the test m the ( '* group (j * - 
model states . c 

.othc;"«stmthe.*'g™>^P=^”^‘’V^ 

where., ^.e model Once again oe 

are the fiietor loadings or „„ unity and to ih^ 

sumc thcvarianccsofthc>“" ^ I ,p|,e assumptions ” j j, 

non matrix produced bv f ^^td .. am mdependent arc 

Spearman model, "7^ varunce of^f, ‘t ''i’ „y testy and lest i 
vLances of f and C. thesame group, my 

. TkT_... Pret ronsvder'AU' 

temaining lcn“ 


m group 


; Then 




All the rennii'U'S and »e h't 
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(9.3) 


Tj t^ = + iJy flj - 


This result is similar to Spearman’s except for the added term which is due 
to the common group factor. For any two tests not in the same group, say 
and (4, we would get, follotving the same anahsi's. 






cr exactly the same result as Spcaiman since the overlap is now due solely 
to the general factor. On these bases, the total correlation matrix will now 
have rank two except for the empty diagonal cells but these can he uniquely 
filled to accomplish this rank. 

A desire to check into tlie Icnability of the Holzingcr model brings up a 
type of problem not directly encountered in our previous models. Namely, 
the grouping of the tests must be established before we assess the model 
against data given in an empirical correlation matrix. ThU is not usually an 
easily resolved problem. Naturally, content of the tests is a helpful index but 
in addition grouping techniques applied to the data resulting from test re- 
sponses must be used. We have mentioned before that one of the important 
uses of factor analysis is as a research technique for classification or grouping 
purposes, yet in this situation weare faced with a classification problem before 
we can apply the factor analysis. Once the grouping of the tests is accom- 
plished, the reproducibility of the Holzingcr model can be ascertained al- 
though one must always excrebe caution in a deebion of untenability be- 
cause thb can be a function of inappropriate grouping rather than the latent 
structure of the model itself. 


10. THE THURSTONE MODEL 

Loub Thursionc [1932] noticed that one solution to the factor analysis 
problem could be reached by a generalization of the Spearman idea of zero 
letrad-difierences or in other svords by examining the rank of the correlation 
matrix. Thb and hb other ideas on multiple factor analysis are given in two 
subsequent publications: an early (Thurstone [1932]) and a revised (Thur- 
stone [1947]) edition of hb fundamental book. Implicit in what we have said 
about the common factor generalization from the Spearman model b the 
assumption of a linear relationship between test response on the one hand 
and common factors and a specific factor on the other. Thus the rank of the 
correlation matrix, provided the diagonal elements do not interfere, b exact- 
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Iv equal to the number of common factors In addition to the detemunantal 

minors of order tno, vte can examine those oforder three and all higher or 

ders (still avoiding the diagonal cells, i r . the correlation ofa « n.th meh 
The-e determinantal minors can aho be viewed as higher order tetrad 

feiences For example, athree roweddeternnnan,alminor(nodiasonJ^ 

can be written as a function of a two rowed determinant “ ^“h “C*! 
of the four elements is a tetrad difference VVecan 
cnce of these four tetrad differences If ihw second or 

zero then the three rowed "„rfer tetrad differences 

determinantal minors arc aero (th . 

zero) but one two rowed determ, nanral ""“^dd 'd l a structure wnh 
COM elation matrix ts two and the tests ran related to as 

two common factors ^trix that is Iherank 

many common factors as the rank of the 
apart from the diagonal cells. P'“' “ j'hypolhesis we write 

For the mathematization of Thurstone yp 

, = a,r.H-n„Fs+ + 

b » 1 2 >”> 

where z. « the response of thej t«t,i > * ^ factor 

common factors F , , is the speci c actor , While oblique factors 
loadmgs for the/‘ test on each of “ ,n facton and all sp^c 

can be analyzed, in general, wc assu assume each of the co 

factors arc mutually independent Also vanance , 

mon factors ts normally ‘‘“‘"f'Vtnh zero mean and variance equal 

with zcio mean and variance a,, and c, ^ relation r,, between y 

to one Under these cond,uons.we can wntc 

two tests, j and k, as flO 2) 

= -1. = ■’A »« + ^ ^auut to 

This cquauon, wh.ch relates 

the latent parameters of the mu p analysis If Uoizmgcr 

called the fundamental equation “f .jralaiionship Forth 

commonfactor.notethatwehaveSpea af ,he eq 

model we obtamed the fimt term on the ng pain 

pairs of tests not m the same group, a ^ 

m the same group fundamental 'ffof ''°l' ' ent of Sp'»' 

Another way of arriving deviously m our dc' P 

partial correlation argument us P 
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:nan’s efforts. If we consider the partial correlation coefficient 

etc “nartialine out” all the common factors, namely r^i. 123. -.ml 

„f , equal to zero yields the fundamental equation (10.2). 

Thm;!™;. of course, is saying thatthe number of common actors^^^^ 

Iv m should generally be small svhen compared to the number test^^ . 
ba«;« If parsimony does not exist, then the desire to famor can .ms.ly b 
diminTshed unless one is especially interested in ach.ev.ng " “rthogunal 
dimensions for the observed n correlated dimensions. Ordmari y a reg 
correlation matrix, based on n tests, with any elements m the rna.n 
agonal would have a rank equal to „. Up to thts point sve have been quite 
cLlier about the elements in the main diagonal of the obse^-ed correlation 
matrix, essentially saying that the vacant elements can be chosen rrPP™? 
ately and with due regard to the model under consideration. For e«mp e 
in the Spearman model it ^vas always possible to fill the vacancies w 
unique values to make the rank of the correlation matrix equal to ^ 

multiple common factor models we depend on the manifest data to e 
mine dimensionality of the common factor space or equivalently the ranic o 
the correlaUon matrix. Thus while in a specific context the rank ^y e a - 
sumed unique and much less than n, both the rank and the “true 
in the main diagonal, namely the conununalitics, have to be obtained oy 
iterative methods. If the question is uniquely resolved, then both rank an 
coramunalities are determined at the same time; that is, neither is oun 
first to yield the other. A diagonal element, now called a communality, can 
be looked upon as the contribution to the total variance in a test response 
due to the factor loadings of the common factors and thus of course nee not 


be equal to one if we tolerate specific factors. ^ 

Suppose we now place ourselves in the position of assuming the mu tip 
common factor structure of Thurstone as the latent model for an observe 
correlation matrix. The first task is the joint resolution of the dimensiona ity 
of the common factor space and the estimation of the factor loadings. A guess 
must be attempted for the presently vacant elements. As long as the Ktimate 
is not less than the true communality, the centroid procedure for estimating 
the factor loadings will prevail although some iterations of the procedure 
may be necessary to get the exact communalities. If the estimated diagona 
cells are smaller than true conununalitics, the elements of the correlation 
matrix no longer form a positive definite quadratic form whose existence 
essential for both the Thurstone and Hotelling procedures. Obviously one 
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way out of the dilemma is to put one’s in the mam diagonal ei en though ihis 

may be at the expense of economy of computations 

Once the diagonal cells are validly chosen, the factor loadings aie oh- 
tamed by the centroid method The rationale behind this ™ 

lar as we shall see, to Hotelling’s argument Namely, we choose the factor 
ad: :, sa^ror the firs, factor, so that thetr 
ation in the system (sum orvanances of each test ^ ^ 

maximized One quasi-analyUc way “f 

mahing the first factor go >he 77’ ^ y,„„r 

m the m-dimensional common factor space It P ^ 

space whose m coordinates arc the ”* contribution of the fir^t 

factor loadings) This will tend to ,,„,ofcourseuill not provide the 

“centroid” factor to the total test variance u computation than 

unique maximum However.., do,, provldefemuch^^^^ 
achLingthemaxtmum 

many texts Once the loadings for the firs A direct app™* 

the first factor is removed from the com “ jjeond factor be 

leads to an impasse m obtaining the actor proposed ameth 

cause the centroid IS now at the origin Peflccuon is a mathematical 

od of “reflection” whiclt avoids this “‘““Lnciplcs ofThurstoue s model 
operation and bears no relationship to t ® continued until the e c* 

r 4 er the second factor ts “‘'^“l^Jl^trn^.elyzero Itu.ofe^""’ 


Mtcr the second lacior is ex... - . _„„„_a,elyzcro no 

ments in a residual correlation matrix are PP ^ „ At thu P“"'i 

hoped that this will occur when ». ts (, , , the ranW of the 

dimensionality of the common factor spa '*''""‘'",0, 

correlation made, is determined) and >■' „„.rov=r.y between ^ 
Also, a, this point, ““^'’''jjT'rtatd.mensionah.yorc^^^^^ 
Thurstone and Hotelling mod ‘centroid ,, 

space has been established, ^>>77 „ orthogonal ihe 

but one of an infinite number Agonal axes obtained by ■ ' 

that can be obtained by -tation of *0 Thu^n^^ , 

centroid method from the observ c selling that ae ..jmc " 

mands that attention be given OT ^ , s,j,i,atachieves' simP „aiorc 

ogicalrclevanceandhedcfincst is L*iicfthatunderl>ingean 

By simple structure w e coordinate the ^^^1 responses 

are fundamentaUy plain and simple v«>b d 7 

lest should not depend on aU factor loadings we 

of them Thus, m our routtions ofthe ong. 
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setting that has as many zeros (or elements approximately zero) as possible 
This IS of: course made more specific byThurstonc by suggesting how many 
zeros should appear m a row or column of the lactor loading matrix after an 
appropnate number of rotatwns Coupled wth these statemenis ts the notion 
that simple structure is an invanant and that a new test battery will provide 
a correlation matrix which after factonng and rotation will lead to the same 
simple stucturc of factor loadings We have already raised the question of 
introducing simple structure before factoring and thus allowing the data on 
hand to provide more efficient estimates of the non»zero and thus unknown 
factor loadings But we do not reintroduce it here as a criticism of Tliur- 
stone’s rationale but simply as another alternative approach to the problem 
cspcciall) since the econometncians have considered it 

Suppose wc now have a completed factor loading picture obtained by 
Thurstone’s procedures on a multiple common factor model Apparently wc 
have given up a direct reconciliation with measurement of mental ability 
related to the human brain and nervous system but it is not too difficult to 
see that valuable information about the construction of mental tests can re« 
suit and that m this way measurement of mental abihtj is indircctl> served 


1 1 THE HOTELUNG MODEL 

Much of what we have said m the previous sections on the structure of 
multiple common factor models needs no repeating for consideration of the 
Hotelling procedure The structure is formally the same except that now V'C 
consider n tests and n factors and do not necessarily distinguish, at least at 
first, betw een common and specific factors The diagonal elements of the cor- 
relation matrix need not be unity but simply the true communahties to pre- 
serve the positive definite characteristic of the correlation matrix 

The pnncipal components procedure of Hotelling to estimate the factor 
loadings m the multiple common factor structure is a stnedy mathemaucaJ 
operation designed to accomplish a specific maximization criterion v ery sim- 
ilar to the previously discussed centroid procedure Naturally it produces 
unique answers to a clearly defined and delineated mathematical problem 
but the interpretation of these answers within the context of our paper will 
bear some exploration 
Once agam consider 
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+ djiF, + +»;/.• 

and make the usual assumptions as before For example, the vanance m 
e"s equal to one and the vanabon tn the whole system then the 
number of tests On this basis we can also write 

,^^,‘+ 4 + + 4 = 1 . ■” 

However, as 'before, the fundamental 

This leads to n(n + 1) to be determined and 

and the factor loadings Butthcrearen - . j Xhussjstcmsofun- 

thus the number of equauons .s chosenman mfmac 

con elated components (orthogonal latent a \Vc have alicady 

variety of ways and st.ll reproduce .he 

discussed Thurslone’s escape from this m ^ loading » 

Hotelling’s specific proposal to achiev ^1,^, ,,,5 „„ onhe 

as follows Subject to (11 2). r„,ihatlhesumoflheciW!P'“‘‘- 

squares across each row ts umty. *'_[“VcMrel'aron mams, we desire 
ucts reproduces the observed a, nedfaclonea" 

to maximize the contributton that o make the sum of die 

the total variance, n, m the s>ste column a maximum s j 

squares of the obtained factor ^hc sum of the squai« o 
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var.at.on Hotelhng demonstrated . bat . he P 

account for as large as P®"’*' of a matrix 
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principal axes of the ellipsoids defined by ^ “ constant 

^vhe^e r'’ is the element m the i‘** row and column of the inverse of the 
correlation matrix In fact, the squares of the lengths of the principal axes 
of any such ellipsoid are proportional to the roots of the matrix characteristic 
equations we mentioned previously This is why the Hotelling procedure for 
estimating factor loadings is called the principal components solution 

At first glance the Hotelling procedure seemingly ignores parsimony 
since It computes all n® factor loadings However, as each factor is extracted 
we have knowledge of the percentage of variability remaining in the system 
One can decide to stop factoring after 95 per cent orsome other large fixed 
percentage of the variation has been extracted and thus end with many fewer 
factors than tests The variation that remains can be ascribed to specific 
factors or just simply to sampling fiuctuation In fact, the Hotelling proce- 
dure, since It IS a specific probabilistic procedure, permits the construction 
of tests of significance for testing that factor loadings are zero although the 
actual development of these tests may be intractable in mathematical closed 
form Tests of statistical significance for factor loadings estimated by Thur 
stone's procedure are out of the question because of the quasi-anal>tic na- 
ture of Thurstone’s development 

Whatever the final outcome of the method of principal components, 
Hotelling essentially regards it as the resolution of the factoring problem 
There arc no thoughts of rotation to achieve simple structure and no con- 
sideration to operate on the principal components resolution to achieve any 
other criteria meeting psychological relevance Of course, there is no reason 
not to rotate to simple structure once the Hotelling resolution is on hand 
But it does not seem prudent to undergo the more extensive calculations of 
the principal components method if one is interested in Thurstonc’s simple 
structure Perhaps this is why most texts do not explain or even mention 
Hotelling s method but are written entirely around Thurstone’s centroid 
method and subsequent rotations to simple structure 


12 SUMMARY 

We have now discussed the major mathematical models m factor anal- 
ysis produced by scholars over the past half century Perhaps the develop- 
ment of these models will be the only major contribution made in the math- 
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cmatial facet of factor analpis Much uork, at preseut, on sampling and 
distribution theory of estimates of factor loadings, not discussed m this paper, 
may be indicaW c of the sterility of eflbn from the vieiipomt of uiMsunag 
memal ability or of providing guides in the construction of tests ofmenlal 

X"r:x,r.;rrx“=x 

(non ume parameter) variety „producibilily of 

Much has been made in ^ " r„,Le to some es 

data The major models discussed have a observed situation 

tent Certainly any model ivliich ;:;pluasive the ar 

should be immediately suspect no matter li « „„jye models 

guments that produced it ‘*““ mt"the resolution of this question is not 

1. valid IS always an iiitermting one hut ' p„r eample 

necessary for tenable models to be o i,. a departure an ay from ncu 
the multiple common factor siructnres „n usually replace 

rological measurement of mental ability u orthogonal axes, 

a set of correlated dimensions unit a ‘t" j situation m a 

they have a use wherever such a rep ce illations of the multip e 

clearer light Thus lliere have X ! nrobmglool to other areas of 
common factor structure, as an eirplorato y P^ and usual y 

psychology and other scientific of factor analysis view the su J' 

only in this context, that many s u 
at present 
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